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Abstract

We prove that, for some absolute § < 4/3, every set of n points in the Euclidean plane
determines O(n”) unordered pairs at unit distance. If configurations approached exponent 4/3,
we would obtain a dense bipartite graph whose edges carry ratios of coordinate differences
along unit-distance edges. FEach ratio has large logarithmic height, but multiplying the ratios
on two opposite edges of a four-cycle and dividing by the other two gives negligible height
on the same scale. Prediction from earlier test responses and the product formula give these
height bounds. Passing to an ultraproduct turns the negligible-height quotients into constants
for a derivation. The differentiated distance equations involve square roots whose radicands lie
in a function field. We prove that no nonempty product of these radicands is a square there.
Kummer theory then lets us change one root’s sign while fixing the others, contradicting those
equations. The saving is fixed but not explicit.

1 Introduction
For a finite set X C R2, write

w(X) = #{{a, g} CX ¢ r—yla =1},  u(n) = max u(X).
XCR
| X|=n
Thus pairs are unordered and their endpoints are distinct. We prove a fixed power saving over the
exponent 4/3.

Theorem 1.1. There are absolute constants 0 < C' < co and 1 < 8 < 4/3 such that u(n) < Cn”
for every nonnegative integer n.

Equivalently, u(n) = O(n*/3-9) for an absolute § > 0, uniformly over all configurations.

1.1 Earlier bounds and structure

Erd6s introduced the repeated-distance problem in 1946 [8]. Rescaling turns any specified positive
distance into a unit distance, so the problem concerns the largest possible multiplicity of one
distance. His lattice construction gives u(n) > plte/loglogn o1 5 positive constant ¢ and sufficiently
large n [8, Theorem 2|. Spencer, Szemerédi and Trotter established u(n) = O(n*3) [21]. Székely’s
crossing-number proof places this bound within a general point—curve incidence theorem [22,
Theorems 4 and 8]: two unit circles meet in at most two points, and two distinct points belong to
at most two unit circles. The crossing inequality is due independently to Ajtai, Chvatal, Newborn
and Szemerédi and to Leighton [3, 13]. Later work improved the leading constant [1].

Katz and Silier describe near-extremal configurations for both point-line and point—unit-circle
incidences. For N points and N unit circles, they obtain a cell decomposition from two families



of circles through two points, and a construction using O(N 1/ 3) parameters that captures a
near-extremal subconfiguration [10, Theorems 1.4, 5.26 and 5.28]. This describes the structure
possible at the 4/3 scale; the remaining question is whether unit-distance configurations can
attain that scale. Pach, Raz and Solymosi obtain a logarithmic improvement of the upper bound
conditional on their rigidity conjecture [18, Conjecture 7 and Theorem 8]. Our proof rules out
sequences with n*/37°(1) unit distances by combining incidence density with arithmetic constraints
on the unit-distance equations.

The historical conjecture of Erdés proposed the stronger upper bound u(n) = n'*°(1), An
OpenAl construction disproved it by giving n!*¢ unit distances, for a fixed ¢ > 0, along an
unbounded sequence of sizes [17, Theorem 1.1]. Alon et al. gave a simplified account and explained
its antecedents in class-group arguments and number-field towers with prescribed splitting [4,
Sections 1.2-1.3]. Sawin obtained u(n) 3> n!%1414 along an unbounded sequence [19, Theorem 1].
These lower bounds and Theorem 1.1 leave a gap between the known exponents.

1.2 The proof idea

Suppose there were a sequence with t2=°() ordered unit pairs, where ¢ = n'/3. We replace the

coordinates by real algebraic numbers while preserving the unit pairs, then use sampling to retain
a graph with fewer points than circle centers and controlled degrees (Section 2). Its edges cannot
concentrate too heavily between small subsets of the two vertex sets. Choose a uniform edge
and, conditional on its center, independently choose a second neighboring point. The unequal
vertex-set sizes and the bound of two common centers make the mutual information between these
two points o(logt).

Tardos and Katz—Tardos use entropy inequalities to lower-bound the number of distinct
distances. Katz—Tardos also resamples within classes while preserving the marginal, as we do
when coupling points with the same earlier test answers [23, 11]. Ahlswede reduces dependence
by conditioning on selected coordinates [2, Section 4, Lemma 3]. Here we must predict a point’s
response using only its answers to earlier tests, while evaluating the prediction with a new test
drawn independently of those answers and the sampled points. The acceptance criterion may
depend on the neighboring center. We subtract from each endpoint’s test feature its mean
conditional on that endpoint’s earlier answers. Since the two endpoints are independent given
their common center, the expected inner product of these residuals is the expected squared norm
of their conditional mean at the center. The information bound controls this quantity and hence
the prediction error (Section 3).

Write z = 1 + iz and w = x1 — izy for = (z1,22). Along a unit edge, the coordinate
differences are d and d~!. At an absolute value v and level s, test whether |d|, < e~% and group
nearby coordinate values under a common label. When one outcome is rare, most vertices share a
label in the coordinate selected by the more frequent outcome. We compare pairs of points sharing
a center with pairs of centers sharing a point, conditioning the latter sampling on earlier test
answers. The product formula [14, Theorem 7.15] cancels the weighted logarithmic terms in the
upper bounds for both samples’ scores. The contributions from vertices outside the prevalent label
class have opposite signs in their lower bounds and cancel when added. Together with prediction,
this shows that thresholds where both outcomes are frequent contribute negligible disagreement of
the sampled edge bits.

A positive amount of variation remains on the other thresholds, and Section 4 shows that
S — oo, where S is the weighted integral of the less frequent bit’s probability, defined in
Section 4.2. Integrating each point’s signed exception indicators over thresholds gives a profile



indexed by absolute values. For many pairs p,r with a chosen common center ¢, the logarithms
of \pr = (2p — 2¢)/(2r — 24) are approximately the profile at r minus the profile at p. Each
endpoint profile therefore cancels in Ay, Ay /(Apr Aprr) Whenever all four pairs are retained. This
is a rectangle in the bipartite graph, with no geometric rectangle required. Absolute logarithmic
height is the weighted sum of positive logarithms of absolute values. Proposition 7.1 gives a scale
J — oo for which every retained ratio has height at least J/3 and every such quotient has height
o(J) uniformly.

To use these height bounds, we pass to an ultraproduct and choose a derivation that vanishes
on the field of negligible-height elements. Graph density supplies left and right points with every
cross-pair retained. One left point remains free of extra polynomial relations on its plane or
curve after the coefficient field is enlarged to contain the right-hand positions, their coordinate
derivatives, and the scalars obtained by differentiating the ratios. We work in the function field of
that plane or curve over this enlarged coefficient field.

The differentiated distance equations involve square roots of radicands in this function field.
For each radicand, we construct a zero of odd order at which all the other radicands have order
zero. Thus no nonempty product is a square. The common-unit-circle case would make every
radicand a square; this is why Section 7 first removes pairs on unit circles containing many points.
Kummer theory now permits one root’s sign to change while fixing the other roots and the function
field [15, Theorem 5.30 and Remark 5.32]. This change contradicts the differentiated distance
equations together with the relations obtained from the four-edge quotients (Section 8).

The contradiction excludes every sequence approaching exponent 4/3, and hence gives a fixed
positive saving. The proof does not estimate its size. The deduction of the main theorem from the
precise reductions appears in Section 2.

Throughout the proof, asymptotic notation refers to the chosen sequence t — oco. Constants
denoted by ¢, C' may change between occurrences. All logarithms are natural. Every appeal to a
slowly varying parameter will be made after the quantities it must dominate have been specified.

2 An incidence piece and its probability laws

The input to this section is a sequence of planar configurations with ¢ = n*/3 — oo and at

least t*7°() ordered unit pairs. We construct an unbalanced incidence graph whose degrees are
controlled on both sides. For a uniformly chosen edge, we bound the probability that its endpoints
belong to prescribed subsets of the two vertex sets; the bound is uniform even for arbitrarily
small subsets. We then prove two consequences of that estimate and show that the endpoints of a
random two-step walk have mutual information o(logt).

Such an input sequence exists if Theorem 1.1 fails. Indeed, for each j > 2, failure of a bound
with exponent 4/3 — 1/ allows the constant in that bound to be chosen large enough to force a
counterexample with n > j. Its ordered unit-pair count is at least n*/3=1/J = ¢4=3/7, Passing to an
increasing sequence of sizes gives the claimed input. We use separate copies of the configuration
as points and as centers of unit circles, so its ordered unit pairs are exactly the incidences between
these two copies.

2.1 The reduction and the deduction of the main theorem

The incidence output needed throughout the proof is the following. Its construction is given in
Section 2.4; the intervening specialization and sampling arguments supply its two geometric inputs.



Proposition 2.1. Every sequence of n = t* real planar points with at least t*=°Y) ordered unit
pairs admits, after algebraic specialization and restriction, finite real algebraic point and center
sets P,Q and a nonempty unit-incidence graph £ C P x @QQ with the following properties. For a
parameter a = a(t) > 0 with a — 0 and alogt — oo,

‘P‘ _ tl—i—?a—i—o(a)7 ‘Q’ _ t2—&-a—|—o(a)7 ‘E| _ t2+2a+o(a)_ (2.1)

Writing d(p),d(q) for graph degrees, uniformly over all vertices,
d(p) =", d(q) = >, (2:2)

The uniform edge law Pg, with expectation Eg, has marginals p(p) = d(p)/|E| and k(q) = d(q)/|E)|

satisfying
()>—PY (q) > — Ll 0.54 (2.3)
uip *‘P" q 7‘@” Y 50

Setn=r~— % = 1/25. There is a single sequence & — 0 such that, for every F C P and G C @,
with counting fractions uw = |F|/|P| and v = |G|/|Q|,

Pr(p € F,q € G) < Vuv((uv)” + &). (2.4)
All these estimates hold along the given sequence; the same & works for every pair of subsets.

Proof of Theorem 1.1 from the reductions. If the theorem fails, the sequence reduction above gives
configurations with ¢4=°(1) ordered unit pairs. Apply Proposition 2.1 to obtain the algebraic inci-
dence graphs. The height construction in Section 4 applies to every such sequence: Proposition 4.3
excludes bounded variation, and Lemma 4.5 supplies the coordinate tests. With the parameters in
Section 5.1, the score comparisons in Propositions 6.4 and 6.5 give the two inputs to Proposition 7.1.

That proposition produces at least t27°(1) pairs on two copies of an algebraic point set of size
at most t!T°(1) together with the exact identity (7.1), the lower height bound (7.2), the uniform
rectangle bound (7.3), and the stated exclusion of pairs on unit circles containing at least t%/1°
points. These are precisely the hypotheses of Proposition 8.1, with ¢ = 1/3; its conclusion is a
contradiction. The statements of the extraction and obstruction are at the entrances to Sections 7
and 8, and their deductions are in Sections 7.1 and 8.5.

Hence some fixed exponent below 4/3 admits a uniform bound. Increasing the exponent to at
least one preserves this bound and keeps it below 4/3. Enlarging the positive constant covers the
finitely many remaining sizes n > 2, and passing from ordered to unordered pairs only changes the
constant. The cases n = 0,1 are immediate. [

2.2 Preserving incidences under algebraic specialization

Later arguments use number-field absolute values. The following specialization permits this
without losing any of the unit pairs.

Lemma 2.2. Let x1,...,x, be distinct points of R?, and let £ be any collection of pairs (i,7)
for which ||x; — x|l = 1. There are distinct points x, ..., x, with real algebraic coordinates,
arbitrarily close to the respective original points, such that ||z} — x%|l2 = 1 for every (i,j) € .

Proof. Fix a neighborhood of each original point and choose a rational open rectangle containing
that point inside its neighborhood. For variables X; = (X; 1, X;2), impose membership in these
rectangles, the equations

(Xi1— Xj1)? + (Xio— X2 =1 ((1,5) € ),
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and the strict inequalities
(Xin = Xj0)° + (X2 = X;2)° >0 (i #).

This finite system has rational coefficients and a real solution, namely the original configuration.
Apply the transfer principle [12, Theorems 3.1 and 4.1] with ordered base field Q and its real closed
extensions R and Q N R. Every rectangle endpoint is rational, so the equations, strict inequalities,
and neighborhood restrictions belong to the same system over this common base. Its new solution
therefore lies in the field of real algebraic numbers. The equations preserve the required unit pairs,
the inequalities preserve distinctness, and the rectangles give the prescribed closeness. O

We henceforth apply this lemma separately to each configuration. Extra unit pairs created
by the specialization are harmless; all subsequent graphs may retain only the incidences under
consideration.

2.3 Regions from a random sample and the incidence bound

For finite sets P of points and Q of distinct unit-circle centers, let I(P, Q) denote the number of
incidences. We identify each center with its unit circle when speaking of a family of circles. Two
distinct unit circles meet in at most two points. Also, two distinct points lie on at most two unit
circles: their possible centers are intersections of the two unit circles centered at the points. These
two facts provide the pair-counting bounds used below. Clarkson bounds the number of input
objects meeting a region defined by a bounded number of sampled objects [5, Section 4]. Here this
sampling argument partitions the points into regions that each meet few of the original circles. We
give the circle boundary conventions explicitly so that every retained point belongs to its assigned
open region.

Lemma 2.3. Let P be a finite planar point set and let Q be a nonempty set of | distinct unit
circles. For every R > 1, sample s = [CRlog(2 +1)] circles independently and uniformly with
replacement, where C' is a sufficiently large absolute constant. With probability at least 9/10, after
deleting the points on sampled circles, all remaining points can be assigned to at most C'(1 4 s2)
open regions, where C' is absolute. Each region intersects at most l/R original circles and contains
every point assigned to it.

Proof. Choose an auxiliary horizontal direction before taking the sample. Require that an input
point and an intersection point of two original circles have different horizontal coordinates unless
they are the same point. Require also that an input point have a horizontal coordinate different
from that of a horizontal extremum of an original circle, unless it is that extremum. Only finitely
many directions are excluded. For the latter assertion, if ¢ is a circle center and p is a point, an
equality with an extremal abscissa has the form e - (p — ¢) = £1 for a unit horizontal direction
e, and has at most finitely many solutions in e. This auxiliary direction does not change the
coordinates used elsewhere in the proof.

Ignore repetitions among the sampled circles. Express each sampled circle as its upper and
lower semicircle graphs on their open horizontal domains. The event points are their horizontal
extrema and all their pairwise intersections, including tangencies. Between consecutive event
abscissas, the graphs have fixed vertical order; consecutive graphs, with infinite outer boundaries
allowed, bound open gaps.

Sweep these gaps from left to right. Continue a gap across an event abscissa precisely when
its two boundary graphs and their adjacency continue unchanged and its closed limiting vertical



segment contains no event point. Otherwise start a new piece on the right. Each resulting piece is
the open region between two fixed semicircle graphs, or infinite boundaries, over an open interval.
It contains no part of a sampled circle. In particular, a continued gap has no start, end, tangency
or crossing inside it at the abscissa across which it continues. An input point at an event abscissa
must, by the choice of direction, itself be an event point and therefore lies on a sampled circle.
Thus every point not deleted is in one of the open pieces.

There are O(1 + s?) pieces, including in the presence of multiple intersections or several events
with the same abscissa. A new right-hand gap can start only if an event point lies in its closed
limiting vertical segment. If ¢, distinct sampled circles pass through an event point z, only
O(1 + ¢,) right-hand gaps can have this property, by their vertical ordering. Summing over event
points costs O(s+s2): extrema contribute O(s), and at an intersection with ¢, > 2 one may charge
¢, to 2(‘32””), while each pair of circles has at most two intersections. This also covers extrema that
coincide with intersections. There is only a constant number of initial unbounded gaps.

Finally, all possible pieces have a description from the full circle set using a bounded number
of circles. Each of their two horizontal endpoints is an extremal or intersection abscissa, or infinity;
each boundary graph is specified by a circle and a sign, or is infinite. At most two circles specify
the boundary graphs, and at most two specify each finite endpoint abscissa. These six choices,
together with finitely many choices of signs and event types, determine the region. Consequently at
most Cp(1+1)% candidate regions can occur, with an absolute constant Cy. For any fixed candidate
region intersecting more than /R circles, the probability that no sampled circle intersects it is at
most

(1-1/R)* < e/,

with the evident interpretation when R = 1. An actual open piece avoids every sampled circle. A
union bound over the candidate regions, with C' sufficiently large, therefore shows, with failure
probability at most 1/10, that no resulting region intersects more than [/ R original circles. [

For m distinct points and [ distinct unit circles in the plane, let I be their number of incidences.
Then
I<Clog?(2+m+1)(m*3123 £ m +1). (2.5)

Here C' is absolute, and the bound includes m =0 or [ = 0.

Székely’s point—curve incidence theorem [22, Theorem 8| gives the stronger bound I =
O(m?/312/3 + m + 1) when distinct curves meet in at most two points and distinct points belong
to at most two curves. Distinct unit circles satisfy both hypotheses. If simple curves are taken
to be arcs, cut each circle at two points outside the finite input point set; the resulting 2! arcs
satisfy the same pair bounds and preserve every incidence. The logarithmically weakened form
(2.5) follows, including the empty-set cases.

When m, [ are bounded by a fixed power of ¢, the logarithmic factor in (2.5) is (logt)°().

2.4 Degree control by selecting vertex subsets

We now use the regions from Lemma 2.3 to obtain the prescribed imbalance, and then choose
a subset of points and a subset of centers, retaining all edges between them. We maximize
the retained edge fraction divided by a fixed power of the product of the two vertex fractions.
Maximality bounds how many edges any further restriction can capture and also gives lower degree
bounds.



Proof of Proposition 2.1. First use Lemma 2.2. Choose a — 0 sufficiently slowly that the initial
incidence count is at least t47°(@) and every fixed power of logt is 2@ In particular a logt — oo.
Apply Lemma 2.3 with R = t!=% and s = O(t!~*logt). There are t> points and circles. Incidences
on the sampled circles number at most st3. A deleted point on any other circle lies at an
intersection of that circle with a sampled circle. Charging its incidence to one such pair of circles
costs at most two incidences per pair, and hence at most 2st® in total. Thus the deletion costs
O(t*“logt) = o(t*~°(®),

Each remaining region meets at most t>7¢ circles. Further split its assigned point set into sets
of size at most 2¢t172%, The total number of resulting pieces is at most the original region count
plus O(3 /t1129) hence at most t>~2¢+°(2) Some piece has at least t>+2¢~°(%) incidences. Denote
its two vertex sets temporarily by Py, Qg, and its edge count by eg. At this stage

’PO| < 2t1+2a7 |Q0‘ < t2+a7 t2+2a—o(a) <ep < t2+2a+o(a)’

where the upper bound follows from (2.5).

Choose b = o(a) so slowly that blogt — oo and b dominates all exponent errors in these
estimates and the logarithmic factor in (2.5). Delete point vertices of degree greater than ¢+t
and center vertices of degree greater than t%*?, with degrees measured before these deletions. The
counts of such vertices are at most

fl+2a-b/2 gnq g2Ha=b/2.

respectively, for all sufficiently large ¢. Apply (2.5) to the excessive vertices on one side and all
vertices on the other. In either case the mixed term is at most t2+2¢=b/3+0(0): the two linear terms
are bounded by t!*2e+0(b) 4 ¢2+a+o(d)  Their sum is o(eg). Both deletions therefore retain ¢>+2e+o(a)
edges and give the degree upper bounds t17°(@) t¢+0(@)  Dividing the retained edge count by these
two upper bounds shows that both retained vertex counts attain their stated upper scales within
t°(@) Relabel this trimmed graph as (P, Qo, Eo).

For subsets of these trimmed vertex sets, let u, v be their respective counting fractions and let
w be their captured edge fraction. The incidence bound and the maximum-degree bounds give,
with one uniform factor T, = t°(@),

w < Ti((uww)?? + 1% + t7Lu), (2.6)
w < Ty min(u, v).

To use both bounds simultaneously, write A = (uv)?3, B =t~%, C' =t 'u, and Dy = min(u, v).
For nonnegative quantities,

min(A+ B+ C, Dy) < A+ min(B, Do) + min(C, Dy) < A + min(B,u) + min(C, v).
Using min(z,y) < \/zy on the last two terms yields
w < Tyv/uv((uw)/® + 267/2), (2.7)

after increasing 7} if necessary. For example, min(t~%v,u) < t~%2,/uv; the other linear term uses
t=1/2 < ¢=%2 for large t.

Put 7 = t~%/%. Among all products of vertex subsets, with the edges they induce in the
trimmed graph and with counting fractions u,v > 7 and captured edge fraction w, maximize

w
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We choose v > 1/2 so that a bound by (uv)? improves on y/uv for small sets. The inequality
v < 2/3, where 2/3 is the incidence exponent in (2.6), will ensure that the maximizing rectangle
retains the scales (2.1). This is a maximum over a nonempty finite family, and its value is at least
one because the full rectangle is feasible. Write U, V' for the maximizing counting fractions and W
for its captured edge fraction. We claim

U V,W >t (2.8)

Indeed (2.7) gives
1< T, ((UV)P7 4 272U V) ).

By feasibility, UV > t~%/*, so the second term on the right is at most 2¢t~49a/100+0(a) " which tends
to zero. If UV < ¢ along a subsequence for any fixed ¢ > 0, the first term tends to zero as well,
since 2/3 —~ = 19/150 > 0. This is impossible. Thus UV > t=°(@) which implies the same for
each of U, V, and W > (UV)7 gives the claim for W.

Let (P,Q, E) be this maximizing rectangle, retaining precisely its edges from the trimmed
graph. The scale estimates (2.1) and the degree upper bounds survive by (2.8). For subsets F' C P,
G C Q, write Pg(F,G) = Pg(p € F,q € G). For further subsets with fractions u, v inside P, @,
optimality gives

Pr(F,G) < (uv)?

whenever Uu, Vv > 7. Otherwise uv < 7/min(U,V) = t~¢/8+t°(@)  Apply (2.7) with the old
fractions Uu, Vv and divide by W. Uniformly in all such infeasible subsets, this gives

Pi(F, G) < t"9\/uv((u)'/® + 2t7%) < &/uv,

where one may take & = t~9/48+2(@) _; 0, with the exponent error depending only on the chosen
rectangle and the previous uniform bounds. Combining the feasible and infeasible cases proves
(2.4). Empty subsets satisfy it trivially.

Finally (2.8) implies that removing any single vertex of the maximizing rectangle remains
feasible for all sufficiently large ¢. Optimality with a point p removed gives

1—p(p) < (1—|P|7H)Y <1—q|PI 7,

the last inequality following from concavity. The center comparison is identical. This proves (2.3),
and multiplying by |E| supplies the lower degree bounds in (2.2). O

In particular, the minimum degree on either side tends to infinity, and max, u(p) = ¢t 1to(1),
The lower marginal bounds also convert (2.4) to the form needed for probability laws. For h = u(F),
k = k(G), we have |F|/|P| < h/v, |G|/|Q] < k/~, and hence

Pg(F,G) < CVhk((hk)" + &), (2.9)

with a fixed absolute C. Here Pg(F, G) abbreviates Pr(p € F,q € G). The same & works for all
subsets.

2.5 Matching labels and uniformly rare sets

We will repeatedly assign finite labels to the vertices, with no bound on the number of labels.
If the endpoint labels agree on almost every edge, the subset bound (2.4) forces one label to
occur with probability close to one under both vertex marginals. Applying the same bound to
the two complementary label classes makes their total probability proportional to the edge-label
disagreement probability, even when that probability is smaller than &;.



Lemma 2.4. For the sequence of edge laws in Proposition 2.1, there are absolute constants
so > 0,C < oo and an index after which the following holds uniformly for every pair of label maps
lp:P— A, lg:Q — Ainto a finite set. If

s =Pg(lp(p) # Lo(a)) < so,
some label ag € A satisfies
p{lp # ap} + k{lg # ap} < Cs.

Moreover, for independent p,p’ ~ u, at every value of s,

P(p(p) # tp(p)) < Cs. (2.10)

The analogous statement holds for independent centers of law k.

Proof. Let u;,v; be the counting fractions of the two classes with label ¢, including zero fractions.
Sum (2.4) over the matched rectangles. Cauchy—Schwarz gives Y, \/u;v; < 1, and therefore

1 — s < max(uv;)" + &.
K3

For sufficiently small fixed sg and sufficiently large ¢, one label ag thus has both counting fractions
arbitrarily close to one. Apply (2.4) to either complementary class against the whole opposite side.
The marginal exception masses

h=p{lp #ao},  k=r{lg#ao}

are then as small as any prescribed fixed constant, uniformly over the label maps. This first
conclusion need not be proportional to s.

To obtain proportionality, put J = Pr(fp # ag, lg # ao). By (2.9) and Vhk < (h+k)/2, we
may choose the preceding constants so that J < (h 4 k)/4. The events on which exactly one
endpoint has label a¢ are mismatches, so

s>h+k—2J>L(h+k).

This proves the first assertion, including when s = 0, with no additive error. Two independent
point labels differ with probability at most 2h, giving (2.10) for small s. For s > sg, the bound
follows by increasing C' so that C'sg > 1. The center assertion is identical. O

Consider the following law on two-step walks, allowing p = r. On triples (p,q,7) € P x Q X P
we first choose ¢ ~ k and then independently choose p,r according to the conditional edge law
given q. Explicitly,

(IEld(g)~" (p,9):(rq) € E,

(2.11)
0, otherwise.

P(p,q,7) = {

Each point marginal is y, and each of the two point—center marginals is the uniform edge law.

Lemma 2.5. Let §; — 0 be any nonnegative sequence. The estimates below hold uniformly over
all indicated subsets, with error factors depending only on 0,& and the fixed constants in (2.9):

(i) If FCP,GCQ, and h = u(F) < &, while k = k(Q) is arbitrary, then
Pp(F,G) < C(6) 4 &)Vhk = o(1)Vhk. (2.12)

The same assertion holds with the sides interchanged.



(ii) If also k < oy, then

Pp(F,G) < §(6;" + &) (h+ k) = o(1)(h + k). (2.13)

(iii) If F C P and h = pu(F') < &, then under the two-step walk law,

P(p € F,r € F) = o(1)h. (2.14)

In particular, the error factors may be taken outside sums or integrals over any family of sets
whose marginal masses obey the same uniform bound &;.

Proof. The first two assertions follow directly from (2.9), using hk < §; in the first case and
hk < 6?7 and vVhEk < (h + k)/2 in the second.

For the third, let g(q) = P(p € F | q), so that E,g = h and the probability in question is E,g?.
There is nothing to prove when h = 0. For any d € (0,1], put G4 = {q : g(¢) > d}. Markov’s
inequality gives k(G4) < h/d. Splitting at this threshold,

Evg® < dh+Exlgle,] = dh+ Pp(F,Gq) < h |d+ Cd™V2((0}/d)" + &)

Choose d = d; — 0 sufficiently slowly that 575277dt_1/2_77 — 0 and &dt_l/Q — 0. The bracket then
tends to zero, independently of F'. This proves the uniform assertion and hence its integrated

form. O

2.6 The information carried by a two-step walk

The small point side and the bound of two common centers for distinct points together ensure that

the two point endpoints of a two-step walk share little information. We record the atom estimates

as well, since they later convert a probability of two-step walks into a count of distinct point pairs.
For probability laws a, b on the same finite set, define their relative entropy by

Dxw(al|b) = Za(az) log Cbl((g, (2.15)

with a zero summand when a(z) = 0 and value +o0 if a(z) > 0 = b(x).
Write £(X) for the probability law of a random variable X.

Lemma 2.6. For the two-step walk law (2.11), every distinct pair p,r € P has probability

P(p,r) < . = 27 3atola), 2.16
(p, ) |E|mingeq d(q) (2.16)
The diagonal probability is
P(p — ’I”) — @ — t*CH”O(a) — 0(1) (217)
The mutual information of the point endpoints satisfies
D := Dy, (£(p, ) | 1 1) = ollog ). (2.18)
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Proof. For fixed p,r, summing (2.11) gives
1 1
IS )
a:(p,q),(ra)€E
There are at most two summands when p # r, proving the off-diagonal estimate by (2.1)—(2.2).
Summing instead over the diagonal yields

The asymptotics follow from the same estimates and alogt — oc.

For a finite random variable X, write H(X) = — > P(X = z)log P(X = z), with 0log0 = 0.
Every off-diagonal atom is at most M; = 2/(|E|mingecq d(g)). Dropping the nonnegative diagonal
entropy contributions therefore gives

H(p,r) = (1 = P(p =r))log(1/My) > (2 — o(1)) log t.

On the other hand, H(p) = H(r) <log |P| = (1 + o(1))logt. Expanding the definition of relative
entropy gives
0 < D =H(p) +H(r) — H(p,r) = o(log t),

as required. O

We retain this graph and these probability laws for the rest of the proof: the uniform edge law,
its point and center marginals, and the two-step walk law. The expansion consequences hold for
every finite labeling and every sufficiently small exceptional set, with constants independent of
any tests subsequently assigned to the vertices.

3 Prediction from short histories

The incidence reduction supplies a probability law on point—center pairs whose point endpoints in
a random two-step walk have mutual information D = o(logt). A point’s history consists of its
answers to earlier tests. Using only those answers, we predict its response to an independently
drawn new test, with an evaluation criterion that may depend on the neighboring center. We prove
this for an arbitrary finite probability law and then apply it to coordinate bins and to agreement
with the center in exactly one of two coordinate labels.

The proof sums the information contributed by successive tests. Since that sum is at most D,
a sufficiently long history leaves little new dependence on average. Ahlswede similarly reduces
dependence by conditioning on a short list of coordinates [2, Section 4, Lemma 3|. Here the proof
must additionally compare each endpoint with its own conditional law and leave the next test
independent of the selected history.

3.1 The probability laws and the prediction statement

Let P, @ be finite nonempty sets and let w(p, ¢) be a probability mass function on P x @, with
marginals ¢ and k. Delete atoms of zero marginal mass. Write

_ v " _ wp,q)
wiplq) = a(a) (¢1p) R

11



Choose ¢ with law x, then choose p,r independently given g. The resulting joint law and its
point-pair marginal are

Qp,q,r) = klQwp | Qw(r @),  =p,r) = Qp,q7). (3.1)
q€Q

Both marginals of 7 are . Relative entropy is defined in (2.15). For finite probability laws a, b, set
1
TV(a,b) = 3 Z|a(x) — b(x)].
x
The information available to the argument is

D = Dkr(r|p @ p). (32)

It is finite, since 7(p, r) > 0 implies p(p)u(r) > 0. For a map ¢ and a probability measure v, write
¢.v for the image measure, defined by (¢.v)(A) = v(¢~1(A)).

A test T is a random element of a probability space, independent of (p, ¢, r), which specifies a
code map cp : P — [M], where [M] = {1,..., M}. The test space may be infinite; all maps and
integrands below are assumed measurable. Only finite probability laws of codes are used. All
vector norms and inner products in this section are Euclidean. For a fixed history map H : P — H,
put (@)

_ M) @)=ny

Its values on histories of zero mass are immaterial.

when pu(H = h) > 0. (3.3)

Lemma 3.1 (Prediction from a finite history). Let w, 7, D be as in (3.1)~(3.2), let K,M > 1 be
integers, and let Ty, ..., Tk be independent copies of T, independent of (p,q,r). Fach test specifies,
in addition to cr, a feature map fr : [M] — R? and a coefficient map gr : Q — R2, for an integer
d > 1 and constants B, B' > 0, satisfying

Ifr@ll < B, lgr(a)ll < B’

for all codes, centers and tests. Choose J uniformly from [K|, independently of all tests, and
retain only the strict prefiz

H(p) = (CTl (p)v < CTy (p))
Let T' be an independent fresh test. For the posterior uy in (3.3), define
mrn =Y pn(x) frler(z)).
zeP

Then
D 1/4
Ejry .05 4T ‘E(p,q)~w<fT(cT(p)) - mT,H(p)agT(Q»‘ <4BB’ (K) : (3.4)

Every realized history has at most ME =1 values. In particular, a history can be fized before drawing
the fresh test so that its average absolute discrepancy in (3.4) is at most the right side.

The proof is in Section 3.5. We first draw its two consequences used later: acceptance of
coordinate bins at three neighbors, and prediction of equality in exactly one coordinate. Both use
the same posterior law (3.3).

12



3.2 Acceptance tests and the prediction coupling

Corollary 3.2 (Acceptance of predicted codes). For the finite law w, test codes and integers K, M
in Lemma 3.1, suppose each test specifies a set Ar(q) C [M] of accepted codes for every q € Q.
Put

s0 = ErP @ g~wicr(p) € Ar(g)}-

There is a fized history H, formed from tests preceding a chosen step, with at most M5 1 values,
such that

Er > w(p,q ZMH )L fer(n)éAr(a)) < S0 +4VM(D/K)Y. (3.5)

The average is over a fresh test independent of the history construction.

Proof. Let e. be the cth standard basis vector of RM. Use fr(c) = e. € RM, of norm one, and
use the acceptance indicator vector as gr(q), of norm at most v/M. Actual and predicted failure
probabilities differ by the negative of their acceptance probabilities. Averaging (3.4) and then
fixing a strict prefix proves the assertion. O

We record the sampling laws used with this result. For any fixed history H and integer r > 1,
draw one point, one prediction, and r neighbors according to

P{p7ﬁ7q17"'>q7"} M IUH(p) Hw qj |p (36)

and draw the fresh test independently of this entire tuple. The two point marginals are both p,
each (p,q;) has law w, and each ¢; has marginal . In particular each pair (p,p) is independent
of the fresh test, although its two points need not be independent. These assertions follow by
summing (3.6), using >, () =n #(P)1n(z) = ()1 {11 (2)=n)- For every fixed history,

2
Fo=p= S IO o) g ) (37)

hep(H=h)>0

Given H(p), the prediction is independent of all neighbors in (3.6). Applying a union bound to
(3.5) therefore bounds the chance that at least one of the r acceptance comparisons rejects this
same predicted point at the same fresh test by r(so + 4v/M(D/K)'/*). The union bound needs
no independence of the rejection events.

There is also a useful equivalent way to draw the point pair: draw h with probability u(H = h),
then draw two points independently from up. This again has both marginals u, and its collision
probability satisfies (3.7). Once H is fixed, this pair law can be used unchanged for every fresh
test. Sampling a second object from the first object’s fiber also appears in the entropy argument
of Katz and Tardos [11, Section 2, proof of Lemma 1]; the identities above specify the marginals
and independent test needed here.

For the coordinate-quantization application, a test will be an independently chosen field
embedding, a code will specify bounded coordinate bins together with an overflow code, and
Ar(q) will consist of codes achieved by actual neighbors of g. The exact hypotheses needed from
that construction are a fixed finite alphabet of size M and acceptance of every actual edge, so
50 =0. If K = o(logt), D/K = o(1), and max, u(p) < t~'+°()_ then the prediction failure and the
collision probability both tend to zero. Formula (3.6) with r = 3 is the simultaneous three-neighbor
experiment. Geometric estimates valid for all couplings with these marginals remain valid for each
fixed history. More generally, additional nonnegative error quantities can be averaged together
with the prediction error before choosing a prefix; this always leaves the test fresh.

13



3.3 Equality of one coordinate

The next application allows an arbitrarily large set of state labels without paying for its size in
the feature norm. A state is a pair in a product A x B. For a state y = (a, b), define

Ry, ={(d,V):(d=aand V/ #b) or (' # a and b’ = b)}. (3.8)

Thus exactly one coordinate agrees. A fresh test specifies state maps yr(z) = (Ar(x), B1r(x)) for
all x € PU Q. Only the finitely many labels attained on these vertex sets need be retained. The
labels and their equality relations are assumed measurable in 7.

Corollary 3.3 (Prediction of one-coordinate agreement). Let w be the finite point—center law,
its two-step point-pair law, and D = Dy, (7||p ® ). Let K > 1, L > 2 be integers, and let T be an
independent random test giving the state maps just described. Set

S0 = ETP(p,q)Nw{yT(p) gé RyT(Q)}’

There exists a fized history H : P — H, with |H(P)| < L?X, for which the laws of the true,
unhashed states

Vh = (YT)+fin
satisfy
4
IEJTIE(p,q%w[l - VH(p):T(RyT(q))] < so+ i + 18(D/K)1/4- (3.9)

The history is formed from earlier tests and does not use T .

Proof. Augment each test by two fresh independent random maps from its attained coordinate
labels into [L], assigning independent uniform values to distinct labels. Numbering attained labels
by their first occurrence in a fixed vertex order makes this construction measurable. Use the same
map on both vertex sets for each coordinate, and use independent maps for the two coordinates
and for different tests. The point code is its two hashed coordinates, so the alphabet has size
M = L?. Here e, e, denote standard basis vectors in their respective copies of RY, and €(a,b)
denotes the standard basis vector indexed by (a,b) in R, For a code (a,b) € [L]?, use the

feature ,
f(av b) = (ea, €y, e(a7b)) € RL ©® RL @ RL ’ Hf(a7 b)H = \/g

For the hashed center state (aq, by), use

g(q) = (eaq7ebq7 _2e(aq,bq))7 Hg(Q)H = \/6

Their inner product is 1,—q.} + o=} — 21{(a,b)=(aq,b,)}» €Xactly the indicator of the hashed
relation that exactly one of the two code coordinates agrees. Therefore Lemma 3.1 compares its
actual and predicted probabilities with error at most 4v/18(D/K)'/*, averaged over strict prefixes
and the fresh augmented test.

For any two fixed true states, hashing preserves an equality, and creates an equality between
two unequal coordinate labels with probability 1/L. Thus the indicator that exactly one true
coordinate agrees differs from its hashed counterpart with probability at most 2/L. This applies
both to the actual state pair and to the predicted pair: conditional on the earlier prefix, the
fresh true test and the chosen vertices, the current hashes are still independent uniform maps. In
particular the predicted point is sampled by (3.3) using no current hash. Comparing actual true,
actual hashed, predicted hashed, and predicted true failures gives, in that order, total extra error

14



at most 4/L + 4v/18(D/K)'/*. Average the current test and current hashes before fixing a prefix,
and use 41/18 < 18. The resulting true-state expression no longer involves the current hashes. Its
history has at most (L?)5~1 < L2K values. O

One form of Corollary 3.3 that will be convenient is an integrated version. Let T be a
measurable family of state tests with finite measure W, and let m(7) bound actual failure of
one-coordinate agreement at 7. For W > 0, sample T' from the normalized measure d7/W. The
resulting fixed history satisfies

/r Epgmwll — Vi (Ry ()] d7 < /T m(r)dr + W(4/L+ 18(D/K)VY).  (3.10)

For W = 0, the assertion holds with the empty history. In the later level application, 7 is the
set of levels where both bits have appreciable frequency, with the weighted measure defined in
Section 4.2, and m is the incidence inconsistency probability. Consistency implies yr(p) € Ry,.(q),
which is the only geometric hypothesis needed for (3.10). We suppress the test subscript and write
vy, when the level being tested is fixed.

3.4 Choosing the history length

There is no conflict between small prediction error and a subpolynomial number of histories. Write
Tp = logt, and suppose D = o(Ty). For example, take

K= { (D+1)T0] .
Then K — oo, K = o(Tp), and D/K — 0. For a fixed alphabet this gives M% = t°(). For hashing

one may additionally take
L= {exp\/To/KJ .

Eventually L > 2, L — oo, and K log L = o(Tp), so L2K — ¢o(1) | These statements require no
quantitative rate for D/Ty. If a later argument requires an integer k — oo satisfying kK log L =
o(Tp) and k?°n; — 0 for an additional positive sequence 1; — 0, it suffices to choose

k = |min < Ty >1/2 7]_1/40 .
Klog L T

Further finitely many slow-growth requirements can be imposed by taking a smaller such diverging
sequence. Thus the prediction lemma supplies both vanishing error and the small history counts
required in the subsequent geometric arguments.

3.5 The entropy argument

The sum of the conditional relative entropies of the successive code pairs is at most D. Subtracting
each endpoint’s mean feature conditional on its own earlier codes gives two residuals. Given the
common center, the endpoints are independent, so the expected inner product of the residuals
equals the expected squared norm of their mean conditional on that center. Bounding this square
controls discrepancy against a center-dependent feature, although each prediction uses only its
point’s earlier codes.
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For joint laws axy,bxy on the same finite product set, write ax,bx for their first marginals
and ay |z, by|, for their conditional second-coordinate laws. The chain rule for relative entropy 7,
Theorem 2.5.3] splits the information in a transcript into conditional contributions from successive
tests:

Dxp,(axy|lbxy) = Dkr(ax||bx) +Zax ) DL (ay|el|by|z)- (3.11)

Nonnegativity and the chain rule imply that applying a deterministic map cannot increase relative
entropy: adjoin the map to the outcome and then discard the nonnegative conditional term.
Pinsker’s inequality [7, Lemma 11.6.1, equation (11.138)] turns the resulting relative-entropy
bounds into total-variation bounds, which control the expected test features. If Dy denotes the
source’s relative entropy with base-two logarithms, its statement is Ds(al[b) > ||a — b||2/(21log 2).
For every pair of finite laws, our conventions give

D (al|b) = (log2) D2(al[b),  [la —blly = 2TV(a,b).

Substitution gives
2TV (a,b)? < Dk (al). (3.12)

For any real-valued function F' on the common finite sample space, with ||F|| = max, |F(z)],
total variation controls expectations by

B, F — EyF| < 2| F|lo TV(a,b). (3.13)

Proof of Lemma 3.1. First freeze all K tests. Apply their complete transcript map to both
coordinates of the pair (p,r). The actual transcript law is the image of 7; the reference law is the
image of © ® p. Data processing bounds their relative entropy by D. For j € [K], write H; for
the transcript strictly before step j. Conditional on prefixes (h, h'), the reference next-code law is
exactly
bjnp = (cr;)spn @ (C1;)sbins-

Here py, is formed with H;. Let a;j ;s denote the actual conditional law of the next two codes.
All prefix pairs of positive actual probability have positive reference probability. Iterating (3.11)

therefore gives
K

> Epuryor DKL (5,01, (p). 11, 105,11, ) 11, ) < D- (3.14)
Jj=1

Consequently, by (3.12) and Cauchy—Schwarz,

D
ZE(I)T o TV 11 )13 () B ), 115 ) <\ (3.15)
j 1

For this fixed test sequence and step j, subtract the prediction belonging to each point’s own
prefix:

Uj(p) = fr,(czy( ZMH ) (@) fr; (1 ().

The norm is at most 2B. Under each reference conditional product, both residuals are centered
and independent, so the conditional expectation of (U;(p),U;(r)) is zero. This inner product has
absolute value at most 4B2. Thus (3.13) and (3.15) imply

1 & , | D

Ve ]ZI E p.r)re (U (p), Uj(r)) < 8B%) | 55 (3.16)
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Each summand is nonnegative, for conditional independence in the two-step walk law gives the
exact identity

E(pryr{Ui(0); Uj(r)) = Egu ||E

The discrepancy against a center-dependent feature is controlled by this same conditional mean:
for each fixed test sequence and step,
1/2
EpjqU. H >

Thus Cauchy—Schwarz over the tests and step, together with (3.16)—(3.17), bounds the average

absolute discrepancy by
1/2
D
B'(8B%/ | < 4BB'(D/K)Y*.

Everything proved so far holds after averaging the initially frozen tests. The residual at step j
uses only T7,...,T};. Since the tests are independent and identically distributed, its joint law with
the strict prefix is unchanged when T} is replaced by a fresh test after that prefix. This proves
(3.4). Finally average over the strict prefixes and choose one attaining at most the average. There
are at most M7~ < ME~1 possible histories for a prefix of length j — 1. O

(3.17)

(-l U H

B (U(p), g7, (0))| < B (

The important comparison in this proof is conditional on two possibly different histories. The
reference law uses the first endpoint’s prediction at the first coordinate and the second endpoint’s
prediction at the second. No independence of the actual endpoints after their histories have been
specified is asserted. Their independence is used only conditional on the center, in (3.17).

4 Heights and coordinate tests

We apply the prediction lemma to the incidence pieces of Proposition 2.1. Their coordinates are
real algebraic numbers. We compare the logarithms of the coordinate differences along edges at
all absolute values of a number field. Their integrated threshold variation, defined below as S,
cannot remain bounded. We then group nearby coordinate values into labels so that agreement of
the endpoint labels tells us which of an edge’s two reciprocal coordinate differences is below its
threshold, except for an error with bounded integral.

Write

Zy = T1 + 122, Wy = T1 — 1T2
for a point or center z = (z1,z2). For every edge e = (p, q), put
de = 2p — 24, wy —wy = d; . (4.1)

The second equality follows from the unit-distance equation, and in particular d. # 0. Distinct real
points have distinct z-coordinates and distinct w-coordinates. These nonzero differences remain
nonzero under every field embedding. At an embedding other than the original one, we use the
two embedded coordinates separately; they need not be complex conjugates.
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4.1 A weighted product formula

For each configuration choose a finite normal number field N containing all its coordinates and i.
We use repeated absolute values to express the product formula with equal weights.

Lemma 4.1 (Weighted absolute values). There is a countable indexed list of genuine absolute
values | - |, on N, allowing repetitions, with weight 1/[N : Q] at each index. We call each indexed
occurrence an entry. The archimedean entries are |ul, = |o(u)| for the [N : Q] embeddings
o: N — C, so their total weight is one. All other entries are nonarchimedean. For each nonzero
u € N, only finitely many nonarchimedean entries have |u|, # 1, and

Zlog luly, = 0. (4.2)
v

Here and below a star denotes the sum with the stated weights.

Proof. The classification of number-field places supplies the archimedean and nonarchimedean
absolute values, and the product formula makes their normalized logarithms sum to zero [14,
Theorems 7.14-7.15]. We express that sum using repeated genuine absolute values with equal
weights. At a finite place p above a rational prime ¢, normalize the genuine absolute value by
|, = ¢, and put ny, = [N, : Q], where A, is the completion. Use n, copies of this absolute
value, each of weight 1/[N : Q]. Write || - ||, for the finite-place value in Milne’s product formula.
His local normalization formula [14, Lemma 8.6] gives, for every u € N'*,

log [ufly = ny log ul,.
At a complex place his value is |o(u)|?; its logarithm is log |o(u)| + log |&(u)|. Thus the repeated
genuine absolute values have exactly the same total logarithm as the source’s normalized values.
Taking logarithms of its product formula and dividing by [N : Q| proves (4.2). Ordinary modulus
also supplies the triangle inequality needed below; squared modulus itself does not satisfy it. There
are exactly [NV : Q] embeddings, giving archimedean weight one. Finally, the principal fractional
ideal of any nonzero u has finitely many prime factors [14, Theorem 3.20]; at every other finite
place |ul, = 1. O

Using the weighted sum from Lemma 4.1, define the absolute logarithmic height [20, Section 4.1]
by h(0) = 0 and

M) =Y log* [uly (u#£0).

Here log™ r = max(0, logr) for 7 > 0, and log* 0 = 0.

Lemma 4.2 (Height inequalities). The value h(u) is independent of the chosen finite normal field
and of the extensions of the prime absolute values in Lemma 4.1. For u € N'*,

h(u™) =h(u), Y |log|uls| = 2h(u). (4.3)

For arbitrary u,v € N,

h(uv) < h(u) + h(v), h(u +v) < h(u) + h(v) 4 log 2. (4.4)
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If a random X € N is independent of a uniformly sampled embedding o : N — C, then, for B > 1
and 0 <r <1,

P{lo(X)| > B} < Ifgg();), (4.5)
P{X £ 0, [o(X)| <1} < m. (4.6)

Proof. For a finite extension L/N, the decomposition into completions [14, Proposition 8.2] gives
DaqlplLa : Nyl = [L : N]. Hence
Z [Lq : Qi _ N - Qff
[L:Q  WNV:Q]

The extended absolute values restrict to the chosen normalization on N, so the finite-place
contribution of any v € A is unchanged. Each embedding of N has [L : N] extensions, giving the
same conclusion at infinity. A common finite normal overfield compares any two field choices. The
list of absolute-value entries includes all normalized extensions with their local-degree multiplicities,
so their enumeration involves no further choice. This proves height independence; h(0) = 0 is
fixed.

The product formula equates the sums of positive and negative logarithms, giving (4.3).
Multiplication gives the first height inequality termwise. The triangle inequality contributes
at most log2 at an archimedean entry and no constant at a nonarchimedean entry; the total
archimedean weight is one. This proves the second inequality, including zero summands by the
stated convention. For the tail estimates, the average positive logarithm over embeddings is at
most h(X). For X # 0, its average negative logarithm is at most h(X~!) = h(X). Markov’s
inequality proves both assertions. O

qlp

4.2 Thresholds and variation of logarithmic profiles

For every entry v define
ne(v) = —log|dely-

Choose a finite closed interval I, = [(,, u,| containing 0 and all n.(v), enlarged so that for distinct
p,p € P,
by < —log|zp — 2p|vs Uy > log |wp — Wy |y. (4.7)

All the differences here are nonzero. By Lemma 4.1, we can take I, = [0, 0] at all but finitely many
entries. Define the level space £ to be the disjoint union of the {v} x I,,, with weighted Lebesgue
measure. For an integrable function ¢ : £ — R, write

/Eg::zvz/ev g(v,s)ds.
We usually suppress the domain £ in an integral. At a level (v, s) put
Ye(v,8) = Lin, (v)>s}s (v, s) = Pp{Ye(v,s) =1},
f(v,s) = min(x (v, s),1 — 7w (v, s)), S = /f. (4.8)

Enlarging any I, further does not change S, because all edge bits agree outside the range of the
ne(v).
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The choice of threshold turns distance between logarithmic profiles into bit disagreement. For
independent uniform edges e, ¢/, Tonelli’s theorem and (4.3) give

2Ee,e’h(de/de’) = Ee,e’ Z ‘ne(v) - ne’(v)‘ = 2/”(1 - W) <285 (4'9)

4.3 Excluding bounded profile variation

Proposition 4.3. For every sequence of incidence pieces supplied by Proposition 2.1, the profile
variation S defined in (4.8) tends to infinity.

If the variation were bounded, the height-transfer estimate below would give bounded mean
heights after rescaling and translating the coordinates. Corollary 3.2 would then produce a point
distinct from the original point whose predicted coordinate bins are accepted by three neighbors.
At a suitably separated choice of these neighbors, this point approximately satisfies all three unit
equations. The determinant in (4.15) excludes that outcome. We keep this geometric contradiction
here, since it establishes the divergent scale required by all subsequent level estimates.

We first use matching labels to transfer height control from edges to points. The argument is
useful because it bounds heights of differences before any translation has been chosen.

Lemma 4.4 (Transferring edge heights). Let w be a probability law on finite vertex sets P X @,
with point marginal p. Suppose that, for every finite set of labels and every assignment of those
labels to both vertex sets, the disagreement probability of two independent p-points is at most Cy
times the disagreement probability under w. Then every coordinate map U : P U Q — N satisfies

Ep,p’Nuh(Up - Up’) <Ci (]E( h(Up - Uq) + 1)>

D,q)~w

where C1 depends only on Cy.

Proof. Fix an entry v and s > 0. At a nonarchimedean entry give two vertices the same label if
their U-coordinates differ by at most e® in absolute value. The strong triangle inequality makes
this an equivalence relation. At an archimedean entry, use the cell of a square grid in C of side €,
shifted by a uniformly random fractional vector. Only the labels occurring on the finite vertex set
matter.

For complex numbers whose distance is a, the probability of different grid cells is at most

min(1, V2 ae ™).

Indeed a mismatch in either real coordinate has probability at most its coordinate distance divided
by the side length, and the two coordinate distances sum to at most v/2a. Its integral over
s >0 is at most C(1 +1log™ a). At a nonarchimedean entry the integral of mismatch is exactly
log™ |U, — Uy, with value zero for a zero difference. Thus the integrated edge mismatch, averaged
over shifts at infinity, is at most C(E(, g~ h(Up — Uy) + 1).

Apply the assumed label inequality at each fixed level and shift. For a point pair at a
nonarchimedean entry, mismatch is exactly the event |U, — Uy|, > €°. At infinity, distance greater
than v/2e® forces mismatch for every shift. Integration of these tail events bounds the point-pair
height, with an additional log /2 from the total archimedean weight. This proves the result. [J

Proof of Proposition 4.3. Suppose S < Sy on a subsequence. All constants in this proof may
depend on the fixed Sy. By (4.9), there is an edge value dj such that

Egh(de/do) < So.
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Temporarily replace the two coordinates by z/dy and dow. Their edge jumps are Dy, = D, = d./dy
for e = (p,q) and D!, whose mean heights are at most So. Lemma 2.4 supplies the label hypothesis
of Lemma 4.4. Applying it to both coordinates bounds the sum of the two mean point-pair difference
heights. Averaging over the second point then chooses pg € P such that the translated coordinates

Zy = (22 — 2py )/ do, Wy = do(wy — wp,)

satisfy a fixed bound on E,(h(Z,) + h(Wp)). Since Z, = Z, — Dpq and W, = W, — D,.! on an
edge, Lemma 4.2 also bounds the center means. Thus there is a fixed C}, < oo with

Eu(M(Zp) + h(Wp)) + Ex(h(Zg) + h(Wy)) + Eg(h(De) + h(DZ 1)) < Cp. (4.10)

The reciprocal rescalings preserve the edge identity for this same choice of dg and py: on every
edge,

“p — *q
do
This identity remains exact after every embedding, although the two embedded coordinates need

not be conjugate.
We next give the selection argument, keeping the embedding independent of the points it tests.
For any fixed finite history map H on P, use the joint law

(Zp — Zg)(Wp — Wy) = do(wp — wg) = 1.

3

w(p) (@ | H(p) = H(p)) [ Pelq; | p), (4.11)
j=1

and independently choose a uniformly random embedding ¢. Both p and p have marginal u;
each ¢; has marginal ; and each (p, ¢;) has the original edge law. In particular, the three jumps
Dj = Dy, have the correct individual edge marginals. No assertion of mutual independence of
these jumps is needed. The height inequality bounds Eh(Z;— Zp) and each Eh(D; — D;) using
only (4.10). These bounds are uniform in H.

Choose a fixed B > 2 so large that, by (4.5), the probability that any of

—1\3
Zpa Wpa Zga Wga (qua qu D]’ D] )j:l

has embedded absolute value greater than B is less than 1/100. Then choose a fixed 0 < r < 1 so
small that (4.6) makes the probability of any of

p 7&[)\7 |0-(Z;)\_ Zp)’ <,
Dj;éDl, ’J(Dj—Dl)‘<7“ (1SJ<ZS3)

less than 1/100 in total. The equalities have deliberately been excluded from these small-difference
events. These estimates hold for every H because they were integrated over a fresh independent
embedding using only the fixed marginal bounds.

Choose now
4

. T
0 <7< min (17]_28_85> . (412)

At an embedding, encode each point by quantizing the real and imaginary parts of both Z,, W),
in [-B — 1, B + 1], in half-open intervals of length at most 7. Add an overflow code for points
outside this box, using an endpoint convention to make a partition. This is a finite alphabet of size
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M = M (B, 7) independent of ¢ and of the field degree. An acceptance test at g asks whether the
point code is attained by some actual neighbor of ¢. The actual point on an edge always passes.

By Lemma 2.6, D = o(logt). Choose K — oo with K = o(logt) and D/K — 0. Apply
Corollary 3.2 to independent uniform embeddings as tests. It gives a fixed history map formed
from the tests preceding a chosen step with at most ME~—1 = t°) values for which the predicted
acceptance failure at a fresh embedding is o(1). The choice of history is made after averaging the
prediction failure over that fresh embedding; the embedding itself is not fixed. The geometric
error bounds just proved remain valid for this selected history.

Use this H in (4.11), with one common prediction p and three independently sampled neighbors
of p. Each pair (p, ¢j) has the prediction law in the acceptance estimate, so all three tests pass
outside probability o(1) by a union bound. Moreover

2
MY ) s ) = 0. 413)

PH=p)= ), WH =) <

hep( H=h)>0

For j # [, the conditional uniform neighbor law gives P(¢; = ¢;) < 1/ min, d(p) = o(1). Distinct
centers have distinct Z-coordinates, so ¢; # ¢; implies D; # D;. The degree and atom estimates
used here follow from Proposition 2.1. Combining all these estimates gives positive probability
that all three tests pass, all displayed quantities are bounded by B, and

|a(Z5— Zp)| >, lo(D;j —Dy)|>r (j<l). (4.14)

Fix such an outcome and suppress o from the notation. Successful acceptance provides, for
each j, a genuine neighbor of ¢; in the same code as p. Since the latter has coordinates bounded
by B, this is a nonoverflow code, and the two complex coordinate errors relative to p, denoted by
£z,ew, each have modulus at most v/27. Expanding its exact edge equation around the predicted
coordinates gives

((Z5 = Zq;) W5 = Wy,) — 1] < 2B(lez| + [ew]) + [ezew|
< 4v2B1 + 272 < 8Br.

The last inequality uses B > 2 and 7 < 1. Set AZ = Z5— Zp and AW = W5 — Wy Subtracting
the exact equation for (p, g;) yields

AZ/Dj+AWD; + AZAW = E;,  |Ej;| < 8Br.

Subtract the equation with j = 1 from those with j = 2,3. The coefficient matrix for (AZ, AW)
has determinant

dot <D21 — D' Dy — D1> _ (D1~ Ds)(D1 — Ds5)(Ds — Ds)

. 4.15
Dy' — D' D3 — Dy Dy Dy Dy (419)

Its absolute value is at least 73/ B3 by (4.14). Each matrix entry is at most 2B, and each right-hand
side is at most 16 Br. Cramer’s rule therefore gives

64B°T
7”3

IAZ] < <r/2,

contradicting (4.14). This excludes every bounded subsequence of S and proves the proposition. [
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4.4 Coordinate states on the original levels

We now return to the original coordinates z, w, intervals I,,, and thresholds n.. By Proposition 4.3,
S — 00. At a level (v, s) give each vertex z a state

Yz (v, s) = (Az(v, 5), B1,x(v, s)).

At a nonarchimedean entry, A, is the equivalence class for |z, — z,v|y < €%, and Bj , is that for
|wy — wyr]y < €. At an archimedean entry associated with o, A, is the half-open square-grid cell
containing o(z;) at side length e™®, and By, is the cell containing o(w,) at side length e®. For
each of these two grids choose a fractional shift in [0,1)? and use that same fractional shift, scaled
with the side length, at every level of the entry.

For a state y = (a,b) recall the set

R, = {(d,V') : exactly one of ' = a and b’ = b holds}. (4.16)

Call an edge consistent at a level if Y, = 1 and exactly its A-labels agree, or if Y, = 0 and exactly
its Bj-labels agree. Thus consistency implies that the endpoint states satisfy y, € R, , and also
specifies which coordinate agrees. Define

m(v, s) = Pg{e is inconsistent at (v, s)}, Me = /1{e is inconsistent} - (4.17)

Lemma 4.5 (State consistency). The fractional shifts can be fized so that

/m — Epm, = O(1), (4.18)

with an absolute constant. At each nonarchimedean entry every edge is consistent outside finitely
many threshold levels. At a level (v,s), any two vertices x,x' € P U Q with matching A-labels
satisfy

|Zac - Z;B"v < Cveis;

matching Bi-labels similarly implies |wy — wy |y < cye®, where ¢, =1 at nonarchimedean entries
and ¢, = V2 at archimedean entries. All the level functions can be chosen measurable.

Proof. At a nonarchimedean entry, n. > s means |d.|, < e™* and |d_ '], > €*, so exactly A agrees.
For ne < s the two conclusions reverse. Only s = n. is excluded, a null set for the level measure.

At infinity, put 7 = |s — n.|. The smaller coordinate jump divided by its grid scale is e™", so
its mismatch probability under a uniform shift is at most v/2e~". The larger jump divided by its
scale is €; it cannot lie in the same cell once r > log v/2, by the diameter of a half-open square.
Consequently the expected inconsistency indicator is at most

Ljonelstog vy T V2e7 .

Its integral over the full real line is bounded by an absolute constant, and hence so is its integral
over I,,. Sum over entries using total archimedean weight one, then average over edges. There are
only finitely many archimedean shifts to choose at each index, so averaging fixes shifts satisfying
(4.18).

The match implications follow directly from the equivalence classes and the square diameter.
For measurability, label nonarchimedean classes by the first vertex in a fixed ordering of P U @,
and use integer cell indices at infinity. All class comparisons are threshold comparisons and all cell
indices are measurable functions of s. O
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We have obtained a space of tests of finite measure with minority mass S — oo, while the
integrated discrepancy between an edge’s threshold bit and its two coordinate agreements remains
O(1). This makes that discrepancy negligible relative to S.

5 Level decomposition and bounds for integrated scores

We compare two edges sharing a point or a center by assigning a score that rewards agreement of
specified coordinate labels at their opposite endpoints and subtracts disagreement of their bits.
The product formula bounds the integrated score from above. A lower bound records how often a
vertex differs from the label shared by most vertices in the selected coordinate. Both bounds also
hold when the samples at a point are conditioned on a short list of histories.

We use the graph satisfying (2.4), the threshold bits Yc(v,s) = 1y, (s)>s}, and the states
Yz = (Ag, B1 ;) of Lemma 4.5. Consistency means that exactly the A labels match when the bit
is 1, and exactly the B labels match when it is 0. The inconsistency probability has integral
J ' m = O(1), negligible relative to S — oo by Proposition 4.3.

All level integrals use the weighted measure of Section 4.2. In particular f = min(Pg(Y =
0),Pg(Y =1)) and S = [ f. Write dpmin = min,ep d(p) and dg min = mingeq d(q).

5.1 Parameters, level sets, and histories

The parameters must make prediction errors small even after taking several samples, while keeping
the number of possible histories small relative to a point degree.

For the incidence pieces, information D and variation S fixed above, there are positive integer
sequences K, L, k — oo such that

Klog L = o(logt), D/K = o(1), (5.1)
kK log L = o(log t), B ((D/K)Y + L7+ 871 4 dgly,) = o(1). (5.2)

The incidence estimates give D = o(logt) and dgmin — 00. For example, first take K =
[v/(D +1)logt] and then choose L — oo with log L ~ y/logt/K. These choices give (5.1). Both
Klog L/logt and the parenthesized expression in (5.2) tend to zero. Choosing k& — oo sufficiently
slowly gives (5.2). In particular k = o(logt) since K log L — oc.

Fix these sequences and set € = k~'/16. The hierarchy gives k%/S = o(1), k3+V/16((D/K)"/* +
L) =0(1), and k = t°O).

Recall that f is the less frequent bit’s probability and m is the probability of an inconsistent
edge at a level. Partition the level space by

C=A{f>¢}, B={f<e m>1/k}, G={f<e m<1/k}.

Their first two widths satisfy

W, = /1c <Sje,  Wyi= /13 < k/m — O(k) = o(S). (5.3)

Prediction will be used on C, where both bits have frequency at least e. The measure of B is
negligible compared with S; on G, both the minority frequency and inconsistency are small enough
to select a label shared by most vertices. At each absolute-value entry, C is an interval, possibly
empty or of zero length: the function s — Pg(ne(v) > s) is nonincreasing.
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At alevel in G let r € {0,1} be the minority bit, which is unique for all sufficiently large ¢. On
every consistent majority-bit edge the By labels match if » = 1, and the A labels match if r = 0.
Thus the mismatch probability of this coordinate is at most f +m. By Lemma 2.4 it has a label £
whose two marginal exception probabilities have sum O(f + m). Fix one such label measurably,
and let I,(v, s) indicate that the relevant coordinate of x differs from ¢. Write

hp(v,s) =K, I,(v,s), hg(v,s) =E.l,(v,s), H, = / I:(v,s).
g

Here and below [, is used only on G. Fixed orderings of the finite vertex sets settle all choices of
labels, so measurability causes no additional restriction.

Lemma 5.1 (Exception mass and joint exceptions). For the indicators I, of exceptions to the
chosen coordinate label, uniformly over levels in G,

hp-i-hQSC(f—i-m):O(l), f<hp+hg+m. (5.4)
Consequently
E H, + E.H; = O(S). (5.5)
Furthermore, with (p,q,r) sampled according to (2.11),
/ Pp(l, = I, = 1) = o(S), / P(I, = I, = 1) = o(S). (5.6)
g g

Proof. The first inequality was just proved, and its right side is uniformly O(e+1/k) = o(1). If both
endpoints have the dominant label, a consistent edge has the majority bit. Every minority-bit edge
therefore has an exceptional endpoint or is inconsistent, proving the second inequality. Integrating
and using [m = O(1) proves (5.5) because S — oo.

For the joint errors, apply Lemma 2.5 with the uniform marginal bound a; = C(e +k~!) = 0
from (5.4). Its edge estimate gives Pr(l, = I, = 1) = o(1)(hp + hq), and its estimate for two
neighbors of a center gives P(I, = I, = 1) = o(1)hp. These are exactly the edge and two-step walk
laws used here. Both multipliers are uniform over all levels in G, so they can be taken outside the
integrals. Equation (5.5) then gives (5.6). O

We next apply the prediction lemma only to levels in C. When W, > 0, sample a fresh level
from their normalized measure and use Corollary 3.3. An inconsistent edge accounts for every
true failure of one-coordinate agreement. We obtain a fixed history map H with |H(P)| < L?X
such that, writing v, for the true-state law of a point of marginal p conditional on history h at
the fresh level,

k3 /c Exll — v (Ry,)] = o(S). (5.7)

Indeed the integral before multiplication by &% is at most [, m + O(W.((D/K)Y*+ L™1)), and the
hierarchy (5.2) and width bound (5.3) apply. If W, = 0, take the empty history, and the assertion
is vacuous.

For each center ¢, form an ordered list of histories § = (hy, ..., hi) obtained by sampling k
independent neighbors of ¢ and recording their histories. Let a(q, ) = P(6 | ¢). The number M of
possible history lists satisfies

M < LKk — ¢o1), (5.8)
The history map is already fixed. Thus a(q, ) uses no fresh level. In the joint law
1
w(p,q,0) = {(T%)fma(q, 0), (5.9)

the point p and the history list are independent conditional on g¢.
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5.2 Three fixed pair experiments

We use three ways to sample a base and two opposite endpoints:

(i) @: sample ¢ ~ k, then p,r independently from the conditional edge law at g;
(ii) P: sample p ~ p, then ¢, ¢’ independently from the conditional edge law at p;

(iii) P@: sample (p,0) from its marginal under w, then ¢, ¢’ independently from w(q | p,6).

Only positive-mass bases are used. In each experiment write z for the base vertex, y, yo for its
opposite endpoints, and Y7, Ys for the corresponding edge bits. The base in the third experiment
includes 0. At a level let p = P(Y; = 1 | base) under the full indicated law. These laws are fixed
across all levels. Define

C; = / Enael20(1 = p)], i €{Q, P, Pb}. (5.10)
C

Lemma 5.2 (Marginals and diagonal pairs). In each of the experiments Q, P, PO, either edge slot
has the uniform law on E after averaging over its base. In experiment P60, for every p € P,

M
E9|pp(q = q/ ‘ b, 9) S mv

where M is the number of possible history lists in (5.8).

Proof. The first assertion is immediate for the unconditioned pair samples. For the third, the
(p, q) marginal of (5.9) is the edge law since Y 5 a(q,0) = 1; sampling a conditional slot preserves
this marginal. More explicitly, a slice of positive probability wy = anw(p, q,0) has one-edge law
w(p, q,0)/wy and must be averaged with weight wg. To compare with the @ experiment in the
same slice, attach the history list at its center. The full law is

P(p,r,q,0) = r(q)alq, O)Pr(p | )Pe(r | q).

Given (g, 6), the two points retain their original independent neighbor laws. Summing either point
out gives w(p, q,0) for the other slot. Conditioning on # therefore gives the same single-slot law as
for PA, and summing over 6 recovers the original () pair experiment.

Fix p and put a,(0) =P(8 | p). For a,(0) > 0,

Lpgenale,t) _ 1

w(q|p,0) = < :
d(p)ap(0) d(p)ap(0)
Its collision probability is at most its largest atom. Multiplying by a,(#) and summing over at
most M positive-mass history lists gives the asserted bound pointwise in p. O

We now define scores that reward matching opposite endpoints and charge differing bits. If
Y1 =Yy =1, let N be the event that the By labels of y1, yo match; if Y1 = Y5 =0, let IV instead
mean that their A labels match; set N to be false when the bits differ. Thus N concerns the
coordinate which a consistent edge of that bit does not share with its base. For independent bits
with parameter p, equality has probability p? 4+ (1 — p)?, whereas disagreement has probability
2p(1 — p). The former is larger except at p = 1/2. Thus, when equal bits force N, a reward slightly
above one near balance and slightly below one elsewhere can give a positive expected score. The
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decrease away from balance also makes room for the increase in the integrated upper bound below.
Section 6 will identify the configurations in which equal bits force the required match. Set

1 52 1+A, |p—3| <4,
— A c(p) = H

The scalar A is a score coefficient; it is unrelated to the edge ratios \p, introduced later. At a level
in G write r for the minority bit. The score is

211y, —v,—r, N}, at alevelin G,
score = ¢ c(p)liyi—y,, Ny, at alevel in C, — 1iy; 2y}

0, at a level in B
For each i € {Q, P, P}, let D; be the expectation of this score integrated over all levels in
experiment i.
5.3 The two score bounds

We bound the scores both when the common base is a center and when it is a point. Outside C, the
lower bounds for @ and P68 contain the same difference between the point and center expectations
of Hj, with opposite signs. Adding them cancels that difference. Comparing the remaining lower
bound on C with the upper bounds will show that Cg + Cpg = o(55).

Proposition 5.3 (Upper bound for the integrated scores). The integrated score D; and variation
C; of each fized pair experiment i € {Q, P, PO} satisfy

D; < o(S) + 105°)\C;. (5.11)

Proposition 5.4 (Lower bound outside C). For each fized pair experiment i € {Q, P, PO}, let x be
the base vertex and y either opposite endpoint. Its expected score, integrated over L\ C, is at least

SEH; — 2EH — o(S), (5.12)

where both expectations use the original edge marginals on the appropriate sides. In particular this
is 2B, Hy; — 2E,H; — o(S) for Q, and its opposite main term for either P or P0.

The upper bound is proved in Section 5.4, and the lower bound in Section 5.5.

5.4 The product-formula upper bound

At a fixed absolute-value entry, positive score terms lie in two intervals. The next lemma bounds
how much their integral can exceed the allowance 27" when their coefficient rises from 1 — X to
1+ X\ on a central interval.

Lemma 5.5 (Two intervals and a central window). Let b <V, T > 0, and J be an interval of
finite length, with any choice of included endpoints. Put I_ = [b—T,b] and I, = [b/,b' + T], and
let | - | denote length. For a real number x, write [x]4+ = max(z,0). For 0 < A <1,

OA[IJ N I-|+ [T NI = T], <A Lyt - (5.13)
If X has any probability law on R, and |P(X > s) — 1/2| < 6 throughout J, then
P(X € int J) < 26. (5.14)
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Proof. Put a = |JNI_|+|JNI4|. The left side of (5.13) is [2A(a — T')]+. For it to be positive
both intersections must have positive length, since either has length at most T'. As J is an interval,
this puts both b,V in its open interior, also when b = b’. Moreover a < 2T and a < |J|, since I_
and Iy have disjoint interiors. Hence 2(a — T') < a < |J|. For (5.14), take u < v in the interior.
Then

Plu< X <v)=P(X >u) —P(X >wv) <26

Exhausting the open interior by such intervals proves the claim. The empty-interior case is
immediate. This proof makes no assumption about atoms at either endpoint of J. O

Figure 1 illustrates why positive excess in Lemma 5.5 requires both thresholds to lie inside the
central window.

I_ different bits I

b—-T b o V+T

central window J

Figure 1: The intervals I_ = [b—T,b] and I, = [V/,b' + T, with b < b’ and T > 0, lie on either side
of [b, V'], where the two threshold bits differ. In Lemma 5.5, the quantity 2A\[|J NI_|+|JNIL|—T]4
is positive only if the overlap with J exceeds T'; then both b and V' lie strictly inside J.

Proof of Proposition 5.3. First fix a base and two distinct opposite endpoints, and write d, d’
for their incident jumps. Distinct real endpoints have distinct z coordinates, so d # d'. At an
absolute-value entry v let

b=min(ne(v),ne(v)), b =max(ne(v),ne(v)), u=—log|d—dl|,, a=u-—0>.
The two opposite-endpoint coordinate differences are d — d’ and 1/d — 1/d’ up to signs. Therefore
—log|(d—d)(1/d—1/d")], =2a — (V' —b). (5.15)

All thresholds lie within the chosen level interval, so the integrated bit-difference charge at this
entry is exactly o' — b.

Let b, = log?2 at archimedean entries and b, = 0 otherwise. The triangle inequality gives
a > —by, hence T, := a + b, > 0. Equality of a grid label at infinity bounds the corresponding
difference by /2 times the grid scale; at a nonarchimedean entry a matching label bounds it by
the scale itself. If both bits are 1, a positive charge requires s < b and a B; match, which gives

s>V —a—b,>b—T,.

If both bits are 0, the analogous A match gives s > ¥ and s < b+ a + b, < b + T,. Thus all
positive charges lie in
I_=[b—T,}, I =,V +1T,]. (5.16)

Enlarging to these full intervals is legitimate even if part of them lies outside the chosen level
interval.

Suppose a positive term from G is counted with minority bit 1 at a threshold sg. Then sg < b
and Pg(ne(v) > sg) < e. By monotonicity every level in C and every level with minority bit 0
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lies below sp; none can produce a positive charge in I,. All minority-1 positive charges lie in 7_
by definition. The case of a positive term from G with minority bit 0 is symmetric. Thus, if any
positive term from G is counted, all positive charges are on one side, their coefficients are at most
2, and their total is at most 27},.

Otherwise only positive terms from C remain. For this fixed base put

Jy={s:(v,s) €C, |p(v,s) —1/2] <d}.

This is an interval because the conditional edge law is fixed across levels and both restrictions are
intervals. Extend the coefficient 1 — A across both full intervals in (5.16), increasing it by 2\ on
Jy. Put a, = |J, N I_| +|Jy N I4|. The extended positive integral is 2(1 — A)T, + 2\ay; its excess
over 2T, is therefore 2\(a, — T,). Lemma 5.5 bounds the positive part of this excess by

)‘| Jy ‘ 1{71e (v),ngr (v)E€int Jy } -

This expression is also a valid excess bound when a positive term from G is counted, when
no excess is needed. Combining it with the negative charge and (5.15), then summing over
absolute-value entries, cancels the logarithm by the product formula for the fixed nonzero element
(d—d')(1/d—1/d"). The additive allowance is 23 _» b, = 2log 2. Entries of zero level width can be
included in this sum: their positive and negative charges vanish and the same upper bound still
holds.

Now average this bound over the fixed-base independent pair law, restricting to distinct pairs.
Dropping that restriction only in the nonnegative excess term, (5.14) bounds its expectation by
462\|.J,|. Boundary atoms are not counted; distinct jumps with equal thresholds cause no exception
to this argument. On J,, 2p(1 — p) > 2(1/4 — 62). Averaging over bases and absolute-value entries
therefore bounds the distinct-pair contribution by

462\

O+ 507 =

C; < O(1) + 1052XC;.

It remains to bound equal endpoints, to which the product formula was not applied. Their
positive score is at most 2(W, + H}) for a base vertex z, and their negative score is zero. The
ordinary collision probabilities are 1/d(q) and 1/d(p). For samples conditioned on a history list
Lemma 5.2 gives the bound M /d(p) pointwise in p. Consequently their total contributions are at
most, respectively,

2 2 2M
— (W.+EH}), ——W.+E,H), ——W.+E,H).
dQ,min( ¢ " q) dP,rnin< ¢ a p) dP,rnin( ¢ . p)
Each is o(S) by (5.2), Lemma 5.1, (5.8), and dppin = t'7°(@). In particular multiplication by an
unbounded H,; requires only its first moment, since the collision estimate holds for every p. Finally

O(1) = o(9). O

5.5 The lower bound outside C

Proof of Proposition 5.4. At a level in G denote the inconsistency indicator in slot j by M. If
I, = 1, both other endpoints have their dominant label, and both edges are consistent, their
dominant-coordinate labels match each other but differ from the base’s. Both bits must therefore be
the minority bit and the required nonshared coordinate matches. The positive score is consequently
at least

21, — 21,1, — 21,1, — 2M; — 2M>.
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If both opposite endpoints have their dominant label and both edges consistent, their bits agree
regardless of whether the base is exceptional. Hence the negative charge is at most I, +1,, +M7+Mo>.
Average these two pointwise bounds. Each slot has the original edge marginal by Lemma 5.2,
even with history lists. The integrals of the joint terms I,.[,, are o(S) by (5.6); the inconsistency
integrals are O(1). This gives (5.12) on G. On B there are no positives and the negative score is
at least —1, whose total cost is W}, = o(S). O

6 Variation on C and positive exception mass

We use the fixed history map, sampled lists of histories, and three scores constructed in Section 5.
The first objective is to show that levels in C = {f > €}, where both bits are frequent, contribute
only o(S) to the integrated probability that two independently sampled edges at a center have
different bits. The second is to show that IEHH;,‘, the mean measure of levels in G where a point
lacks the chosen label, retains a positive fraction of S. Here G = {f < ¢, m < 1/k} has a rare
minority bit and small inconsistency probability. Both conclusions come from comparing the upper
and lower integrated score bounds, but the comparison first requires a precise description of the
states permitted by a history list.

Throughout this section, S — oo, the parameters are chosen as in Section 5.1, and H is the
fixed history map from Equation (5.7). At a level, v, denotes the distribution of the true state
(A, By) of a point sampled from p conditional on H = h. Dependence on the level is suppressed.
For a state y = (a,b), recall that

Ry ={(u,v): (u=a, v#Db)or (u#a, v=">0)}

A row means a set with fixed first coordinate; a column has fixed second coordinate. These
conventions do not refer to a geometric direction in the plane.

6.1 Score estimates and the two deductions

The following three estimates isolate the inputs to the deductions. The first compares the two
orientations. The other two apply when the point exception mean is temporarily assumed small in
the proof of Proposition 6.5.

Lemma 6.1. The contribution from C to Dg + Dpy is at least

E(CQ + Cpg) — o(S).

To prove this bound, Section 6.2 shows that concentration of the prediction mixture on a row,
column, or set of at most two states also constrains the actual point under the joint sampling law.
Section 6.3 classifies the resulting states and bounds their scores, keeping the original conditional
bit probabilities even when some sampled edges are bad.

For a probability measure v on states, let v4,vp, denote its coordinate marginals. Their
squared norms are the sums of squares of their atom masses, hence the match probabilities for two
independent samples from the corresponding marginal.

Lemma 6.2. If EHH; = 0(S), then
T:= /CIEM 1 @a)alls + (V)83 = 1] < o(S). (6.1)
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Lemma 6.3. Assume E, H, = o(S). Then

A
(contribution from C to Dp) + T > ZCP —o(9).

The proof of Lemma 6.2 is in Section 6.4; the lower estimate in Lemma 6.3 is proved in
Section 6.5. The hypothesis in the latter two estimates will be used only on the temporary
subsequence in the proof of Proposition 6.5.

Proposition 6.4 (Variation on C). The variations of the fixed experiments Q@ and P8, defined in
(5.10), satisfy
CQ 4+ Cpg = O(S). (6.2)

Moreover their exception means over G satisfy
E.H; <E,H, + o(S). (6.3)

Proof. By Lemma 6.1, the contribution from C to Dg + Dpy is at least A(Cg + Cpg)/4 — o(5).
The lower bounds in Proposition 5.4 outside levels in C cancel their main terms, because the two
base vertices are on opposite sides. Hence

A
1(Cq +Cpy) = 0(S) < Do + Dpy < 1052X(Cq + Cpg) + o(9),

where the last inequality is Proposition 5.3. Since 1062 < 1/4, this proves (6.2).
Finally the contribution from C to Dg is at least —Cp. Proposition 5.4 and Proposition 5.3
therefore give
2E.H; —2E,H} — Cq — o(S) < Dg < 106°ACq + o(S).

Use C = o(S) to obtain (6.3). O

Proposition 6.5 (Positive exception mass on G). For the exception indicators I, and their
integrated masses Hy chosen in Section 5,

*

E,.H
lim inf ——-2 > 0. (6.4)

t—o0 S

Proof. If the conclusion fails, restrict to a subsequence on which E,H; = o(S). By (6.3), also
E.H; = o(S), and Lemma 6.2 gives T' < o(S5).
By Lemma 6.3,

(contribution from C to Dp) + T > 20}7 —o(9).

The contribution from outside C to Dp is at least —o(S) by Proposition 5.4, under the present
assumptions on both exception means. Therefore

%cp —o(S) < Dp +T < 108°ACp + o(S),

and again 106? < 1/4 yields Cp = o(95).

To finish, let Vp, V be the variations for the two unconditioned experiments at any fixed level.
Assign to each vertex its conditional majority bit, breaking ties in a fixed way. The probability
that the bit on an incident edge differs from this label is at most the corresponding average
variation, because min(p, 1 — p) < 2p(1 — p). Thus the two endpoint labels disagree on an edge
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with probability at most Vp + Vg. When that sum is small, the matching-label consequence of
expansion in Lemma 2.4 gives one bit label with total marginal exception probability O(Vp + Vg).
The edge bit differs from it with probability O(Vp + V) as well. When the sum is not small the
same bound follows from f < 1/2, with a larger absolute constant. Consequently

f<CVe+Vg)

uniformly for all sufficiently large ¢. Integrating on levels in C gives [, f < C(Cp + Cg) = o(S5).
On levels in G, the minority-bit probability is bounded by the two marginal exception proba-
bilities and the inconsistency probability, as in Lemma 5.1. Its integral is o(S) under the present
assumptions. Levels in B contribute at most W;/2 = o(S). Thus S = [ f = o(S), a contradiction.
This proves (6.4). O

6.2 From sampled histories to the actual point

For a center ¢, take the expectation over its conditional neighbor law in £ and define the mixture
of predictions
Vg = EpjgV (p)-

For its history list 8 = (hy, ..., hy), define the finite set of candidate center states
Vo = {y a center state : vj, (Ry) > 1 — k=2 for every 1 < j < k}. (6.5)

The actual state y, is usually a candidate: the union bound and Markov’s inequality give, after
integration on C,

/C Py, ¢ Vp) < K /C Ep[l — vy (Ry,)] = o(S). (6.6)

We need every candidate’s agreement set R, to have v4(R,) close to one. The next lemma proves
this uniformly over candidates by applying the e-net double-sampling argument to these sets
[9, Lemmas 3.4-3.5]: a second independent sample detects mass outside an agreement set, and
bounding the number of subsets cut out on the pooled samples gives control uniformly over
candidates. The proof below supplies this bound for R, and handles the weighted sampling law.
We then show when concentration under the prediction mixture also constrains the actual point
state.

Lemma 6.6 (Candidate states and the prediction mixture). For sufficiently large integers k, the
candidates Yy defined in (6.5) satisfy

P(Jy € Vy: 7g(Ry) < 1— k4| q) < 4(2k +1)227+/*/2 (6.7)

at every level, uniformly over centers q. Here the k entries of 8 are independent neighbor histories
conditional on q, as in (5.9).

Proof. We first prove a sampling bound. Let v be any probability measure on a finite product set
and let X1,..., X be independent samples from v. For 0 < a < 1 and ka > 8,

P(Jy:v(Ry) <1—a, X1,..., X} € Ry) <202k +1)?27F/2,

Adjoin independent samples X 1,..., Xo;. If the first £ samples admit a set R, as in the event,
select one by a fixed ordering. For this selected set R,, the number of misses among the new
samples has mean k(, where § = I/(R?j) > «, and variance at most k3. Thus the probability of
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fewer than ka/2 misses is at most 4/(kf3) < 1/2. It suffices to bound twice the probability that
some R, contains the first half and misses at least ka/2 of the second half.

Condition on the pooled 2k samples and split their indices uniformly into two halves. A set
R, induces at most (2k + 1)? different subsets of these indices: its first coordinate can agree with
one of at most 2k observed coordinates, or none, and the same holds for its second coordinate. If
a pattern has m misses, the probability that they all fall in the second half is zero for m > k, and
otherwise is

k(k—1)--(k —m+1)
k) 2k —1) - 2k —m+1) =

The union bound proves this sampling bound. Repeated sampled states cause no problem, since
the argument concerns the indexed samples.

Now, after sampling the histories independently given ¢, independently sample a state from
each corresponding vj,;. Before the histories are revealed these states are independent with law
vq. If a candidate violating the required conclusion exists, select one as a function of the history
list. Conditional on that history list, all the synthetic states lie in 2, with probability at least
1—k-k=2=1-1/k. Apply the sampling bound with a = k=14 and divide by 1 — 1/k. ]

—m

Since W, < k168, the integral of the failure probability in (6.7) is o(S). A candidate therefore
constrains the mixture of predicted states. To constrain the actual point, we will use only rows,
columns and sets of at most two states. This restriction is essential to the next argument.

Lemma 6.7 (Transfer to rows, columns, or two states). Fiz a level and use the joint law (5.9) of
edges and history lists,

P(p,q,0) = Pe(p,q)P(0 | q).

Let 0 < < 1/2. As a function of (q,6), select a set U(q, @) that is a row, a column, or a set of at
most two states. On an event G determined by (q,0), suppose

7,(U(q,0)) > 1 —3n°.
Then the actual point state y, satisfies

P(G, yp ¢ U(q,0)) < 8.
The form of the set and its coordinates may depend on both q and 6.

Proof. Conditional on (g, @), the history of the actual point has its ordinary conditional law given
q, because the history list is independent of the point given ¢q. Hence on G,

E[VH(p)(U(qv 0)°) | q,0] < 3772.

The event that this set has vg(,)-mass less than 1 — 7 therefore has probability at most 3.

For each history h, define three exceptional sets using only v,. If a row has mass at least
1 — 7, it is unique, and the first exceptional set is its complement. If no such row exists, the first
exceptional set is empty. Define the second set in the same way for columns. Their masses are at
most n each.

If a set of at most two states has mass at least 1 — n, put

My = A{z :vn(x) > 1}

33



and take M as the third exceptional set. Every set U of at most two states and mass at least 1 —n
contains Mp: omitting an atom of mass greater than 1 would violate that mass bound. Choosing
one such U also gives

v (M§) < vp(US) + vp (U \ Mp) <n+2n=3n.

If no such U exists, the third exceptional set is empty. The union of the three exceptional sets
thus has mass at most 5.

Let E} denote this union of exceptional states. It is determined by the history and the fixed
level. Summing the joint law over centers and history lists leaves the point marginal u, so

P(yp € Enp) = > u(H = h)vp(Ey) < 5n.
I

This bound holds for the entire joint law, even though the selected set U(q, 8) depends on both the
center and its history list. Outside the event y, € Ep,) and the earlier nonconcentration event,
the actual state belongs to whichever permitted set was selected. Adding the two error bounds
proves the result. ]

In the application, at most three candidates will be chosen by a fixed ordering at each level
and history list. Outside the failure event bounded in (6.7), the intersection of their sets R, has
mixture mass at least 1 — 3k~1/4. When this intersection is contained in a row or a column, use
that row or column as U; when it has size at most two, use the intersection itself. With n = k=1/8,
Lemma 6.7 costs at most

8k~ Y8W, < 8k~ 1/165 = o(9).

An empty intersection cannot have the asserted mixture mass for large k. The proof has used the
actual point marginal only for exceptional events defined by the history and level. It has made no
assertion about the law of the actual state after additionally conditioning on a selected set.

6.3 The lower score bound from candidate states

We now apply this transfer to the finite geometry of the sets ;. Two distinct center states in one
row, say (a,b) and (a,b’), have intersection

R(a,b) N R(a,b’) = {(a, v):v ¢ {b, b,}} (6.8)

A third center state outside that row cuts this intersection down to at most one point. The
corresponding assertions hold for columns. If two states (a, b) and (a’, ") differ in both coordinates,
their sets R, intersect in

Riap) N Ry = {(a,b"), (', 0)}. (6.9)

Three states whose first coordinates are all distinct and whose second coordinates are all distinct
have sets R, with empty intersection. Indeed each of the two points in (6.9) fails to share a
coordinate with the third state. These observations give an exhaustive classification: a candidate
set is empty, is a singleton, contains two distinct states sharing a coordinate, or consists of states
with pairwise distinct coordinates. In the shared-coordinate case, either all candidates lie in
that row or column, or a third lies outside it. In the pairwise-distinct case there are either two
candidates or at least three.

Figure 2 shows the two-corner case: either endpoint state together with the bit determines the
state at the other endpoint.
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(a’,b) y2 = (a',b')

o
y1 = (a, b) (a7 b,)

Figure 2: Two candidate center states differing in both coordinates admit exactly two point states
in Ry, N Ry,. The filled points are those opposite corners. Within this four-state configuration, the
bit of a consistent edge and the state at either endpoint determine the state at the other endpoint.
Rows have fixed first label and columns have fixed second label. The diagram displays coordinate
equalities of states, not geometric positions of the original plane points.

Declare a single edge with its history list bad at a level in C if its state test is inconsistent, if
Yq & Vo, if the event inside the probability in (6.7) occurs, or if the transfer to the selected set fails
for the witnesses specified by this classification. The witnesses are two states sharing a coordinate,
with a third outside that row or column when one exists; two states differing in both coordinates;
or three states with pairwise distinct coordinates. Every other edge with its history list is called
good at this level. Empty candidate sets and empty witness intersections have no good edges. All
choices are deterministic functions of the level and history list. The preceding estimates and the
integrated inconsistency bound give

/C P(p, ¢, 0 is bad) = o(S). (6.10)

The comparisons below must use the full conditional bit probability p in the definition of the
scores. We never remove bad edges and renormalize that law. In particular the discontinuity of
c(p) at 1/2 + § introduces no error.

Here is the numerical estimate used in the two-corner case. For every 0 < p <1, with § = 0.01,
A =62/2, and ¢ as in Section 5,

c(p)(p® + (1= p)?) = 2p(1 = p) = (20 = 1)* + (c(p) = 1)(p* + (1 = p)?)
> A\/2. (6.11)

For |p — 1/2| < §, discard the first square and use p? + (1 — p)? > 1/2. Outside that interval the
expression is at least 462 — XA > \/2.

Proof of Lemma 6.1. Fix a level in C. For each history list of positive probability, let mp = P(9)
and by = P(bad edge | #), with both probabilities taken under the joint law in Lemma 6.7. In the
experiment (), condition on 6 and then sample ¢ by its actual conditional law. The two points are
still independent with their ordinary law given ¢. In experiment P6, sample p conditional on 6,
then two independent centers given (p, §). Each slot in either experiment has the same conditional
single-edge law P(p, ¢ | §). Therefore a pair with at least one bad slot has probability at most 2by
in either experiment.

Write Vg (6) and Vpy(6) for the corresponding averages of 2p(1 — p) over bases in this slice,
and write dg(6),dpg(#) for its two expected scores. Each V' is at most 1/2, and either score is at
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least the negative of its variation. We prove

dq(0) +dpy(0) = — (Vo(0) + Vpe(0)) — Cbg (6.12)

>~ >

with an absolute constant C. All coefficients in a score at a level of C are bounded by 1 + A, so
charging a pair with a bad slot always costs at most an absolute multiple of its probability.

An empty candidate set. Every edge is bad, so by = 1, and the boundedness of the scores
proves (6.12) on increasing C.

One candidate state. At a fixed base consisting of a point and history list, two good edges
have the same center state. Consistency forces their bits to agree, and the nonshared coordinate
of their center states matches. Thus this score is at least 1 — A — O(by) after averaging over its
bases. The score in experiment @) is at least —1/2. Their sum is at least 1/2 — A — O(by), which
implies (6.12) because the two variations sum to at most one.

Two candidates sharing a coordinate, and all candidates in that row or column. The transfer
using (6.8) places every good point in the same row or column. If it is a row, every good edge
has matching A-coordinates and hence bit 1, by consistency; in the column case every good edge
has bit 0. A bit difference in either pair experiment therefore requires a bad slot. This gives
Vo(0) + Vpe(0) < 4bg. The lower score bound d; > —V; now proves (6.12).

Two candidates sharing a coordinate, and a third outside that row or column. The sets R,
for the three witnesses intersect in at most one state. If the intersection is empty, all edges are
bad. Otherwise all good point states equal that one state. At a center base, two good edges
consequently have equal bits and the required nonshared-coordinate match. Its score is at least
1 — X —O(by), and the other score is at least —1/2. The same estimate as in the singleton case
applies.

No coordinate shared by distinct candidates. If there are at least three candidates, their sets
R, have empty intersection and all edges are bad. Otherwise there are exactly two candidates.
The good point states lie in their two opposite corners from (6.9). At either type of base, a good
edge’s bit determines the state at the other endpoint. Thus two good edges with equal bits have
the required collision. Let e, be the probability of a pair with a bad slot at the fixed base. The
full independent pair law has equal-bit probability p? + (1 — p)?2, so

P(Y; = Y, N | base) > p> + (1 — p)? — ey

Its disagreement probability is still 2p(1 — p). Multiplying by the unchanged c(p) therefore gives the
left side of (6.11), less at most (1 + \)ey. After averaging bases, each score is at least A\/2 — O(by),
which proves (6.12).

This completes the classification. Multiply (6.12) by its actual slice weight 7y, sum, and
integrate over levels in C. The error is C [, > g mobs = 0(S) by (6.10). This argument allows
individual by to be large; no inverse slice weight or number of history lists enters. The contributions
from C to Dg + Dpg are therefore at least

2(0@2 + Cpg) — 0o(S).

6.4 The prediction-pair bound

The integrand defining T is the sum of the two coordinate match probabilities, less one, for two
independent predictions conditional on the same history. Its full-level integral is bounded by the
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product formula. Under the temporary hypothesis in Lemma 6.2, removing levels outside C costs
only o(95).

Proof of Lemma 6.2. Choose a history with its marginal probability, then two independent points
p’,p” from u conditional on that history. This is one fixed coupling throughout all levels, and each
point marginal is p. At a fixed level (v, s), write A(z) = A,(v,s) and Bi(x) = B1z(v,s). The
expected value of

F(p',p") = Lapn=aem) + Lisiw)=i6m) — 1
is the integrand defining T'.

For a distinct pair put Z = 2y — 2z, and W = w, — w, both nonzero. At an absolute-value
entry with level interval [l, u|, the endpoint conditions from (4.7) say | < —log |Z|, and u > log |W|,.
Put ¢, = 0 at nonarchimedean entries and ¢, = log v/2 at infinity. By Lemma 4.5, an A-match
requires s < —log|Z|, + ¢y, and a Bj-match requires s > log |W|, — ¢,. Put a, = —log|Z|, and
b, = log |W|,. The two sets of matching levels inside [/, u] have measures at most a, — [ + ¢, and
u — by + ¢, respectively: these upper bounds remain valid when the containing threshold interval
is truncated by an endpoint, because [ < a,, and u > b,. Subtracting the full width gives

| PO ds < @ -1+ )+ (bt ) = (=)
l
= —log|Z|, —log |W|, + 2¢,.

The product formula, and total archimedean weight one, show that the integral over all levels is at
most an absolute constant.

At a level in G = {f < ¢, m < 1/k} where neither point is exceptional, their dominant
coordinate labels match, so F > 0. In general at such a level

B> _1{]3, exceptional} — 1{17” exceptional} -

The contribution on levels in B is at least —W};,. Removing all levels outside C from the full integral
consequently gives, for each distinct pair,

/CF(p’,p”) < O(1) + Hyy + Hyy + W,
On the diagonal the integral over C is exactly W,. Its probability under the selected coupling is

> ) < P masutp) = o0,

Here |H(P)| < L?!¥ = t°1) and the marginal degree bounds were proved in Section 2. Since
W, < kY195 and k = t°1) its contribution is o(S). Average the bound for distinct pairs, using
the two marginals y, Wy, = o(S), and S — co. This proves T' < 2E,H; + o(S) = o(S). O

6.5 The second lower score bound

For the ordinary point-based experiment, the actual point already lies in the one-coordinate
agreement set of each consistent neighbor. The same state classification can therefore compare its
score with the two coordinate match probabilities defining 7', without a sampled list of histories.
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Proof of Lemma 6.3. At a level in C declare an ordinary edge bad if its test is inconsistent or if
Vi) (Ry,) <1— k~2. Its integrated probability is o(S), because Markov’s inequality bounds the
second contribution by k? [, Eg[l — vi ) (Ry,)] = o(S). Fix a point p and this level. Write b, for
its conditional bad-edge probability, v = vg (), ¢ = k=2, and

T(v) = [[vall3 + lva, |5 - 1.

Let Y, be the states of its good neighbors. Every such state has v(R,) > 1 — ¢, and the actual
point state belongs to each R,,, by consistency. Let dp(p) be the score at a level in C at this sample
based at a point, using its full bit probability p,. We claim

dp(p) +7() = 5 20,(1 — py) — Clby + ). (6.13)

As before, a pair with a bad slot costs only O(by); its probability is at most 2b,. The classification
of intersections of the sets R, proves the claim as follows.

If Y, is empty, b, = 1, while dp(p) > —1/2 and 7(v) > —1, so the claim holds for an absolute
C.

If YV, = {(a,b)}, put r = va(a), s = vp, (b). Since r + 5 > v(R(p) =1 - (,

TW) 2+’ =12 5(1-¢? ~12—5 ¢

Two good neighbors have the same state and bit, so dp(p) > 1 — A — O(bp). Their sum has the
positive lower bound needed for (6.13).

If two states share a row, the intersection of their sets R, lies in that row, with v-mass at least
1 —2¢. Thus 7(v) > (1 —2¢)? — 1 > —4(. If every state is in that row, the actual point lies there
too, since it belongs to R, for both distinct states. All good edges consequently have bit 1. Their
full-law variation is at most 2b,, and dp(p) > —2b,, proving the claim in this case. Columns give
bit 0 and the same estimates. If there is a third state outside the row or column, the three sets R,
have intersection of size at most one and mass at least 1 — 3(. It must be a singleton for large k.
Both marginals then have an atom of at least that mass, giving

T(v) >2(1-3¢0)2%—1>1-12C.

Together with dp(p) > —1/2, this is more than sufficient.

Finally suppose no coordinate is shared by distinct states in )j,. Three such states are
impossible, since the actual point belongs to all their sets R, and their intersection is empty. In
the remaining case there are two states differing in both coordinates. The two opposite corners
carry v-mass at least 1 — 2¢. Each coordinate marginal therefore has at least that mass on a set of
size two, so )

. & — 1> —4C.

2
The actual point is one of those corners. Its bit determines the good neighbor state; hence (6.11)
gives dp(p) > A/2 — O(by). This completes the proof of (6.13).

Average (6.13) over p and integrate on C. The bad-edge integral is o(S), and (W, < k=31/165 —
0(S). The result is

T(v) > 2

(contribution from C to Dp) + T > 20}7 —o(9).
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The bound on E,,H;; alone would allow its entire contribution to come from very rare points
with exceptionally large H,. Section 7 bounds that contribution first. It then discards pairs
whose approximation error is large relative to H; + H, bounding the lost expectation of this sum
before restricting the remaining pairs to one interval [J, 2.J]. Throughout that selection, the bound
Cg = o(S) for variation in experiment () remains available under the original two-step walk law.

7 Extracting pairs with contrasting height bounds

We now use Propositions 6.4 and 6.5: the variation in experiment @ satisfies Cg = o(.5), whereas
the point exception mass satisfies liminf E,, H; /S > 0. Here S — o0, and the parameters, levels,
and exception indicators are those of Section 5. Our objective is a graph on two copies of P
whose edges carry ratios of unit jumps. Each ratio will have large height. Whenever all four pairs
(p,7), (p, "), (¥, ), (p/,7") are edges, the quotient Ay, Appr /(Apr Aprr) Will have negligible height on
the same scale. Such four edges form a rectangle in the bipartite graph; no geometric rectangle is
required.

Proposition 7.1 (Height bounds for ratios and their four-edge quotients). For the fized sequence
of incidence graphs and levels, there are J — 0o and a simple bipartite graph £ between two copies
of P, each of size at most t*1°0)  with at least t2=°0) edges, having the following properties. Each
edge (p,r) has distinct endpoints and an assigned center ¢ = q(p,r) € Q with pq,rq € E. Set

“p — Zq(p,r)
App = ————22,
p
Zr T Zq(p,r)

No edge has both endpoints on any real unit circle containing at least t%/° points of P. Uniformly
over the edges and complete rectangles of £,

(zp = 2r)(wp — wr) =2 = App — A;?rlv (7.1)
h(Apr) > J/3,
Apr At
h ”> — o(J). (7.3)
<)\pr’Ap’r

In the last line all four indicated edges are required to be present; their assigned centers need not
agree.

Throughout this section a two-step walk is sampled by taking ¢ with law x and then taking
p,r independently and uniformly among its neighbors in E. Its two point marginals are . We
retain the notation W, for the width of levels in C, W}, for the width of levels in B, and m,, for
the integrated inconsistency indicator of the edge pq. In particular,

E. H: +E.H; =0(S),  Epmy,=0(1), W.<Sle, Wy=0(S), e=k 1 (7.4)

All integrals over levels include the prescribed weights of the absolute-value entries.

7.1 From a height band to the pair graph

The deduction of Proposition 7.1 uses an approximation to the logarithm of each ratio by a
difference of endpoint quantities. Each endpoint then appears once with each sign in a four-edge
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quotient, so its contribution cancels. We define those quantities before stating the band estimate
that makes the approximation uniform.

On a level (v, s) € G, use the exception indicator I(v, s) from Section 5, and put o(v,s) =1
when one is the minority bit and —1 when zero is the minority bit. Define a real-valued profile,
indexed by absolute-value entries, by

a,(v) = / gy 09 s (7.5)

For a real-valued profile b = (b(v)),, with finite support, write ||b|[; = >_5|b(v)|. For an edge (p, q),
the profile notation means n,q(v) = —log|z, — z4|y; as before, [x]4 = max(z,0).

Lemma 7.2 (A height band with small profile errors). Along the fized sequence, there are a
constant ¢ > 0, a sequence §; — 0, and scales J — oo for which, at every sufficiently large index, a
set of two-step walks has probability at least

¢ _ 1—o(1)
k1/81log(2k1/8) ! (7.6)

and satisfies, uniformly on the set,
J<H,+H; <2J,

[ (npg — nrg) — (ap — ar)[l1 + [Hp + Hy — [|npg — nrq”1]+ < 5t(Hp + Hy).

FEvery such two-step walk has p # .

The band is obtained in Section 7.3, using the bound on large values of H, proved in Section 7.2.
Before choosing a common center for each retained pair, we remove pairs on unit circles containing
many points. If both later algebraic loci were that circle, the radicands in Section 8 would all be
squares.

Lemma 7.3 (Deleting pairs on circles containing many points). Under (2.11), the probability that
p, 1T lie on a common real unit circle containing at least ¢9/10 points of P is at most

2

7573/5+o(1) _+_t79/5+o(1) 4+
mingeq d(q)

(7.8)

This is o(1/(kY®log(2k'/®))). In particular, removing such two-step walks from the set in
Lemma 7.2 preserves the lower probability bound (7.6), after decreasing its constant.

The counting proof of this deletion estimate is in Section 7.4.

Proof of Proposition 7.1. Take the band from Lemma 7.2, and remove the two-step walks excluded
by Lemma 7.3. Its probability remains at least ¢/(k'/®log(2k'/®)) = t=°(1), and all its endpoint
pairs are distinct. For any fixed off-diagonal pair (p,r), its two-step walk probability is

1 2

< . .
q:p%:qu |E|d(q) — |E|mingd(q)

Here the sum has at most two terms, since two distinct real points have at most two unit-circle
centers. The retained two-step walks therefore contain at least
c¢|E| min, d(q)
2k1/81og(2k1/8)
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distinct ordered endpoint pairs, using |E| = t2+22+°(@) and min, d(q) = t**°(@). These pairs form
£. Choose one surviving witnessing center for each pair.

For its two jumps d = 2z, — 24, d' = 2z, — z4, the exact unit equations give w, — w, = 1/d and
wy, —wg = 1/d’. Hence

(2 — 2)(wy —w,) = (d— d)(1/d — 1/d) =2 — d/d — d'/d,

proving (7.1). The product formula gives
2h(Apy) = 2‘10g|)‘pr’v| = |[npg — nrgllt = (1 = 61)J,

so (7.2) holds for all sufficiently large indices.
Finally, put
bpr(v) = 1og|Aprlv + ap(v) — ar(v).

By (7.7), |bpr||1 < 26:J, uniformly on all retained edges. On a complete rectangle, the endpoint
profiles cancel, leaving

Ao Agt

lo
s )\p'r’ )\p’r

= bp'r(v) + bp’r’(”) - bp?"(”) - bp'T(U>'

v

Its weighted absolute sum is at most 89;J. Another use of the product formula bounds its height
by 49;J = o(J), uniformly over all complete rectangles, proving (7.3). The required circle exclusion
holds by Lemma 7.3. O

7.2 The pointwise bound and height tail

The first-moment bound in (7.4) alone does not prevent all exception mass from being carried
by extremely rare points. We obtain the needed tail control by applying the product formula
separately to each distinct pair of neighbors of a point.

Lemma 7.4 (Pointwise estimate for exceptions on G). The exception masses and inconsistency
integrals satisfy, for every p € P and distinct q,q' € Q with pq,pq € E,

2H, < 3(Hy + Hy + mpq + mpg) + We + Wy, + 2log 2. (7.9)

Proof. At a level in G, let X, U,V be the exception indicators of p,q,q’, and let I,I' be the
inconsistency indicators of the two edges. Write Py for the positive term on G in the score for
experiment P: it equals two when p is exceptional, both bits are minority bits, and the two
neighbors have matching nonshared coordinates; otherwise it is zero. Write N = |Y},q — Yy,¢|. If
U=V =1=1I =0, the two bits are the same function of X: they are both majority bits for
X =0, and both minority bits for X = 1. In the latter case the nonshared coordinate of both
neighbors has the dominant label, so P, = 2. Consequently, pointwise,

P, >2X -2U+V+4+I+1TI), N<U+V4+I+1T,

and hence
P, —N>2X -3U+V+I+1). (7.10)

In particular, a simultaneous exception at p and at a neighbor is charged directly to the neighbor
indicator.

41



For completeness, the upper bound for this score with positive terms only on G is also pointwise.
Put d = z, — 24, d = 2, — zy. These jumps are distinct and nonzero. At an absolute-value entry
v, sort their thresholds as b < ¥/, and set

log 2 himed
u = _10g|d_ d/|va o =Uu-— b, Ty = {a " 084, v atciimedeat,

«, v nonarchimedean.

The triangle inequality makes T;, > 0. Matching coordinates in a square cell of side length r
gives distance at most v/2r, and matching nonarchimedean labels gives distance at most r. Thus
positive charges with both bits one lie within [b — T, b], and positive charges with both bits zero
lie within [0, b + T,].

Only one of these two intervals can contain a positive term from G. Indeed every level where
zero is the minority bit precedes every level where one is the minority bit. A positive term from
G with bit zero would require a threshold at least b’, while a positive term from G with bit one
would require a later threshold strictly less than b, which is impossible. The total positive charge
from G at this entry is therefore at most 27T;,. The all-level negative charge is b’ — b, because the
level interval contains both thresholds. Moreover,

—log|(d —d')(1/d — 1/d)], = 2a — (b' — b).

Summing over absolute-value entries, the product formula cancels this last expression. The
archimedean weights sum to one, so the positive terms from G minus the all-level negative charge
total at most 2log 2.

Integrating (7.10) gives a lower bound for that same score. Outside the levels in G there are
no positive terms, and the negative charge is at most W, 4+ W;. Comparing the lower and upper
bounds proves (7.9). O

Lemma 7.5 (Tail control). The point exception masses satisfy

Proof. Choose an absolute Cy for which each of the two exception expectations in (7.4) is at most
CoS, for all sufficiently large indices. Put

_ . * 1/8 _ * .
T={p:H,>k / S}, Ay =E,[H,17], dpmin = gg]rjld(p).

On T, the deterministic last three terms of (7.9) have sum at most H,, eventually, since

We+ Wy + 2log?2 Wy +2log2
pss =<t T pmg ol

After absorbing them, we may cap each neighbor height at H:
H, < 3(min(H;, Hy) +min(Hy, Hy) + mpg + Mpg'), peT, (7.12)

for distinct ¢, ¢’. If a cap changes a term, that capped term already equals H and suffices for this
inequality; otherwise the preceding inequality is unchanged.

Sample p with law 4 and two neighbors independently and uniformly given p. Restrict the left
side to distinct neighbors. The exact conditional probability of distinctness is 1 — 1/d(p). On the
nonnegative right side we can drop this restriction. Thus

(1—dphim) At < 6Ep[min(H;;, H)17] + Cp,, (7.13)

P,min
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where (), is an absolute upper bound for 6[Ezm,,. This calculation uses the distinctness probability
at each individual point, so it remains valid even when its exception mass is very large.
We estimate the capped expectation by layer cake. For u > 0 let

F,={p: H; > max(u, kl/gs)}a G.=1{q: H; > ul,

and write hp(u) = p(Fy), hg(u) = k(Gy). The marginal version of the expansion estimate from
Section 2, with n =~ —1/2 > 0, is

Pp(F,G) </ u(F)k(G) {7_(1+2n)(M(F)K(G))” +7_1£t} .
Because hp(u) < Cp/k'/® and hg(u) < 1, the same multiplier
Oy =y~ UF2D(Co/kV3)T + 4716 = 0(1)

works at every threshold u, including thresholds where the center set has full measure. Tonelli’s
theorem and Cauchy—Schwarz now give

Ep[min(H, H)1y] = /O Pp(Fy, Gy) du

<Y </OOO hp(u) du) v (/Ooo hg(u) du) 2

= 0\ JAEH < 0,\/CoA,S.

The first integral equals the unknown tail first moment A;, including its contribution below the
threshold k1/8S. Since dpmin — 00, (7.13) implies eventually

3 Ay <609,/ CoALS + Cpy < 1A, +36Co07S + O,

The last step is Young’s inequality. Consequently

4Cy,
S

A

5 < 144Cy0? +

— 0,

as required. O

7.3 Profile errors and selection of the band

The tail bound shows that points with H; > k'/8S contribute only o(S) to E,H,. We now
approximate the profile n,, — n,q of negative logarithms of the jump ratio by a, — a,. Before
choosing a band, we remove two-step walks with large relative approximation error and bound the
lost expectation of H, + H,'.

Lemma 7.6 (Profiles of two neighbors of a center). Under the two-step walk law (2.11), the
endpoint profiles ap,a, satisfy

El[(npg = 1rg) = (ap — ar) |1 = o(5), (7.14)
E[Hj + Hy = |Inpg — nrglh] . = o(S). (7.15)
Here npq(v) = —loglzp — 24|y, and [z]4 = max(zx,0).
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Proof. Let I, be the levelwise inconsistency indicator. At a level in G, write b € {0,1} for the
majority bit. Consistency gives
Ypg=b+o(ly+ 1)

unless both endpoints are exceptional or the edge is inconsistent. In all cases the absolute residual
in this identity is at most 2(I,1; + Iq). To see the bit rule, o =1 — 2b: zero exceptional endpoints
give bit b, and exactly one gives 1 — b = b+ o on a consistent edge. The excluded cases account
for the stated residual. Writing that residual as ey, subtraction gives

Ypq — Yrg = 0(Ip — Ir)) + epg — erg.

The center indicator cancels because both edges use the same dominant coordinate and label at
this level. At each absolute-value entry,

pa(0) = 1rg(0) = [ (Fpu(0,5) = Yogfo,9) s,

since both bits are single thresholds inside the level interval. Thus the norm inside the expectation
in (7.14) is bounded by

Ey = /C|quyrq| JrI/Vb+2/g(—rp—rqJFITIq7L—rpq+qu)-

Its mean is o(S): the first term averages to Cg = o(S), the joint edge exceptions have integrated
expectation o(S), and the remaining bounds are in (7.4).
There is also the exact identity

10 = 1iralls = [ ¥ = Yool

On a level in G with exactly one exceptional point endpoint, a center with its dominant label, and
two consistent edges, the bits differ. More explicitly, at every level in G,

Ypq = Yogl = Ip + I = 2(Iply + Iplg + Irdg + Ipg + Irg).

If none of the terms subtracted is present, this is the preceding observation; if any is present, the
right side is nonpositive. After integration, the positive part in (7.15) is bounded by

Ey =2 /g (LI + Ipdy + L1y + Ly + Ing).

The integrated joint point exceptions on a two-step walk and joint edge exceptions are o(S), by
Lemma 5.1. Thus EEy = o(S) as well. O

The next selection makes these average error bounds uniform before choosing a dyadic band.
This order matters because the probability of the eventual band tends to zero.

Proof of Lemma 7.2. Set W = H; + H;', and let Z be the sum of the norm and positive part on
the left of (7.7). By Lemma 7.6, EZ = 0o(S). By Proposition 6.5, choose ¢y > 0, independent of ¢
along the fixed sequence, such that EW > 4¢yS eventually. Choose §; — 0 sufficiently slowly that
EZ/6; = o(S). Before selecting any band, discard two-step walks with Z > §;WW. Their lost weight
is at most EZ

EW1lizss5my] < 5 o(S).
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Also discard W < ¢yS, losing at most ¢pS. If W > 2k1/8S its larger summand exceeds k'/8S and
is at least W/2. Thus Lemma 7.5 gives

E[Wl{W>2k1/SS}] < 2E[H;1{H;>kl/85}] + QE[H:l{H:>k1/8S}] = o(5).

The surviving weighted mass is at least 2¢g.S, whereas every surviving two-step walk has W <
2k1/8S. Its probability is therefore at least co/k'/5.

Partition [coS, 2k'/8S] into at most 1 + [logy(2k'/%/co)] = O(log(2k'/®)) dyadic bands, using
half-open endpoints except at the final endpoint. One band has the probability in (7.6); if J is its
lower endpoint, then J > ¢9S — oo, and (7.7) holds. The parameter hierarchy gives k = t°M 5o
the lower bound in (7.6) is indeed t=°(1). Finally, if p = 7, then |[np, — nyll1 = 0, so (7.7) would
imply W < §;W. This contradicts W > J > 0 once §; < 1. O

7.4 Deleting pairs on common unit circles

The algebraic argument will require that a retained pair does not lie on a common unit circle
containing many points of P. This exclusion must concern all real unit circles, including those
whose centers do not belong to Q.

Proof of Lemma 7.3. Let K; be the family of real unit circles containing at least t%/19 points of
P, and write M for its size. Every pair of distinct real points lies on at most two unit circles.
Counting pairs on circles in IC; therefore gives

9/10
2 - 2 ) - ’

using |P| = t1+o() " The set Poue of points on at least two circles in K; has size at most
2(1\24 ) < t2/5+0(1) hecause distinct circles intersect in at most two points. The degree bounds give

mgx,u(p) < t_H—O(l), méiX H(q) < t_2+0(1).

Consequently two-step walks hitting Pt at either point endpoint have probability at most
t=3/5+0(1) " Centers in Q whose own unit circle belongs to Ky number at most M; two-step walks
with such a center have probability at most ¢t—9/5+0(1),

To bound the remaining bad two-step walks, fix p ¢ Pyt and a center ¢ whose own circle does
not belong to Xy, in the original sampling law. The point p belongs to at most one circle in K;. If
there is one, it differs from the unit circle centered at ¢, since the latter does not belong to K.
Their intersection has at most two points. In this original law, 7 is a uniform neighbor of ¢, so the
probability that it shares a circle in K; with p is at most 2/d(q), even before requiring r ¢ Ppt.
This proves (7.8).

For the comparison with the selected band, recall ¥ = t°) and the explicit requirement
k2°/ min, d(q) — 0 in Section 5.1. The first two terms of (7.8), multiplied by k'/8log(2k'/®), tend
to zero by a fixed power of ¢. For the third term,

kY8 1og(2kY/8)  kY/8log(2k1/®) k%O

min, d(q) k20 min, d(q) — 0

This establishes the required relative loss bound. ]
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8 The algebraic obstruction

The preceding section produced many pairs whose edge ratios have large height, although their
alternating products around rectangles have negligible height. We now show that this is impossible.
The argument uses a fixed complete bipartite pattern. After passing to an ultraproduct, we will
choose its positions so that no nonempty product of certain radicands is a square over the field
containing the fixed coefficients. Kummer theory then permits one square root to change sign
while the others remain fixed. The equations obtained by differentiating the distance identities
and the four-edge quotients will contradict this sign change.

Here and below a unit circle means a circle of radius exactly one in the original real plane. For
a point p = (xp,yp), retain the coordinates z, = z, + iy, and w, = z, — iy,.

Proposition 8.1 (Incompatibility of the ratio and quotient height bounds). There is no sequence
with the following properties. At index n, let t, — oo, let J, — 00, and let P, C R? be a finite set
of algebraic points with |P,| < t,llJrO(l). Let G, C P, x P, be a bipartite graph, using two copies of
P, with at least t%_o(l) edges. To each edge (p,r) assign a nonzero algebraic number A,.. Suppose
that, for an absolute ¢ > 0,

(zp — 2 )(wp —wp) =2 = Apr — A;rlv (8.1)
h(Apr) > ¢y, (8.2)
Apr Ap/ys
b 2o ) — o0, )
( . Ap/r> o(Jn) (8.3)

uniformly over edges and complete rectangles, respectively. Finally, suppose that no edge has both
endpoints on a unit circle containing at least t?/w points of P,. Here h is the absolute logarithmic
height from Lemma 4.2.

To prepare the contradiction in Section 8.5, assume the proposition’s data exist and suppress
the index when this causes no ambiguity. At each index choose a finite normal number field F,
containing all coordinates, ratios and ¢. By Lemma 4.2, this choice does not affect the height. In
the application from Proposition 7.1, take the field N already used there: every ratio is a quotient
of coordinate differences.

8.1 Negligible height as a field of constants

Fix a nonprincipal ultrafilter u on N: a collection of subsets closed under finite intersection and
supersets, containing the cofinite sets and exactly one part of every finite partition. Such a
collection is obtained by extending the cofinite filter to a maximal proper filter. Call a set of
indices large if it belongs to u. Two sequences are identified when they agree on a large set. Write

F=]]F, u=]]JC,

n—u n—u

where F}, is the number field just chosen. These are characteristic-zero fields, with F' C U: the
inverse of a nonzero class is defined coordinatewise on its large set of nonzero entries. The field U
is algebraically closed. Indeed, a polynomial of fixed positive degree has that degree on a large set,
and choosing one complex root at each such index supplies a root in U. Complex conjugation also
acts coordinatewise on U.
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We use limits only along u. Thus a,, = o(J,) means that {n : |a,| < eJ,} is large for every

e > 0. Edge-count bounds of the form t%_o(l) are also understood along u. Define

ko = {[un] € F : h(un) = o(Jp)}.

In height estimates for u = [u,] € F', the expression h(u) denotes the sequence (h(uy))n, taken
up to agreement on a large set; comparisons and the notation o(.J,,) are interpreted along u as
above. This convention does not assert that h(u) is a real number.

Lemma 8.2. The elements of F' with height o(Jy,) form a subfield kg that is relatively algebraically
closed in F': every element of F algebraic over ko already lies in kg.

Proof. The height inequalities
h(uv) < h(u) + h(v), h(u +v) < h(u) + h(v) + log 2, h(u™b) = h(u) (u#0)

prove the field assertion, since J,, — oco. These statements do not depend on representatives, and
h(0) = 0.

Suppose that v € F satisfies ™ + ayp_1u™ ' + -+ 4+ ap = 0 with a, € ko and fixed m > 1.
At each finite index where the equation holds, the nonarchimedean triangle inequality gives
|u|ly, < max(1, max,|a,|,). At infinity the same estimate holds with the additional factor m: if
|ul, > 1, divide the equation by |u|™~!. Since the total weight of the archimedean entries is one,

m—1

h(u) < Z h(a,) 4 log m.
r=0

This estimate holds on a large set of indices. Its right side is o(.J,,), proving the claim. O

In particular, any edge ratio selected from the graphs is transcendental over kg, by (8.2).
The alternating products on complete rectangles in (8.3), in contrast, belong to kj. We next
select finitely many edges whose positions retain enough algebraic independence to exploit this
distinction.

8.2 A complete grid with generic positions

We need points whose coordinates satisfy no extra polynomial relations beyond those of their
loci. Here a locus is either the (z,w)-plane, of dimension two, or an irreducible plane curve, of
dimension one. The next lemma chooses both the loci and the points. Throughout this construction,
adjoining a point means adjoining both coordinates. Over a field containing i, the (z,y) and (z, w)
coordinates generate the same field, by the invertible change z = = + iy, w = x — iy.

Lemma 8.3. There are two sequences of loci, each either a plane or an irreducible curve of bounded
degree, to which the graphs can be restricted while retaining at least t?fo(l) edges. Their limiting
loci Vi, Vo C U2, of dimensions di,da, have the following properties. Every curve is irreducible
over U, is invariant under (z,w) — (W, %), and has both coordinate projections nonconstant. The
two loci are not both the curve (z — u)(w —u) = 1 for any uw € U. Let By C U be the countable
field generated over Q by i and the coefficients of their curve equations, each normalized by setting
one nonzero coefficient to one.

For every fixed N,j > 1, the restricted graphs contain a complete N-by-j grid on a large
set of indices whose limiting vertices py,...,pny € Vi and r1,...,r; € Va satisfy the following
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independence assertion. Select both coordinates of each vertex on a plane locus and its z-coordinate
on a curve locus. The resulting Ndi + jda coordinates are algebraically independent over By. The
remaining coordinate of each point on a curve is algebraic over its selected coordinate and By. In
particular,

trdegp,(y,..r) Bo(ri, ..., 75, p1,...,pN) = Ndi. (8.4)

All vertex coordinates and assigned edge ratios of the grid belong to F'; the coefficient field By need
not lie in F'.

For a plane locus V' over a field B, define its function field to be B(V) = B(z,w). For a
curve with irreducible equation f, define it to be the fraction field of B[z, w]/(f). For the loci in
Lemma 8.3 and a field By C B C U, a point on V is called generic over B if its coordinates have
transcendence degree dim V' over that field.

Evaluation at a point x € V' generic over By C B C U identifies B(V') with B(x). For a curve,
the z-coordinate is transcendental and the curve equation accounts for every polynomial relation,
so no nonzero function-field denominator vanishes at . The grid’s joint independence will let us
apply this identification after adjoining derivative values: one left point still has transcendence
degree dy. It also ensures that the zero chosen for one radicand is not a zero of another. The full
grid construction and evaluation proof are both in Section 8.6.

8.3 Differentiation and the surviving generic point

Take N = 20 and j = 5 in Lemma 8.3, and write \;; for the edge ratios. A kg-derivation of F' is
an additive map F' — I satisfying the product rule and vanishing on k.

Lemma 8.4. The grid ratios admit a common ko-derivation 0 : F — F with O\ # 0 for every
1<i<Nand1 <<y,

Proof. Each A is transcendental over kg by Lemma 8.2. Put it in a transcendence basis of F'/ky,
prescribe its derivative to be one and those of the other basis elements to be zero, and extend
by the quotient rule to the rational function field. Since the characteristic is zero, this derivation
extends uniquely over the algebraic extension to F' [6, Theorems 1.5 and 4.1]. More explicitly,
if g(X) is the minimal polynomial of an algebraic element o over an intermediate field carrying
the derivation, let ¢ mean differentiation of its coefficients. For every polynomial f over that
intermediate field, the extension satisfies

2 ,
Do = —gg,((a)), o(f(@)) = f(a) - f'(a)

9°(a)
g'(a)’

Separability gives ¢'(«) # 0; this formula preserves the intermediate field with o adjoined and
is independent of the polynomial representative [6, Theorem B.8 and Corollary B.10]. For the
full algebraic extension, take these extensions on finite subextensions. Their restrictions agree on
overlaps by uniqueness, so their union is an F-valued derivation.

For each ratio, this construction gives a derivation nonzero on that ratio. To obtain one
derivation working for all ratios, take an F-linear combination of these finitely many derivations.
Such combinations still satisfy the product rule and vanish on ky. For each ratio, vanishing of its
derivative is one nonzero linear equation in the combination coefficients. Avoiding the zeros of the
product of these linear forms therefore gives the required common derivation. This product is a
nonzero polynomial over the infinite field F', so such coefficients exist. O
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The rectangle condition gives
AieA11

Ai1A1e
Repeated rows or columns would violate the algebraic independence in Lemma 8.3; all vertices on

either side are distinct.
Put

€ k. (8.5)

o a)\il A/ . % _ 8)\1g
i1 £ A

The derivation kills 4, which is algebraic over Q C kg. Define
Li(z,w) = (2 — zp,) (w — wy,), Rio = N\t — i

Ai

H; = (axpm aypi)’ UZ = (8557“p 3%«[)'

For a point x, write Ly(x) = Ly(25, wy). Taking the logarithmic derivative of (8.5) gives
Oy O n OAig  9An
Aie A A An

The quotient rule also gives (2 — A — A7!) = (A™! — N\)OA/A. In the ordinary coordinates,
Lo(pi) = (xp; — ¥1,)? + (Yp; — Yr,)?, s0 the product rule on both position variables now yields

= A; — Al

2(pi —r¢) - (Hi — Up) = Rie(Ai — Ap), (8.6)
R = Lo(pi) (Le(pi) — 4), (8.7)
A — Ay #0. (8.8)

Here the dot denotes the bilinear expression xu + yv in the ordinary two coordinates, with no
conjugation. The second identity follows by squaring A=' — ), and the third by Lemma 8.4.

We now form a coefficient field containing the right-hand positions ry, their coordinate deriva-
tives Uy, and the scalars A) from the logarithmic derivatives of the ratios. Let Kj be the subfield
of U consisting of all elements algebraic over

Bo(Tl,...,Tj,Ul,...,Uj,All,...,A;v).

This field is algebraically closed: roots in U of polynomials over it are still algebraic over the
displayed field. We do not adjoin kg to K.

Lemma 8.5. At least one of the selected left vertices p = p; is generic on Vi over the specified
field Ko. Ewvaluation at this point identifies Ko(V1) with Ko(p).

Proof. Over By(r1,...,r;), all the left positions jointly have transcendence degree Ndi, by (8.4).
Put B = By(r1,...,7;), and let d be the tuple consisting of the two coordinates of each U, and
each scalar A), containing at most 3; elements. The tower rule for transcendence degree gives
trdegpq) B(d, p1, . ..,pNn) = trdegg B(d, p1, ..., pn) — trdegp B(d)
> Ndy — 3j.

Passing from B(d) to its algebraic closure K does not change this transcendence degree: the
corresponding compositum with the positions is also an algebraic extension. Therefore

trdeg e, Ko(p1,...,pn) > Ndy — 3. (8.9)

If no individual point had degree d;, subadditivity would bound the left side by N(dy — 1). This
contradicts N > 3j. The function-field assertion is the evaluation statement following Lemma 8.3,
with B = Kj; its proof is in Section 8.6. O
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The coordinate derivatives U, and scalars A may depend arbitrarily on the left positions. The
transcendence-degree bound above allows those dependencies. No derivative of a locus equation
has been used, and none of its coefficients is being asserted constant for the original derivation.

We have reduced the proof to one generic point p. Write M = Ky(V1) = Ko(p), Re = Ry, and

Dy, = Lg(Lg —4) e M.

Here each Ly is regarded as an element of M through the evaluation identification just established.
The next step proves that the radicands are independent modulo squares over this field.

8.4 No nonempty product of the radicands is a square

Independence in M*/(M*)? means linear independence over Fo: no nonempty product of the
indicated classes is the identity.

An integer-valued valuation of M is a map v : M* — Z with v(ab) = v(a) + v(b) and
v(a + b) > min{v(a),v(b)}, where v(0) = +o0.

Lemma 8.6. The radicands D1, ..., D; are nonzero and have independent classes in M>/(M*)?,
for the field M = Ky(V1) = Ko(p) fized above.

The proof in Section 8.7 constructs, for each radicand, a valuation that takes value one on it
and zero on every other radicand. These valuations are constructed over the actual enlarged field
Ky. We can now finish the obstruction before giving the generic-grid and valuation constructions.

8.5 The sign-change contradiction

We use the quadratic case of Kummer theory over the characteristic-zero field M. If Dq,...,D; €
M* have independent classes modulo squares and R% = Dy, then

[M(Ry,...,R;): M] =27,

and every choice of signs of the Ry is induced by an automorphism fixing M [15, Theorem 5.30
and Remark 5.32]. The hypotheses hold because M contains both square roots of unity and has
characteristic different from two. Independence of the square classes is required in this same field
M, as proved in Lemma 8.6.

Apply this fact with the radicands of Lemma 8.6, and let M = M (R, ..., R;) C U, using the
actual roots from (8.7). Write H = H;, A = A; for the surviving point. We have the equations

2(p—1¢) - H— ReA=2(p—ry) U — ReA), 1</<y. (8.10)

Their right-hand positions, velocities and scalars belong to Kj.

First suppose the three rows p — 71, p — 72, p — r3 have rank two. Put vy = p—r, € M2. The co-
efficient matrix of the first three equations in the unknowns (H,, H,, A) has rows (2v,, 2vs,,,, —Ry),
and its determinant is

—4(Ry det(va, v3) — Ry det(vy,v3) + Rg det(vy,v2)).

At least one of these minors is nonzero because the position rows have rank two. For any relation
Zi}:l ceRy =0, ¢y € M, changing only the sign of R, and subtracting gives 2¢,, R,, = 0. Hence all
¢, vanish, so the single radicals are linearly independent over M and the determinant is nonzero.
Cramer’s rule places the existing solution H,, H,, A in M(R1, Rz, R3). The automorphism of M
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that changes only the sign of Ry fixes these unknowns. Every coefficient of the fourth equation other
than Ry is then fixed: the positions, Uy, and A/ lie in M, and the unknowns lie in M (R, R, R3).
Subtracting the transformed equation from the original gives 2R4(A — A)) = 0, up to an overall
sign. Since R4 # 0, this gives A = A/}, contradicting (8.8).

We verify when the rank condition can fail. If V5 is a plane or a curve other than a line, the
three independent generic anchors are noncollinear. Indeed the first two are distinct, and a generic
third point can lie on their line only if its locus is contained in that line, by generic evaluation.
Three noncollinear anchors make the three position rows have rank two for every p. If V5 is a line,
its first two anchors are distinct. The rows have rank two unless p belongs to that line. Since p is
generic on Vi over Ky, this last possibility requires V; = V5 to be the same line.

In that remaining case choose a nonzero direction vector v € KZ for the line, and write
p — 1y = spv, with s, € M*. Nonzero row factors follow from distinctness of the points. Only the
scalar h = v - H enters (8.10). The first two equations in h, A have determinant

2(82R1 — SlRQ) 75 0,

again by independence of the single radicals. Thus h, A € M (R, R2). Changing only the sign
of R3 in the third equation gives A = Aj, the same contradiction. The line has nonconstant
projections, as established above; writing the line as w = ez + ¢/ with e # 0, as in (8.14), its
direction has nonzero squared length proportional to e.

This proves Proposition 8.1. All sign changes were applied inside the finite radical field M, after
Cramer’s rule located the unknowns there. No automorphism of the whole field F', or compatibility
of an automorphism with 0, is required.

8.6 Proof of the generic-grid statement

We choose loci of minimum total dimension among those retaining t?fo(l) edges. This choice
bounds the number of vertex tuples satisfying any fixed nonzero polynomial equation by ¢tN+7=?
for some b > 0, while there are at least tnN Fi=e(l) complete grids. A grid therefore remains after
excluding the zeros of any fixed finite list of polynomials. Choosing grids that avoid successively
longer lists makes every nonzero polynomial over By nonzero on the selected coordinates in the

ultraproduct.

Proof of Lemma 8.3. We first choose the loci and control additional polynomial relations; then we
select the grid by counting.

We use two standard algebraic facts. First, for every field K, K[Z, W] is a unique factorization
domain [24, Lemma 10.120.10]. A polynomial in W with coefficients in K[Z] is primitive if
its coefficients have no common nonconstant factor. Gauss’s lemma [16, Proposition 1.27 and
Lemma 1.28] then identifies factorization of primitive polynomials in K[Z]|[W] with factorization
over K(Z): clear denominators and cancel common prime factors of the coefficients. In particular,
an irreducible polynomial in K[Z, W] of positive W-degree remains irreducible in K (Z)[W]. Two
primitive polynomials that are scalar multiples over K (Z) differ by an element of K *.

Second, two distinct irreducible plane curves of degrees at most D, over an algebraically closed
field, have at most D? common points. Indeed their projective closures have the same degrees and
no common component, so Bézout’s theorem bounds the sum of their intersection multiplicities by
D? [16, Theorem 6.37]. Every affine intersection contributes at least one. We will apply this both
over C at finite indices and over the algebraically closed field U.
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By a locus at an index we mean either the whole (z,w)-plane or the zero set of a nonconstant
irreducible polynomial in C[z,w] whose degree has a fixed bound along the sequence. Its dimension

is two or one, respectively. Among pairs of such locus sequences retaining at least t,%_o(l) graph
edges, choose one of minimal total dimension. A minimum exists since the pair of planes is
available and the possible total dimensions are 2,3,4. Finite partitions let us fix all degrees and
normalize one nonzero coefficient of each curve equation on a large set. Denote the limiting loci
in U? by Vi, Vs, their dimensions by dy, ds, and the field generated over Q by their normalized
equation coefficients and ¢ by By. There are finitely many such coefficients, so By is countable. It
is a subfield of ¢/, and need not be a subfield of F'.

Each limiting curve equation is irreducible over . Otherwise a factorization into positive-
degree factors would give, from finitely many coefficient sequences, a factorization at a large set
of indices. The degrees of its factors are bounded by the degree of the equation, so there is no
unbounded factorization to consider.

Each finite curve contains t}fo(l) retained real points: divide the ti_o(l) edge count by the
upper bound for the other vertex set. Its image under (z,w) — (@, Z) shares all these points. The
bounded intersection fact forces the two curves to be equal on a large set. The limiting curve
has the same symmetry. Neither coordinate projection is constant, since a curve with constant z
would be a line z = ¢, whose symmetric image w = ¢ is a different line. Thus every curve equation
has positive degree in both variables.

The loci cannot both be the same unit circle. To check the exact meaning of this assertion,
suppose their limiting equations, after normalization, were

(z—u)(w—wv)=1. (8.11)

Equality of its finitely many coefficients holds at a large set of finite indices. The symmetry gives
v = W, again an exact coordinatewise identity on a large set. Hence the finite loci there are the
same real unit circle. Both vertex sets on it have size t,lfo(l) > t%/ 10, contradicting the deletion
hypothesis in Proposition 8.1. This reasoning concerns equality in the ultraproduct; ordinary

convergence of a radius to one would not imply (8.11).

Restrict the graph to these loci and prune it to minimum degree t}fo(l) on both sides. Explicitly,
if its initial edge and total vertex counts are e,, v, repeatedly remove vertices of degree less than

en/(2v,). Fewer than e, /2 edges are removed. The remaining graph still has at least 27w

both vertex sets have size t}ﬁo(l), and the asserted minimum degree holds.

First, on a side whose locus is the plane, for each fixed degree bound D there is a bp > 0 such
that every nonzero polynomial of degree at most D, even with coefficients depending on n, vanishes
at at most t,ll_bD pruned vertices on a large set of indices. If this failed, choose at each index a
polynomial maximizing its number of zeros among the finite vertex set. A maximum is attained

because there are only finitely many subsets of that set. Failure of every fixed saving means that
—o(1) —o(1)

edges,

along u. One of at most D irreducible factors then contains th vertices.
Their minimum degree supplies ti_o(l) edges after restricting this side to a bounded-degree curve,
contradicting minimality. This proves the uniform assertion. On a curve side, a nonzero polynomial
of degree D in the selected z-coordinate has at most D zeros among the vertices, since real points
have distinct z = x + iy.

Let the two pruned set sizes be m,n’ and their edge density be §. Independent uniform vertices

p1,...,pN have a common-neighbor fraction X on the other side. If d(r) is the degree of a right

. .1
its zero count is tp
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vertex, then

N
1 AN\ _ (1 «d(r) N
EX =— — > (=) —= =4§".
n' ;( m ) —\n ; m
Conditional on the left tuple, (n’X)7 ordered right tuples complete it. A second application of
Jensen, to X7, therefore gives the number of ordered complete grids, initially allowing repetitions,

1S
mN ('Y EXT > mN (n/)7 607 = ¢N+i—e(), (8.12)

Consider a fixed nonzero polynomial in the selected coordinates with coefficients in By. Choose
representatives of its coefficients. Its vanishing among all ordered vertex tuples, before requiring
edges, has a power saving:

#{tuples at which the test vanishes} < ¢ *+7=? (8.13)

on a large set, for some b > 0 depending on the test. Here is an induction that also handles moving
coefficients. View the polynomial as a polynomial in the last point block, and select one nonzero
coefficient polynomial in the earlier blocks. The earlier tuples annihilating this coefficient have
a power saving by induction. At every other earlier tuple, the remaining polynomial is nonzero,
with a fixed degree bound. The uniform plane estimate, or the bounded root count for a curve
block, bounds its zeros. Multiply by the upper bounds t,lfo(l) for the other block sizes and slightly
decrease the saving. The starting case is exactly the one-block estimates. The finitely many
coefficient identities and nonzero denominators involved hold on a large set.

There are countably many nonzero polynomial tests over By. Enumerate them as 77,75, .. ..
For each fixed s, (8.12) and (8.13), with a finite union bound, show that on a large set some grid
avoids all the first s tests. At index n, choose the largest feasible prefix length s, < n, and choose
a grid avoiding that prefix. Include the validity of all representatives and denominators of a prefix
in its feasibility requirement. If no prefix is feasible, use arbitrary number-field coordinates at that
index. For every fixed s, the set where n > s and the first s tests are feasible is large; hence s,, > s
on a large set. Kach fixed polynomial test is therefore nonzero in the limiting grid. Only finite
intersections of large sets were used.

For a curve equation f(z,w) = 0, its positive w-degree and the transcendence of z show that w
is algebraic over By(z). This proves all the transcendence assertions. The vertices and the assigned
ratios at each chosen finite grid lie in F;,, so their classes lie in F. O

Evaluation at a generic point. If By C B C U and a point on a locus V' has transcendence degree
dim V' over B, then evaluation at that point embeds B(V') into U. For the plane this is algebraic
independence. For a curve, its equation f is irreducible even over U, hence over B. Its coeflicients
when viewed as a polynomial in w have no common factor of positive degree in z. They cannot all
vanish at an abscissa in U: a common root would give a linear common factor over U, contradicting
irreducibility. If z were algebraic over B, the nonzero specialized equation would make w algebraic
as well. Thus z is transcendental. Gauss’s lemma makes f irreducible over B(z), so every
polynomial relation at the point is a multiple of f. Every nonzero denominator in the function
field consequently evaluates to a nonzero element. The same argument applies to a point after
adjoining the other grid points to B, using Lemma 8.3.

O
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8.7 A separate odd valuation for each radicand

We must prove that no nonempty product of the radicands is a square in M = Ky(V1). For each
radicand, we construct an order of vanishing that equals one on that radicand and zero on all the
others. Any product containing it then has odd order and cannot be a square. The independence
of the selected coordinates over By ensures that the chosen zero for one radicand is not a zero of
another.

Proof of Lemma 8.6. For each £ we construct a valuation vy satisfying
ve(De) =1, v(Dp) =0 (m#0).

These finite values also prove that every radicand is nonzero. A square has even valuation, so
these valuations will imply the claimed independence. They count orders of zeros at points or
along irreducible polynomials, directly over K in each possible locus case. Before constructing
the valuations over K|, we use algebraic independence of the selected coordinates over By to show
that L,, and L,, — 4 do not vanish at the zero chosen for Dy, whenever m # /.

The left locus is the plane. The polynomial

Qe = (Z - ng)(w - wrg) —4

is irreducible in Ky[z,w]. It is primitive as a polynomial in w, because its leading coefficient
z — zp, is coprime to its constant coefficient, and is linear over Ky(z). The polynomials @y are
distinct, as comparison of the coefficients of z and w recovers their centers. None divides any
Ly, = (z— z,,)(w —w,,). The exponent of @y in a rational function is therefore the required
valuation.

The left locus is a curve, and either the loci differ or its z-projection has degree at least two.
Let f(z,w) be its irreducible equation, write f,, = 0f/0w, and set a = z,,. The coordinate a is
transcendental over By. Consequently the leading coefficient of f in w does not vanish at a, so
specialization retains its w-degree. Characteristic zero and irreducibility make f and f,, coprime
in By(z)[w]. Clearing denominators in a Bézout identity in that polynomial ring gives

A(z,w)f(z,w) + B(z,w) fu(z,w) = ¢(z), A,B € Bylz,w], 0# cé€ Bylz].

Since c(a) # 0, every root b of f(a,w) has f,(a,b) # 0. Thus all roots in this fiber are simple.

If V5 # Vi, the anchor r, is not on Vi. Indeed it is generic on V5, which is either the plane
or a different irreducible curve. Choose any root b of f(a,w). Then b # w,,. If V5 = V; and the
projection degree is at least two, choose a root other than w,,, again obtaining b # w,,. In both
cases

s = (a,b) € V1, fuw(a,b) #0, b # wy,.

The ordinate b is algebraic over By(a). Since K contains a and is algebraically closed, b € K.

For m # ¢, original joint genericity implies that 7, remains generic on Vo over By(sy). Since
b is algebraic over By(a), adjoining sy = (a,b) instead of a does not reduce the transcendence
degree of r,,. Neither coordinate of r,, equals the corresponding coordinate of s;: both projections
of a curve are nonconstant, and the assertion for a plane is immediate. Thus L,,(s¢) # 0. Also
L (s¢) # 4. Otherwise generic evaluation would force V5 to lie in

(z—a)(w—>b) =4.
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The plane cannot do so. If V5 is a curve, this irreducible circle equation must be proportional to
its defining equation. Normalize the coefficient of zw to one. The coefficient of w then recovers
—a from coefficients in By, contradicting the transcendence of a over By. These are nonvanishing
statements in I/; placing more of their entries in Ky cannot change them.

To obtain the valuation over Ky, introduce an indeterminate 7' and solve

fla+T,b+eiT+eT?+---)=0

recursively in Ko[[T]]. After cy,...,c,—1 have been chosen, the coefficient of T" is fy,(a,b)c, plus a
known element of Kj. Solving this linear equation determines ¢, uniquely, since fy,(a,b) # 0. The
resulting series lies in K[[T]] and gives an embedding Ko(V1) — Ko((T)). Indeed z maps to the
transcendental element a + 7', and irreducibility of f over Ky(z) shows that its only polynomial
kernel is (f). Now

Lg = T(b — Wy, + O(T))

has order one, while Ly — 4 and all L, (L,, — 4), m # ¢, have nonzero constant terms. The order
in T is the required valuation.

Both loci are the same curve with projection degree one. The symmetry of this curve shows
that the other projection has degree one as well. Its irreducible equation therefore has degree one
in each variable. Solving for w gives either

w=ez+¢, e #0, (8.14)

(z —u)(w—wv) =b, b#0. (8.15)

The constants here belong to By. To see the classification directly, write the equation as azw +

cz+dw+ ey =0. If a =0, both linear coefficients are nonzero. If a # 0, complete the product; its

constant is nonzero by irreducibility. In (8.15), b # 1, by the exact unit-circle exclusion (8.11).
In the line case, writing a, = z,,,

Ly =e(z — ay)?.

Thus L, — 4 has two distinct simple zeros. Choose one, say z = a; + ¢ with ¢? = 4/e, and let s, be
the corresponding point on the line. Its coordinates are algebraic over By(ay). For an independent
anchor 7, the conditions L,,(s¢) = 0 or 4 would make a,, one of finitely many elements algebraic
over this field. This contradicts the joint genericity. Since Ly = 4 at the chosen zero, order at that
abscissa in the rational function field Ky(z) gives the required valuation.

In the fractional-linear case, put ¢ = (z — u)/(ag — u), where a; — u # 0. The curve equation
gives

b — b b b(z—a)
T r—u ap—u  (z—u)(ag—u)

Multiplying by z — ay and substituting z — u = (ay — u){ gives

Ly = StV (8.16)

¢

The equation Ly — 4 = 0 is equivalent to

bC* + (4 —2b)C +b=0.
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Its discriminant is 16(1 — b) # 0, and its two roots are nonzero because b # 0. Hence they give
simple zeros of Ly — 4 at finite points with z £ u. The corresponding point sy is algebraic over
By(ag). As a function of the other anchor abscissa a,,, its squared distance to that anchor is

(ZSZ — am)Q

(250 — w)(am —u)’

—b

This is a nonconstant rational function: its numerator has degree two and its denominator degree
one, and zs, # u. Its values cannot be zero or four at the transcendental a,, over By(s¢). Thus
the simple zero is shared by no other radicand, and order at its abscissa again gives the valuation
over Ky(z).

These cases exhaust the possibilities. In each, a nonempty product [[,c; D, has valuation one
at any vy with £ € I, and therefore is not a square. O

The excluded value b = 1 illustrates why the deletion of pairs on unit circles containing at least

9/10 points of P, was necessary. Using ( = (z —u)/(2,, —u) as in (8.16), when b = 1 we have

2 1\2
Lg(Lg—4):<C - 1) .

Each radicand is then a square, so every integer-valued valuation takes an even value on it; the
value-one valuations required above cannot exist on this common unit circle. For all the retained
cases they were constructed after passing to Kg; no preservation of nonsquares under enlargement
of the coefficient field has been assumed.
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