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Abstract

We prove that maximum-cardinality matching in a simple undirected graph with n vertices
and m edges can be found by one uniform randomized algorithm in (n + m)1+o(1) time. The
bound holds on every computation path in a logarithmic-word model, and the algorithm returns
an explicit maximum matching with probability at least 2/3. The algorithm reduces the problem,
with witnesses preserved, to perfect matching in graphs of maximum degree three. There it
maintains a matching through factor-critical odd blocks. A Hall-type surplus of these blocks
is certified by fractional allocations, at several scales, of vertices outside the blocks to adjacent
blocks, and temporary shortfalls of these allocations are repaired locally. The algorithm makes
progress on a logarithmic objective by steps along approximate minimum-ratio circulations.
These circulations come from a fully dynamic cycle data structure, which is constructed here
using a static routing sparsifier that preserves resource loads. A dovetailed schedule combines all
parameter choices into one program. A reduction gives the same time and probability guarantees
for deciding whether a simple host graph has a spanning subgraph with prescribed vertex degrees
f(v), where 0 ≤ f(v) ≤ deg(v), and for finding one when it exists.
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1 Introduction
A matching in a graph is a set of edges with pairwise disjoint endpoints. The maximum-cardinality
matching problem asks for such a set with the largest possible number of edges. We prove an
almost-linear bound in the adjacency-list input size for general graphs, with explicit output and
a single uniform algorithm. The running-time bound holds on every computation path, including
every unsuccessful random computation, and it counts all finite-precision work and all input and
output.

1.1 Statement and computational model

The input is a simple undirected unweighted graph G = ([n], E), where n ≥ 1 and m = |E|. It is
given by an array of adjacency-list boundaries and two neighbor occurrences per edge. Labels and
indices use O(log(n + 2)) bits. The lists may have any valid order. Isolated vertices count toward n,
and the graph need not be connected. Write p = n + m, which is within a constant factor of the
number of input word records, and write ν(G) for the maximum matching size.

We use a classical randomized word-RAM whose word length is

w = ⌈c0 log2(n + 2)⌉,

for a constant c0 ≥ 2 chosen with the algorithm. Unit-cost instructions are word reads and writes,
comparison, addition, subtraction, multiplication modulo 2w, integer quotient and remainder with
nonzero divisor, Boolean operations, and shifts by fewer than w positions. Each independent fair
random bit costs one instruction. Arithmetic on longer integers is carried out by multiword routines,
whose instructions are counted. Allocation, initialization, data movement, preprocessing, and output
writing are included. The algorithm is uniform: it uses no oracle and no advice that depends on the
input size. Since n ≤ p ≤ n2 for a simple graph, the word length is also Θ(log(p + 2)).

Theorem 1.1 (Maximum matching in almost-linear input-size time). There exist a single uniform
randomized word-RAM algorithm, constants c0 ≥ 2 and C ≥ 1, and a nonincreasing function
η : N≥1 → R≥0 with η(q) → 0 as q → ∞ such that the following holds. For every input graph
G = ([n], E) with m = |E| and p = n + m, the algorithm halts on every computation path in at most

Cp1+η(p)

instructions. With probability at least 2/3 it outputs an explicit list of edges of a matching of size
ν(G).

Thus the time bound holds for every outcome of the random bits; only the correctness of the
output is probabilistic. The function η is part of the theorem: one program attains the exponent
1 + η(p) for all inputs.

For every fixed integer κ ≥ 1, Theorem 1.1 gives Cκn1+η(n) instructions on graphs with m ≤ κn,
for some constant Cκ. The same algorithm and the same function η work for all κ, which need not be
supplied as an input. At the dense extreme m = Θ(n2), the bound is n2+o(1). Both specializations
are derived at the end of the proof of Theorem 1.1 in Section 9.

The theorem applies to every input graph. Section 9 reduces each cardinality query to a
perfect-matching instance of maximum degree three by reductions that preserve explicit witnesses
(Lemmas 9.2 and 9.3), and it constructs the single finite program and the function η of Theorem 1.1.

A reduction also gives an almost-linear bound for prescribed vertex degrees. Given an integer
f(v) with 0 ≤ f(v) ≤ degG(v) for every vertex v, an f -factor is a spanning subgraph ([n], F ) with
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degF (v) = f(v) for every v. Corollary 10.1 gives one uniform randomized algorithm that decides
whether an f -factor exists and returns its edge list when it does, with success probability at least
2/3 and (n + m)1+o(1) instructions on every computation path. The degree prescription is an array
of one-word integers. Section 10 gives the witness-preserving reduction, which increases the number
of edge incidences by at most a logarithmic factor.

1.2 Context and prior work

The structure of matchings has long connected combinatorial existence criteria with efficient
construction. Hall’s theorem characterizes when a family of sets has distinct representatives [16],
and Tutte’s perfect-matching theorem identifies the obstruction caused by odd components [34].
Berge’s augmenting-path criterion turns maximum cardinality into a question about alternating
paths [2]. Edmonds made this approach algorithmic in general graphs through blossom contraction
and expansion [7]. His matching-polytope theorem gives a complementary explanation of the odd-set
constraints [8]: vertex-degree inequalities alone allow, for example, value 1/2 on each edge of a
triangle. These odd-set constraints reappear below as the obstacle for flow-based methods.

Tutte’s short proof of the factor theorem reduces prescribed-degree f -factors to perfect match-
ings [35]. The reduction in Section 10 follows this incidence-port approach, replacing the local
complete connections to auxiliary vertices by the rearrangeable networks used in Section 9. This
controls the size of the perfect-matching instance even when a host vertex has high degree. There
are also direct algorithms: Gabow finds a maximum-cardinality edge set subject to degF (v) ≤ f(v)
in O(n2/3m) time on simple graphs [11, Theorem 4.1]. After linear-time input processing, including
removal of zero-demand vertices, this gives an O(n + n2/3m) factor test: an f -factor exists exactly
when the returned set has 2|F | = ∑

v f(v).
Combinatorial algorithms for maximum matching grew out of batching shortest augmenting paths.

This led to the bipartite algorithms of Hopcroft and Karp [18] and, independently, Karzanov [19],
and to the Micali–Vazirani algorithm for general graphs [26, 39]. The latter has running time
O(m

√
n) on a RAM; reading the explicit input and removing isolates gives the convenient universal

bound O(n + m
√

n). This is Oκ(n3/2) when m ≤ κn. Gabow and Tarjan developed a different
route through weighted scaling [12], and Gabow later gave a direct weighted-search formulation
at the same cardinality bound [10]. On very dense graphs, Goldberg and Karzanov improve
the combinatorial bound to O(n + m

√
n log(n2/m)/ log n) by combining skew-symmetric flow

with graph compression [15, Theorem 10.3]. The weighted problem has its own sequence of
improvements: the scaling algorithm of Duan, Pettie, and Su finds an exact maximum-weight
matching in O(m

√
n log(nW )) time for integer weights of magnitude at most W [6], where the

logarithm is taken to be at least a constant.
Algebraic methods offer another important approach. Random evaluation of the Tutte matrix

connects matching to linear algebra [24]. Mucha and Sankowski, and subsequently Harvey, obtained
randomized algorithms that construct maximum matchings at the matrix-multiplication time scale,
conventionally written O(nω) field operations [17, 28]. These algorithms already recover explicit
witnesses and can work over finite fields of polynomial size. Their matrix-multiplication bound is
most competitive on dense graphs.

For bipartite matching, the unit-capacity flow formulation permits continuous optimization
to accelerate exact search. Mądry’s electrical-flow interior-point method [25] and the moderately
dense algorithm of van den Brand et al. [36] were intermediate advances. The almost-linear exact
integral-flow algorithms of Chen et al. [3] and van den Brand et al. [37] then yield almost-linear exact
bipartite matching. The use of approximate minimum-ratio circulations as optimization directions,
that is, of circulations whose gain in the objective is large relative to their weighted length, has
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its modern antecedent in this almost-linear flow framework [3, 37]. For general graphs a flow
formulation alone does not suffice, because of the odd-set constraints recalled above; a flow-based
method must also control odd vertex sets. Supplying this control while keeping the work almost
linear is the obstacle addressed here (Section 1.3). The deterministic flow theorem is used here
through the static exact-flow statement of Lemma 2.1.

The proof combines several established ideas with tools adapted to the odd-set control. Its
constructive factor-critical blocks belong to the contraction-and-expansion tradition, while Hall’s
theorem underlies the reassignment of their exposed vertices. The allocations at several scales that
certify the Hall surplus, and the bounds on their temporary shortfalls, are developed in Sections 3
and 4. The routing sparsifier of Section 6 uses the cut-matching structure of Khandekar, Rao, and
Vazirani [20], together with concentration and conductance estimates [30, 33]. Its recursive virtual
graphs follow the hierarchical random-walk embeddings of Ghaffari, Kuhn, and Su [14]. Here the
sampled support and the substituted routes must also preserve supplied resource loads.

For dynamic graphs, Chen et al. prove a deterministic fully dynamic approximate minimum-
ratio-cycle theorem with flat forest representations [4]. Our routing hierarchy is related to the
origin-aware construction of Rozhoň et al. [29]; the finite forest family and associated cycle extraction
adapt the construction in [4, Section 4.5]. The preallocated forest copies used to lift recursive paths
follow Kyng, Meierhans, and Probst Gutenberg [21]. The recent distance-oracle approach of Kyng
et al. [22] provides another development of this method. Sections 7 and 8 construct in full the
cycle data structure used here. Besides the quality of its answers, the step primitive of Section 5
(described in Section 1.3) needs four further properties from it, stated in Lemma 5.2: guarantees
against adaptively chosen updates, explicitly reported changes of representation, edge copies that
persist over stated lifetimes, and bounds on the length of the returned paths counted with repetition.
Sections 5 and 8 show how the values accumulated on retained edge copies survive these changes of
representation.

1.3 Overview of the proof

Reduction to a degree-three subproblem. The central subproblem is to find a perfect matching in
a loopless graph of maximum degree three, called subcubic. Section 9 reduces each query “does
G have a matching of size k?” to this subproblem while retaining the original edge identifiers, so
that every successful answer can be decoded into a matching of the input graph; a binary search
over k then finds a maximum matching. The perfect-matching procedure receives a power of two S
bounding the number of vertices of the reduced graph, and its time bounds are stated in terms of S.

The matching state. The procedure represents its current matching through a partition of the
vertices. Its odd blocks, called bins, each carry a constructive witness that they are factor-critical:
for every vertex of the bin, the other vertices of the bin can be matched internally. Some vertices
outside the bins, called rows, are assigned along edges to distinct bins. Each assigned bin matches
its exposed vertex to its row, and a bin without a row contributes one unmatched vertex. The
remaining vertices are stored as matched pairs, apart from unmatched vertices set aside during
repairs. Three structural operations change the state (Section 3): a gain matches two bins without
rows along an edge joining them and increases the matching size by one; a contraction merges a set
of bins and the rows enclosed by it into one bin; an expansion turns a matched pair adjacent to a
bin into a row and a new single-vertex bin. The procedure works in phases; a phase ends after a
prescribed number of gains, roughly proportional to the deficit, the number of further edges needed
for a perfect matching at the start of the phase.

The obstacle. The difficulty is to repair this representation after structural changes without
repeatedly scanning all its bins. The procedure relies on a strict Hall-type surplus: every nonempty

6



set X of bins is larger than the set of rows all of whose neighboring bins lie in X. This surplus
underlies an alternative: either the row assignment can be rearranged so that two adjacent bins
have no row, which permits a gain, or a tight set containing them can be contracted. It must be
maintained through every structural operation.

The central mechanism: ledgers with debt. The Hall surplus is certified by fractional allocations
of rows to bins. A ledger allocates the same amount from each row, the row allocation, among
its neighboring bins; the residual of a bin is the difference between that amount and the bin’s
allocated load. There is one ledger at each of several levels, from the top level to the bottom level;
the number of levels below the top is the main parameter a. Each requires every residual to be at
least a multiple of the bin’s weight, which is half its size rounded up; the multiplier decreases by one
from each level to the next toward the bottom, and a nonnegative debt records by how much this
floor may temporarily fail. The bottom ledger has no debt whenever the main loop selects its next
action, and it then certifies the strict Hall surplus. The top ledger carries a logarithmic objective,
which admits an improving circulation direction whenever the graph has a perfect matching and no
structural operation applies. The intermediate ledgers make repairs local: each is restored on its
own schedule.

A repair, called a projection, restores the floor of one ledger by an exact integral flow problem
on row–bin incidences. Either the flow restores the floor, or it identifies a set of bins whose removal
makes the floor hold. Because adjacent floors differ by one unit of weight, a removal decreases the
debt of every ledger above it that is kept through the removal by at least the removed weight. The
flow problem is solved locally: exploration starts at bins whose debt is substantial relative to their
size and extends to a further bin only when enough flow arrives there, so the debt also bounds the
part of the graph that is examined.

Pricing steps and the cycle data structure. When no structural operation applies, the procedure
optimizes the top objective. Both this optimization and the local flow tests use the same step
primitive (Lemma 5.1). A pricing call searches for an approximate minimum-ratio circulation, that
is, a circulation direction with sufficient objective increase relative to its weighted length; when it
accepts such a direction, the call takes a small exact dyadic step, called a pricing step. A pricing
call on the top objective may instead return the outcome Low. If the graph has a perfect matching
and no structural operation applies, an improving direction exists, and then the call takes a pricing
step, reports a detected failure (an exhausted randomized search, Section 2), or suspends; so Low
implies that the graph has no perfect matching. Directions are represented by edges and by paths
in a changing forest, so a long path need not be expanded at every step.

The directions come from a fully dynamic cycle data structure on subcubic graphs (Lemma 5.2),
constructed in full in Sections 6–8. A static routing sparsifier provides short routes whose total use
of specified resources is bounded. The data structure is recursive: during an interval of updates,
forests built at the start of the interval decompose every current circulation into local correction
cycles and a circulation in one smaller graph, and prebuilt copies of paths lift the forest of the
smaller graph back to the current graph while keeping the values maintained by the step primitive.

Why the total time is almost linear. Theorem 4.8, the main fixed-parameter result, combines
four estimates. First, each completed phase that starts with a large deficit reduces it by a constant
factor, so there are logarithmically many phases. Second, within a phase the row allocation and
the number of gains are balanced so that the debt created by gains, and with it the total removed
weight and the total size of the structural operations, is linear in the number of vertices. Third,
levels closer to the top are restored less often, and at each restoration the debt one level up is
bounded in proportion to the interval between restorations at that level; hence each level contributes
almost-linear total work. Fourth, each pricing step increases the logarithmic objective by at least
S−O(1/a), up to a constant factor, while the objective varies over a range of almost-linear size apart
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from the losses at structural operations; this bounds the number of pricing steps. All the overhead
factors are of the form SO(1/a)+oa(1), where the coefficient hidden in O(1/a) is absolute, so the
subcubic test takes time S1+O(1/a)+oa(1).

One uniform program. For each sufficiently large fixed a, these ingredients give a subcubic
perfect-matching test whose time bound holds on every computation path. A failed deterministic
check suspends the run for the current parameters without an answer, whereas an exhausted
randomized search gives a possibly erroneous negative answer (Section 2); suspension cannot occur
once the input is large enough for the fixed parameters. Section 9 runs the tests for an increasing
sequence of parameter choices, together with a polynomial fallback, by weighted dovetailing as in
universal search. The error probabilities sum to less than 1/3, and the schedule is as fast as each
parameter choice up to a factor depending only on that choice and lower-order overhead. This gives
the single function η of Theorem 1.1.

Significance. The combinatorial bounds recalled above are of order m
√

n up to logarithmic
factors, and the algebraic bounds are of order nω. Theorem 1.1 gives an almost-linear bound in
the explicit input size throughout the range of densities, including n2+o(1) at the dense extreme.
It extends to general graphs the almost-linear time that flow methods give for bipartite matching,
by combining approximate minimum-ratio circulations with the control of odd sets through bins
and ledgers. Through the reduction of Section 10, the same bound holds for finding f -factors
(Corollary 10.1).

1.4 Organization

The sections follow the dependencies of the proof from the matching procedure down to its data
structures, and then assemble the main theorem.
1. Conventions and static tools (Section 2). Representation and cost conventions, the parameters

S, a, σ, and the distinction between suspension and detected failure; exact static integral flow
(Lemma 2.1) and the polynomial perfect-matching fallback (Lemma 2.4).

2. Matching states and structural operations (Section 3). Bins, rows and ledgers (Definition 3.1), the
Hall certificate (Lemma 3.2), the structural operations, and the exact projection (Lemma 3.6).
The step primitive of Lemma 5.1 is used here through its stated properties.

3. Local projection and the perfect-matching bound (Section 4). Local implementation of the
projection (Lemma 4.1), the accounting of debt and structural work (Lemma 4.5), progress
(Lemma 4.6), and the main fixed-parameter result, Theorem 4.8: for each sufficiently large fixed
a, a subcubic perfect-matching test with time S1+O(1/a)+oa(1) on every path. Theorem 4.8 is
proved assuming Lemma 5.1.

4. Ascent steps along approximate minimum-ratio circulations (Section 5). Lemma 5.1 is proved
from the cycle data structure of Lemma 5.2.

5. A resource-preserving static routing sparsifier (Section 6). Static routing with resource bounds,
Lemma 6.1.

6. The cycle data structure (Sections 7 and 8). Section 7 proves the quality of the answers through
the one-level reduction (Lemma 7.8) and its iteration through the recursion (Corollary 7.10);
Section 8 maintains the smaller graphs and the public forest, through which paths of the smaller
graphs are lifted, and bounds the work (Lemma 8.9), completing the proof of Lemma 5.2.

7. Explicit output and one uniform program (Section 9). Theorem 4.8 is applied through the
following chain: the witness-preserving reductions (Lemmas 9.1, 9.2 and 9.3) and the binary
search over the cardinality threshold; the absence of suspension and the running time of each fixed
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branch on every computation path (Lemma 9.4); the schedule, realized by one finite program
with polynomial halting time (Lemma 9.5); and the construction of η in the proof of Theorem 1.1
(Section 9.5).

8. Prescribed-degree factors (Section 10). The reduction of Lemma 10.2 and Corollary 10.1.

2 Conventions and static tools

2.1 Representations, fixed-parameter bounds and failure conventions

Auxiliary graphs may have parallel edges or arcs, always distinguished by identifiers. Fix a reference
orientation on every variable edge. Traversing an edge backward negates its coefficient. A signed
circulation has zero divergence at every vertex; its length norm for positive lengths ℓ is

∥ℓf∥1 =
∑

e

ℓe|fe|.

This norm differs from the raw length of a supplied traversal list: the latter counts every traversal
with its multiplicity, before cancellation. In the cycle data structure of Lemma 5.2, a forest edge
maps either to an input edge, with its endpoint correspondence specified, or to a null edge whose
two endpoints have the same image. A null traversal has zero projected length, although a reduction
may assign it an additional positive bookkeeping length.

The cost of data structures is measured as follows. All representation sizes include vertices or
slots, individual edges, terminal incidences, and explicitly stored lists. Ordinary adjacency lists,
heaps, balanced dictionaries, and path-copy persistent maps incur logarithmic overhead per record
operation. After an implicit path update, every coordinate that an argument reads is obtained by a
counted operation. Arithmetic and key-length costs are included separately when they exceed one
word.

The matching procedure uses a size bound S = 2s, an integer parameter a ≥ 1000, and a
reliability parameter σ. In the final schedule σ ≤ a + 1. A bound of the form

SO(1/a)+oa(1)

has an absolute coefficient in O(1/a); for each fixed a, σ, the second exponent tends to zero as
S →∞. Constants and powers of logarithms may depend on these fixed parameters. All smaller local
routines measure their permitted logarithmic factors against the indicated size bound. Statements
“for sufficiently large S” are made with a and σ fixed: they hold for all S ≥ S0, with a threshold S0
that may depend on a and σ. The parameters are not fixed uniformly while taking a→∞.

Two kinds of failure are distinguished. An implementation may check a deterministic size or
precision prerequisite, or a cap on a number of operations; such a deterministic check is called a
guard. If a guard fails, the implementation suspends the entire parameter branch, that is, the run
of the procedure for the current choice of parameters (see (9.3)), without an answer. In contrast,
exhaustion of a capped randomized routine is a detected failure; the calling perfect-matching test
returns a negative answer immediately. The fixed-parameter analysis proves that deterministic
suspensions cannot occur on any path once the input is sufficiently large for the fixed parameters of
the branch. A guarded prefix is a prefix of a computation path that ends before the first deterministic
interruption of the path, that is, before the first failed guard, which suspends the branch. These
conventions are used in Theorem 4.8 and the schedule in Section 9.
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2.2 Exact integral flow

Lemma 2.1 (Static integral flow). For an explicitly represented directed network of total size at
most P , with integral capacities, demands and costs bounded in magnitude by a fixed power of
P , exact integral minimum-cost flow can be computed uniformly and deterministically in P 1+o(1)

time. Its finite-precision operations can be simulated with polynomially logarithmic overhead on
logarithmic-bit words. In particular, integral source–sink maximum flow with nonnegative upper
capacities and zero lower capacities returns an explicit integral arc vector and a residual-reachability
minimum-cut certificate within that bound.

Proof. The deterministic minimum-cost-flow theorem of van den Brand et al. [37, Theorem 1.1],
with its finite fixed-point model and deterministic integral rounding [37, Section 2 and Lemma 4.1],
provides an algorithm for exact integral minimum-cost flow on such networks. The stated logarithmic
dependence on integral magnitudes and polynomial logarithmic word lengths is absorbed in P o(1).
A fixed-point word is stored as an array of logarithmic-bit words. Longer virtual addresses can be
keys in a dictionary of touched cells; no unused address space is initialized.

Maximum flow is obtained by adding a bounded sink-to-source return arc and minimizing its
negative flow. Its capacity can be the sum of the original capacities. Feasibility and absence of a
residual source–sink path certify maximality. Residual reachability supplies the cut.

Every call of Lemma 2.1 below is a maximum-flow computation with nonnegative upper capacities
and zero lower capacities. Integral lower bounds are used in feasibility arguments, through the
classical cut criteria for circulation feasibility [9, 13]. Lemma 2.2 gives the precision margin used in
the threshold tests of Section 4.

Lemma 2.2 (Integral cuts from a small total violation). Let every lower and upper arc bound be
integral, with lower bound no larger than upper bound. If an exactly conserved real arc vector has
total bound violation less than one, the bounds admit an exactly feasible integral circulation.

Proof. For a vertex set X, feasibility requires the sum of lower bounds on arcs leaving X to be at
most the sum of upper bounds on arcs entering X. For integral bounds this circulation cut criterion
is also sufficient: subtract the lower bounds, introduce a super-source and super-sink for the resulting
vertex imbalances, and apply the integral maximum-flow/minimum-cut theorem; saturating the
imbalance arcs then gives an integral circulation within the bounds. It therefore suffices to verify
the criterion. Conservation of the real vector implies that any failure of the inequality is at most its
total bound violation. The two bound sums are integers, so a positive discrepancy would be at least
one, a contradiction. Hence the criterion holds, and the bounds admit an exactly feasible integral
circulation.

Lemma 2.3 handles capacities of arbitrary bit length with one fixed implementation of Lemma 2.1.
In the fixed-parameter applications, the bit length b and all key lengths contribute only factors
that are powers of the logarithm of the size bound; the fixed-parameter bounds above include such
factors.

Lemma 2.3 (Capacity scaling for maximum flow). Maximum flow with nonnegative integral upper
capacities of at most b bits can be computed by b calls to one fixed implementation of Lemma 2.1 for
capacities bounded by a fixed power of the network size, each call on a residual graph of linear size;
the capacity arithmetic and identifier translations between the calls are counted in addition.

Proof. The capacities are processed one binary digit at a time, starting from the most significant
one, and after each round the current flow is a maximum flow for the capacities formed by the digits
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read so far. Begin with zero capacities. In each binary digit round write the new capacity vector
as c′ = 2c + ξ, where every ξe is zero or one. If f was a maximum flow of value v for c, then 2f is
feasible for c′. Let A be the number of original arcs. An old minimum cut has new capacity at most
2v + A, so the largest residual augmentation has integral value ∆ ≤ A.

An optimal integral residual augmentation decomposes into source–sink paths and cycles; after
the cycles are discarded, its remaining total path value is ∆, so every forward and reverse residual
arc carries at most ∆ ≤ A. Truncating every residual capacity at A therefore preserves the optimum
augmentation, which is computed with the fixed polynomial-capacity routine. Adding forward usage
and subtracting reverse usage updates 2f to a maximum flow for c′. This proves the induction over
digits.

Local vertices and arcs can be renumbered, using dictionaries to translate their caller identifiers
on input and output. Integer arrays, comparisons, and translations are counted at their bit or
multiword cost.

When paths from an integral flow are needed, they are obtained by pairing incoming and outgoing
flow units and tracing source paths, dropping cycles. The work of this extraction is counted as the
total represented throughput, which may exceed the number of graph arcs. The routing sparsifier of
Section 6 supplies the throughput bounds at each such use.

2.3 A polynomial-time fallback

The final schedule needs one fixed polynomial fallback, which guarantees halting and polynomially
bounded machine addresses at every finite input size. Edmonds’ deterministic algorithm supplies
the following interface.

Lemma 2.4 (Polynomial perfect-matching fallback). There is one uniform deterministic algorithm
on explicit loopless graphs of maximum degree three that halts within a fixed polynomial number
of finite-word instructions. It returns a checked perfect matching when one exists and a negative
answer otherwise.

Proof. The algorithm applies Edmonds’ deterministic polynomial-time maximum-cardinality match-
ing algorithm [7, Section 2, pp. 451–452]. For parallel edge copies, it first deduplicates unordered
endpoint pairs while retaining one original edge identifier for each pair. This preserves perfect
matchability and explicit witness decoding. It returns the computed matching if it covers every
vertex, and a negative answer otherwise; every returned identifier and vertex incidence is checked
before acceptance.

The classical algorithm, the deduplication, and this check run within a fixed polynomial number
of steps on every input. Their combinatorial records and polynomially bounded integer indices have
polynomial bit cost, so multiword and touched-address implementations retain a fixed polynomial
bound in the stated model. Exact maximum cardinality makes the returned answer correct in both
cases.

Section 9 applies this fallback after the witness-preserving reductions of Lemmas 9.2 and 9.3.

3 Matching states and structural operations
We describe a perfect-matching procedure on a loopless graph of maximum degree three. This section
and Section 4 together prove Theorem 4.8, the fixed-parameter perfect-matching test for such graphs.
This section develops the combinatorial state of the procedure, its ledger transformations, and its
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structural searches, and proves the invariants and per-operation guarantees (Lemmas 3.2–3.10) on
which the phase analysis relies. The local implementation of projection and the phase analysis
follow in Section 4. Both this section and Section 4 use the step primitive of Lemma 5.1, proved in
Section 5.

The graph has N ≤ S vertices, where S = 2s is the size bound of Section 2. Disconnected
graphs are allowed; parallel edge copies retain separate identifiers, and degree counts incidences. A
successful answer is an explicit perfect matching, checked before acceptance. A negative answer
may arise from a capped randomized search; the probability of an erroneous negative answer is
bounded in Theorem 4.8. The running-time bounds hold for every input graph; the progress bound
of Lemma 4.6 is the one place where the existence of a perfect matching is assumed.

3.1 The phase state and its ledgers

The empty graph is answered directly by the empty matching, and odd N gives a negative answer.
Otherwise the procedure starts with the empty matching and works in phases. A phase starts with
an actual matching M , whose positive deficit is K = N/2− |M |. At deficit zero the procedure is
finished. Within a phase we represent the changing matching by odd blocks and single vertices
assigned to those blocks.

We call the vertices and edges of the input graph physical, to distinguish them from the bins
and rows formed from them. A bin is a physical odd vertex set with a constructive factor-critical
witness: after prescribing any one vertex as its exposure, the others can be matched internally. Its
weight is wd = (|d|+ 1)/2. The bins form a disjoint family D. The rows A are physical singleton
vertices outside them. An explicit injection

µ : A −→ D

assigns each row along a specified physical edge to its bin. The bipartite incidence graph B contains
every physical row–bin edge, with different incidences retained separately. Each row has degree at
most three.

An assigned bin exposes the physical endpoint of its assigned edge and is matched there to its
row. A free, or unassigned, bin exposes one unmatched vertex. The remaining unblocked vertices
form a set U of explicitly matched pairs. A phase may also set aside individual unmatched vertices
as blockers. This state specifies an actual matching, although a changed internal exposure need
not be propagated through a bin witness until the bin is materialized, that is, until its internal
matching for the prescribed exposure is written out explicitly (Lemma 3.10). Initially the bins are
the unmatched singleton vertices, U contains all matched pairs, and there are no rows or blockers.

Constructive odd blocks, with an exposed vertex chosen during expansion, follow the blossom
contraction-and-expansion tradition of Edmonds [7, Sections 4.10–4.14 and 7.1–7.2]. Here each
block carries the witness needed to expand the represented matching; Section 4 proves the required
progress bound.

For X ⊆ D, define its captive rows and deficiency by

A(X) = {r ∈ A : NB(r) ⊆ X}, h(X) = |X| − |A(X)|. (3.1)

Each row has its assigned bin as a neighbor. The injection therefore gives h(X) ≥ 0, even at
intermediate states. For a function on bins, such as the weight w, write w(X) = ∑

d∈X wd, and
similarly for the other bin functions.
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Fix integers a ≥ 1000 and 0 ≤ σ ≤ a + 1, and set C = a + 1; “for sufficiently large S” has the
meaning fixed in Section 2. The phase seeks

g∗ = max
{

1,

⌊
K

100C

⌋}
, L =

⌈10000CN

K

⌉
(3.2)

gains, each increasing the matching size by one. We call L the row allocation: in every ledger of
Definition 3.1, each row allocates exactly L. The choices balance the gain target against the work
per gain: Lg∗ = Oa(N). When K < 100C, this holds since then g∗ = 1 and L ≤ 10000CN + 1;
the general case is derived in the stage “Ticks” of the proof of Lemma 4.5. Both constants serve
the proof of Lemma 4.6: the factor 100C keeps the gains and blockers of a phase few enough that
at least K/2 bins can be freed simultaneously (see (4.16)), and the factor 10000C makes L large
enough for the directional estimate there. At a phase boundary we materialize the matching and
initialize a new state.

For the reset periods, pricing steps (defined in Section 5.1), and exact arithmetic, put

B = 2⌈s/a⌉, q = B−100, δ = S−1000, ε = S−3000. (3.3)

Here B is the base of the reset periods (3.11) and enters the time bound of Lemma 5.1; q bounds
the weighted length of a pricing step and the relative error of cached values (Section 3.2); δ sets the
threshold 3δ at which cached top coordinates are repaired (Section 3.4); and the top ledger uses the
grid εZ, while the other ledgers use integers. Because δ is a large negative power of S, the repairs
add negligible debt: by Lemma 3.5(iv), they add less than S−800 on every guarded prefix of a phase;
the stage “Objective change and total debt” of its proof counts at most S30 repairs of 4δ each.

The ledgers retain enough unallocated capacity at each bin to rearrange the row assignment;
debt records a temporary shortfall from the specified residual floor. They have three roles. At
settled states the debt-free bottom ledger supplies the strict Hall surplus of Lemma 3.2; the top
ledger supplies a smooth progress objective (Section 3.2); and the intermediate integral ledgers
make repairs local and amortizable. Adjacent floors differ by one. When a projection fails, this gap
gives every coarser ledger preserved through the removal a net debt decrease of at least the removed
weight (Lemma 3.6).

A settled state is a state at which the main loop of Section 3.3 selects its next action. Before such
a selection, the scheduled projection of every nonterminal structural operation has been performed
(Section 3.5), and the dirty coordinates (defined in Section 5.1) have been serviced (Section 3.4).
Definition 3.1 (Ledger invariant). There are ledgers j = 0, . . . , a, with cj = C − j. Ledger 0 is the
top ledger and ledger a the bottom ledger; a ledger with smaller index is coarser, and the parent of
ledger j ≥ 1 is ledger j − 1. Ledger j has nonnegative incidence allocations xj

e, with∑
e at row r

xj
e = L (r ∈ A).

Its column residual and nonnegative debt are

yj
d = L− loadj

d, loadj
d =

∑
e at bin d

xj
e, pj

d ≥ 0,

and they satisfy
yj

d + pj
d ≥ cjwd. (3.4)

At the top level,
x0

e > 0, sd = y0
d + p0

d − Cwd > 0 (3.5)
are ε-grid coordinates. The other ledgers are integral. At each settled state, the bottom debt pa is
zero.
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Ledger j may be viewed as a matrix with one row of sum L for each element of A, which explains
the name “row”, and one column for each bin. Initially allocations are empty and debts vanish.
Singleton residuals are L, and L > C, so the top slacks are positive.

Lemma 3.2 (Hall surplus at settled states). At each settled state and every nonempty X ⊆ D,

Lh(X) ≥ ya(X) ≥ w(X) > 0. (3.6)

Thus h(X) ≥ 1, every bin has weight at most L, and a tight set h(X) = 1 has total weight at most
L.

Proof. Every captive row allocates all L units inside X, so loada(X) ≥ L|A(X)| and ya(X) ≤ Lh(X).
Zero bottom debt and ca = 1 give ya(X) ≥ w(X). Weights are positive integers, proving the
assertions.

3.2 The top objective and the step primitive

The top ledger chooses its next allocation by increasing

Φ =
∑

e∈E(B)
log x0

e +
∑
d∈D

log sd. (3.7)

Orient allocation arcs from rows into bins, and add a slack arc sd from one common auxiliary vertex
into each bin. For fixed p0, w, circulation increments preserve exactly the row sums and the column
equations ∑

e at d

x0
e + sd = L + p0

d − Cwd.

Conversely, respecting these equations gives a circulation: the common slack-source equation follows
by summing them and the row equations.

We use the following specialization of Lemma 5.1 to the top ledger; pricing calls, pricing
steps, descriptors, cached values, exact resets, notifications, and dirty coordinates are as defined
in Section 5.1. Let f denote the vector of the positive allocation and slack coordinates of the top
ledger; here the gradient and derivative-sum lengths are ge = λe = 1/fe. A pricing step makes an
exact ε-grid circulation increment h, the increment of (5.4), with ∑e |he|/fe ≤ q/100, preserves
positivity, and increases Φ by Ω(q2). The alternative outcome Low of a pricing call is impossible
whenever a circulation direction d ̸= 0, the direction of (5.3), satisfies

∑
e

de

fe
≥ 1

2
∑

e

|de|
fe

,

unless the primitive reports a detected failure or suspends. The sums here range over both kinds of
arc in the top graph.

Each top coordinate thus has an exact value fe, which the primitive stores implicitly, and a
cached value f̂e, which it supplies to the client. After its notifications have been serviced, the cached
values obey |fe − f̂e| ≤ (q/100)f̂e. Explicit point reads return exact values, and an explicit setting
resets its coordinate exactly, so that the cached value equals the exact one. The primitive reports
refreshed coordinates in a list, so the client can repair small arguments and update expansion
eligibility without scanning all coordinates after a step. By Lemma 5.1(iii), apart from client
settings, the number of these notifications is at most the number of pricing steps times SO(1/a)+oa(1).
Section 5 proves Lemma 5.1, including its time and reliability bounds; Section 3.4 verifies the
positivity and representation conditions required of this client.
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The procedure has the following guards in the sense of Section 2. It checks the prerequisites

S ≥ 2100, 100000C ≤ S1/20, B ≤ S1/20, q ≥ S−1. (3.8)

It caps main-loop actions, including structural operations and pricing calls, at S20 per phase, and
separately caps the pricing calls in each local threshold test of Section 4 at S20. Each primitive
instance has its S100 external-operation guard of Lemma 5.1(iv), together with incrementally checked
numerical and representation bounds. Failed prerequisites or deterministic caps suspend the branch.
Exhaustion of a prescribed randomized search instead returns a negative perfect-matching answer
immediately. For each fixed sufficiently large choice of a, σ, the deterministic checks interrupt no
path once S is sufficiently large; this is proved by the analysis of guarded prefixes of computation
paths in Section 4 (Lemma 4.7).

3.3 The main actions and the ledger edits

The actions below distinguish progress in matching size from changes to its representation. A gain
increases the size by one; contraction and expansion preserve it. A projection may also remove bins,
moving their free exposures to the blocker list without changing matching size. The processing of
one event, including its projection, is listed in Section 3.5.

At a settled state, take the first applicable action in this order.
1. If a physical edge joins distinct bins i, j, act on this edge as follows. If the injection can be

rearranged to leave both free, match their prescribed exposed endpoints along this edge and
move their vertices into U . This is a gain. The g∗-th gain ends the phase immediately, without
further ledger repair. Otherwise contract the unique minimal tight X ⊇ {i, j}, with h(X) = 1,
together with its captive rows to one bin. Lemma 3.8 proves this alternative and supplies the
witnesses; Lemma 3.9 gives its randomized implementation.

2. If bin d has an edge to v ∈ U and cached top slack ŝd ≥ 4C, expand along it. Make v a row
and its current U -mate a singleton bin, with their old matching edge as the assigned edge of v.

3. If neither action applies, make a pricing call to the top primitive instance of Lemma 5.1. Low
or a detected failure returns a negative answer; suspension suspends the parameter branch.

After each nonterminal structural operation, perform the scheduled projection of Section 3.5 before
returning to a settled state.

In a contraction, |A(X)| = |X| − 1, so the new block has physical size 2w(X)− 1 and weight
w(X). Delete captive rows and preserve every other assignment. At most one exterior assignment
entered X, because captive rows already assigned |X| − 1 of its bins. Retain allocations on surviving
incidences and aggregate p, y, and top s, by summing over X. This is exact: removing captive rows
deletes L(|X| − 1) load, while |X| residual columns become one. New incidences, including edges
from a surviving row to a former captive row, now inside the new bin, start at zero in integral
ledgers; the top ledger uses the positivity repairs of Section 3.4.

On expansion, ledger j ≥ 1 allocates the new row’s whole L to its assigned child and gives that
child debt cj . Its other new incidences start at zero. At the top, place C + 1 units on the new row’s
incidence into the parent along which the expansion was triggered, and L− C − 1 on the assigned
child incidence, with no initial child debt. The child has top slack one. The expansion is triggered by
a cached slack ŝd ≥ 4C, so Lemma 3.5(v) gives parent slack sd at least 3C, which remains positive
after the C + 1 units are placed. Other new top incidences receive the small positive initial values
of the positivity repairs.

Gains and removals by a projection delete bins by the following transformation.
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Definition 3.3 (Deletion transformation). Given a set R of bins, the deletion transformation
removes all rows assigned to R. For a removal by a projection, it materializes each assigned bin
with its row as matched pairs in U , and for each free bin it places the exposed vertex on the blocker
list and the other vertices into matched pairs in U . At a gain the two newly freed bins instead use
their joining edge, so no blocker is introduced. A preserved ledger is one that is kept through the
deletion and updated in place rather than rebuilt by the scheduled projection; Section 3.5 specifies
these ledgers (at a removal by the projection of level j, the levels 0, . . . , j − 1). In each preserved
ledger, it redirects each allocation of a surviving row into R to the row’s current assigned edge,
adding an equal debt at the recipient bin. The surviving rows and the bins outside R form the
exterior of R. Each application of the deletion transformation is an erasure of the bins of R.

Lemma 3.4 (Deletion and net debt). Let R be a bin set to which the deletion transformation
(Definition 3.3) is applied, and consider a preserved ledger of floor cw, that is, a ledger satisfying
(3.4) with c in place of cj. The redirection preserves the ledger invariant (Definition 3.1, with floor
cw) on the exterior of R. If O is the redirected mass, I is the allocation of the removed rows to the
exterior, and f is the number of free bins removed, then

O = I + Lf − y(R),
I ≤ L(h(R)− f),

∆
(∑

d

pd

)
= O − p(R) ≤ Lh(R)− cw(R).

(3.9)

The last bound is at most 2L at a gain. A gain decreases the represented unmatched count by two;
contractions, expansions, and removals by a projection leave it unchanged.

Proof. The debt identities follow by counting the allocation of the removed rows; the unmatched
count is checked operation by operation.

Redirection. A surviving row’s assigned bin is outside R. The added allocation and debt cancel
in y + p− cw; removing rows only increases exterior slack.

Debt identities. Exactly |R| − f rows are removed. Their allocation into R is L(|R| − f)− I,
giving

y(R) = L|R| −
(
L(|R| − f)− I + O

)
= Lf + I −O.

Every captive row is removed, as its assigned bin lies in R. Only the other h(R)− f removed rows
contribute to I. Deleting debt p(R) and adding O gives the net debt change, and (3.4) gives the
inequality. At a gain, R has two bins and h(R) ≤ 2.

Unmatched count. There is one unmatched vertex per free bin or blocker. Expansion adds one
bin and one assigned row. Contraction replaces |X| bins and |X|−1 assigned captive rows by one bin,
preserving any exterior assignment. A removal by a projection transfers free bins’ unmatched vertices
to blockers. A gain matches two free exposures. This proves the unmatched-count assertions.

3.4 Lower bounds on the top-ledger coordinates

Structural edits change the graph and its column equations, while pricing preserves those equations.
The following local positivity repairs make both kinds of operation compatible with the step
primitive.

The positivity repairs of the top ledger are the following operations; a large donor in a row is an
entry of that row with value at least L/3 when it is chosen or, in a newly expanded row, one of its
two entries specified at the expansion (Section 3.3), which (b) uses as donors.
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(a) A new positive allocation receives 4δ from a large donor in its row, and 4δ debt is added at
the destination bin.

(b) The two specified large entries of a newly expanded row may be installed first and used as
donors for its remaining incidences.

(c) The transfer of (a) is used whenever an existing allocation has cached value at most 3δ.
(d) If a cached slack is at most 3δ, that slack and its debt are increased by 4δ.

The service after each step applies these repairs; it examines only the coordinates touched by
structural edits and repairs and the dirty coordinates reported by the primitive. Touched values are
read exactly and explicit settings are reset exactly; touched slacks are checked after an exact reset
too, including values at the small-value threshold. Notifications of the primitive arising during this
service are queued and served.

Structural edits reach the top ledger as edit batches. An explicit edit batch reads affected
coordinates exactly, retains unchanged allocations on retargeted incidences, and computes positive
final settings before insertions or descriptor changes. The next pricing call is made after the full
row and column equations of the batch hold again. The identity y0

d = sd − p0
d + Cwd supplies a

top residual without summing the values of implicitly moving incidences. Old descriptors and edge
mappings remain available while the primitive processes removals (Section 5.7). The service is
completed before the next main action is selected. For expansions, the procedure also maintains
bin-to-U contact lists and a cached-slack eligibility index; a U -contact of a bin is an edge from the
bin to a vertex of U .

Lemma 3.5 (Lower bounds, debt, and slack thresholds for the top ledger). Using the positivity
repairs (a)–(d) and the service of Section 3.4, the following hold.

(i) The top ledger can be maintained on the ε-grid with logarithmic arguments above δ before
pricing and above δ/10 at refreshes.

(ii) Apart from structural work, the repairs use O(1) explicit point operations per dirty coordinate.
(iii) Between structural operations a small-allocation repair decreases Φ by at most O(δ), and slack

repairs never decrease it.
(iv) Positivity repairs add less than S−800 debt on every guarded prefix of a phase (Section 2).
(v) The cached and exact slacks satisfy

ŝd ≥ 4C =⇒ sd ≥ 3C,

no eligible expansion =⇒ sd ≤ 5C for every bin with a U -contact.
(3.10)

Proof. Each repair moves 4δ into a small coordinate within one row, or raises a small slack, and adds
the same amount of debt, so the row sums and the column equations of Section 3.2 are preserved.
The margins then follow from the cached-value bound, and the debt bound from a count of the
repairs.

Effect of one repair. Reading the row’s at most three entries finds a large donor, since their
sum is L. The destination bin’s increased load is canceled by the added debt; the donor bin’s slack
increases by 4δ. If both bins coincide, their load is unchanged and their slack still increases by that
amount.

No repair chains. Here a motion is a change of top-ledger values by a pricing step. Between
motions or structural changes, each row has at most three entries to repair. A donor initially at
least L/3 remains above the repair threshold 3δ after these transfers of 4δ. Both changed allocations
are reset exactly at nonsmall values. Transfers never decrease a slack, and a slack repair changes no
other top coordinate. Notifications arising during this service are queued and served, but price and
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forest maintenance itself causes no motion (Lemma 5.1(iii)). Without a new motion or structural
change, an already repaired coordinate cannot require another repair. Thus every repair is caused
directly by a motion or a structural change.

Positivity margins. For a single positive logarithm the cached-value bound gives

|f − f̂ | ≤ (q/100)f̂ .

After service, an unrepaired coordinate has cached value above 3δ, while a repaired one has
been increased by 4δ and reset exactly. Before a step, a cached value above 3δ thus gives f ≥
(1− q/100)f̂ > δ; this bound and the step-size bound leave the stated margins before a step and
at refreshes after it. Contraction aggregates positive slacks; deletion increases surviving slacks;
expansion has the positive margins specified above. New descriptors are inserted only after their
positive final values are computed. All settings are exact ε-grid operations.

Objective change and total debt. Only the large donor’s logarithm can decrease during a transfer,
by O(δ); recipient allocation and donor slack increase. A slack repair increases its logarithm. There
are O(S) coordinates at any state, with constantly many repairs per coordinate or changed physical
incidence between motions or edit batches. By the S20 phase-action cap, a guarded prefix has
O(S20) motions and edit batches, including the last completed edit batch, and since repairs cause
no further repairs, each is followed by O(S) repairs. This gives O(S21) ≤ S30 such repairs on a
guarded prefix. Consequently their 4δ debt additions total at most 4δS30 = 4S−970, which is less
than S−800.

Expansion eligibility. The relative cached-value inequality, with q < 1, gives sd ≥ 3C when
ŝd ≥ 4C; if no eligible contact exists, its cached slack is below 4C and its slack sd below 5C.

For the top primitive instance, Lemma 5.1 is applied with nominal lifetime size SB, which
takes the place of the nominal bound R of that lemma. Lifetime size counts vertex and edge births
and endpoint insertions, including retargeting; value settings, positivity repairs, and repricing on
retained topology do not create new incidences. Lemma 5.1(iv) bounds the running time of this
instance by (

SB + B + #{external pricing, point, or edge operations}
)
SO(1/a)+oa(1)

instructions under SB + B ≤ S1+2/a, with polynomial labels renumbered if needed. Section 4.6
verifies this nominal size, and Lemma 4.7 the numerical bounds, on guarded prefixes for sufficiently
large S.

3.5 Reset schedule and the exchange problem

A phase has a tick counter initially zero. A contraction or expansion contributes one tick; a gain
needing ledger repair contributes L. A removal by a projection contributes no ticks. For j = 0, . . . , a,
put

bj = Ba−j . (3.11)
The period quotient of level j is the integer part of the tick count divided by bj . The processing of
one event is as follows.

1. The structural operation of Section 3.3 is performed with its ledger edits; the top ledger
receives them as an edit batch with the positivity repairs of Section 3.4.

2. If the phase continues (Section 3.3), then after these preliminary structural edits the tick
counter advances, and the smallest j ∈ {1, . . . , a} whose period quotient increased during the
event is selected. Such a level exists since ba = 1.
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3. The exchange projection below constructs a fresh zero-debt j-ledger of floor cjw. The
projection may remove one simultaneous bin set by the deletion transformation; the coarser
levels 0, . . . , j − 1 are preserved through this removal by Lemma 3.4, and every level after j
receives a copy with zero debt.

4. The service of Section 3.4 is completed, and the state is settled.
Whenever the phase continues, the scheduled projection thus restores the debt-free bottom ledger
before the next settled state.

For j > 1, the projection starts from the integral parent ledger j − 1 as it stands after the
preliminary edits, with allocation x, residuals y, and debt total P = ∑

d pd. For j = 1, it uses in
place of the top ledger the allocation x with L on each current assigned edge and zero elsewhere,
with its residuals y. Define the shortfall b(d) and the excess u(d) of each bin d relative to the floor
cjwd by

b(d) = (cjwd − yd)+, u(d) = (yd − cjwd)+, β =
∑

d

b(d). (3.12)

The exchange network has source-to-bin capacities b(d), bin-to-sink capacities u(d), and, for every
incidence e = (r, d),

d −→ r [xe], r −→ d [L + 1], (3.13)

where brackets indicate integral upper capacities and all lower capacities are zero.

Lemma 3.6 (Exchange projection). Let j ∈ {1, . . . , a}. Let x, y be the allocation and residuals
of the integral parent ledger j − 1, as it stands after the preliminary edits, if j > 1, and, if j = 1,
the allocation with L on each current assigned edge and zero elsewhere and its residuals. Consider
the exchange network with capacities (3.12) and (3.13). An integral maximum flow in the exchange
network produces either a zero-debt ledger of floor cjw on the whole state, or a nonempty bin set R
whose removal leaves such a ledger on the remaining state. In the latter case,

Lh(R) < cjw(R). (3.14)

Every preserved coarser ledger loses at least w(R) in net debt, and the number f of new blockers
satisfies

f ≤ h(R) <
Cw(R)

L
. (3.15)

Proof. The flow modifies the parent allocation. A flow of full value fills every shortfall from the
floor; otherwise the bins reachable in the residual network form a set whose captive rows allocate all
their mass inside it, and this forces (3.14).

The modified allocation. For an integral maximum flow F , set

x′
e = xe − Fd,r(e) + Fr,d(e).

Every row has total incoming exchange capacity L, so its outgoing exchange flow is at most L. Thus
x′ ≥ 0, its row sums are L, and no row-to-bin arc of capacity L + 1 is saturated. If Fsrc,d and Fd,snk
denote source and sink arc flows, then

y′
d = yd + Fsrc,d − Fd,snk.

At value β, every bin with b(d) > 0 receives b(d), while a bin with u(d) > 0 loses at most u(d),
proving y′ ≥ cjw.

19



The residual-reachable set. Otherwise let R be the set of all residual-reachable bins. For an
incidence e = (r, d), residual capacity from d to r, combining the original arc and the reverse of its
companion, is

xe − Fd,r(e) + Fr,d(e) = x′
e.

A positive allocation into a reachable bin makes its row reachable. All that row’s neighbors are
reachable because its row-to-bin arcs are unsaturated. The rows allocating into R are therefore
exactly its captives, which allocate their full L there. Hence y′(R) = Lh(R). Every sink arc from
a reachable bin is saturated, whereas the source arc of some reachable bin remains unsaturated.
Summing the residual changes over R gives (3.14).

The remaining state. Every source arc into a bin outside R is saturated, as otherwise it would
make that bin reachable; so y′ ≥ cjw there. A surviving row has no allocation into R, since such
a row would be captive and removed. Removing the assigned rows of R only increases exterior
residuals. Restricted x′ is the requested ledger.

Coarser ledgers and blockers. For a coarser level ℓ < j, one has cℓ ≥ cj + 1. Lemma 3.4 gives net
debt change at most

Lh(R)− cℓw(R) < −w(R).
Thus the net debt of that ledger decreases by more than w(R). Every captive is among the removed
assigned rows, giving f ≤ h(R); now (3.14) and cj ≤ C give the blocker bound.

At j = 1, construct this network globally and use Lemma 2.1, with Lemma 2.3 if necessary. Its
size is O(S) and its capacities are polynomial in S, yielding S1+o(1) time including the arc-flow
vector and residual cut. For j > 1, the parent inequality y + p ≥ (cj + 1)w permits the local
implementation of Lemma 4.1. It returns these allocation modifications and, when needed, the
entire residual-reachable removal set in

(P + B)SO(1/a)+oa(1)

time. Each primitive instance it calls has conditional probability of detected failure at most 2−σS−60

by Lemma 5.1(v).

3.6 Tight sets and factor-critical contraction

Whether the injection can be rearranged to free two given bins is a Hall condition on the rows.
Lemma 3.7 (Hall criterion for freeing bins). An injection of the rows into the bins along incidences
of B that avoids a set F ⊆ D of forbidden bins exists precisely when

|A(Z)| ≤ |Z \ F | (Z ⊆ D).

For F = {i, j}, the criterion becomes

h(Z) ≥ |Z ∩ {i, j}|. (3.16)

Proof. Necessity is immediate. Sufficiency follows from Hall’s condition [16, Theorem 1] applied
to any row subset: if Z is its full neighbor set, those rows belong to A(Z), and Z \ F is large
enough.

Lemma 3.8 (The tight-set alternative). Suppose (3.6) holds and an edge joins distinct bins
i, j. Either the injection can be rearranged to leave both free, or a unique inclusion-minimal
X ⊇ {i, j} satisfies h(X) = 1. In the latter case w(X) ≤ L, and the physical block

(⋃
d∈X d

)
∪A(X)

is constructively factor-critical using the joining edge, its row–bin incidences, and its child-bin
witnesses.
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Proof. The failure of the Hall criterion for freeing i and j is a tight set; minimal tight sets are
unique by submodularity of h; and the factor-critical witnesses are injections given by two further
Hall conditions.

The alternative. By Lemma 3.7 with F = {i, j}, the injection can be rearranged to leave both
bins free precisely when (3.16) holds for all Z ⊆ D. By the bottom surplus, failure means exactly a
tight set containing both bins.

Uniqueness of the minimal tight set. Each neighborhood-inclusion indicator in |A(Z)| is super-
modular; thus h is submodular. Two tight sets containing i, j have nonempty intersection and union,
both of deficiency at least one. Submodularity forces their intersection to be tight. Intersecting all
such sets gives the unique minimal X. Its weight bound follows from Lemma 3.2.

Exposing a vertex of a child bin. To expose a physical vertex v in child bin d ∈ X, match all
captive rows into X \ {d}. The Hall inequalities are h(Z) ≥ 1 when d ∈ Z and h(Z) ≥ 0 otherwise,
for Z ⊆ X. Expose v inside d and each assigned edge’s physical contact inside every other child.

Exposing a captive row. To expose a captive row r, match i, j along the joining edge, and match
the other captives into X \ {i, j}. The needed Hall inequalities are

h(Z) + 1{r∈A(Z)} ≥ |Z ∩ {i, j}| (Z ⊆ X). (3.17)

A proper subset containing both i, j has h(Z) ≥ 2 by minimality and integrality. Other nonempty
proper subsets use h(Z) ≥ 1, and for Z = ∅ both sides vanish. For Z = X, the deficiency is one
and r is captive. Thus (3.17) holds. Each child exposes its prescribed physical contact, so the child
witnesses lift these injections and the joining edge to the desired internal matchings.

3.7 Randomized search on an edge between two bins

We implement the alternative of Lemma 3.8 for an edge joining distinct bins i, j at a settled state,
without examining the physical interiors of visited bins. The search first tests for a small tight set
by capacity-one witness trials, refines a witness to the minimal tight set, and otherwise tries to free
both bins jointly by random walks. Lemma 3.9 states its guarantees.

The search uses the walk length and repetition count

ℓ = 16L(1 + s), Trep = 1000(σ + s + 1). (3.18)

Every walk below is capped at length ℓ, and every randomized trial is repeated in Trep fresh
copies. The walk length makes the probability that a walk is not absorbed within the cap at most
N exp(−16(1 + s)), by (3.19) in the proof of Lemma 3.9; the repetition count makes the failure of
all copies of a trial exponentially unlikely in σ + s.

The first stage searches for a capacity-one witness. It uses a directed reverse graph with split
vertices din → dout of capacity one for each bin. The source has capacity-two arcs to iin, jin. A free
bin’s output has a capacity-two arc to the sink. An assigned bin’s output has capacity-two arcs to
the inputs of all neighbors of its assigned row, retaining individual incidences. Original outdegrees
are bounded. The trials use doubling vertex budgets v0 = 1, 2, 4, . . ., through the first budget at
least 8L, with Trep fresh trials at each budget. A trial explores the original graph from the source
until reaching the sink or visiting v0 vertices. It sends one unit along a predecessor path, ending at
the sink if reached, and otherwise at a uniformly sampled visited vertex. Then it explores residual
reachability with the same budget. The trial accepts the residual source side only if this residual
search exhausts it without reaching the sink; the result of a truncated search, or of one that reaches
the sink, is rejected. A tight set has |X| ≤ w(X) ≤ L by Lemma 3.2, so the budgets pass 4|X|, the
size from which a trial succeeds with probability at least one half (stage “Success of a tight-set trial”
in the proof of Lemma 3.9).
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The second stage refines an accepted witness X ′. It lists the captives of X ′ through its assigned
bins, checking each row’s bounded neighbor list. On these rows and bins, it uses source-to-row
capacities one, row-to-bin capacities κ, bin-to-sink capacities one, and additional source arcs of
capacity κ to i, j, where κ = 2|X ′|+ 3 exceeds the finite cut values of interest. It starts with the
captive assigned edges, a flow of value |A(X ′)|, performs one augmentation, and returns the bins
of the smallest source-side minimum cut, found by residual reachability. After refinement, if the
witness was found at a budget exceeding 16|X|+ 16, the perfect-matching test is aborted negatively;
we call this a late-witness abort. Since the budgets double, the first budget at least 4|X| is at most
max{1, 8|X|} ≤ 16|X|+ 16, so on a tight pair a late-witness abort occurs only after every trial at
that budget has failed.

The third stage applies if no tight witness is found: it tries to free the bins jointly. At an assigned
bin, a reverse walk follows an incidence of its assigned row with probability xa

e/L; free bins absorb.
First free i by a successful walk to a free bin: erase loops while keeping the assignment fixed, and
then shift each encountered row to the next bin of the resulting path. If i was already free, no
change is needed. With the new injection, explore from j until another free bin is reached, or until
reaching 8L distinct assigned bins. In the first case use its predecessor path. In the second, sample
a reached bin uniformly, retain its prefix path from j, and try a bottom-ledger walk from there;
concatenate the retained prefix with that walk, erase loops, and shift assignments. The cap 8L
makes the average probability of hitting i from a sampled bin at most 1/8 (see (3.20)). Loop erasure
uses a stack indexed by bin. The search makes Trep attempts at first freeing and Trep sampled
second-freeing attempts. Exhaustion or failure after the capped repetitions gives a negative answer.

Uniform choices are made as follows. A range-uniform draw generates enough independent
fair bits to cover the range and rejects out-of-range strings; its string attempts are capped at Trep,
returning negative on exhaustion. An integral allocation draw uses a uniform element of {1, . . . , L}
and the row’s at most three cumulative intervals.

Lemma 3.9 (Soundness, error probability, and work of the pair search). Let a, σ and the state
be as in Section 3.1. At a settled state, let an edge join distinct bins i, j, and run on it the search
of Section 3.7 with the parameters (3.18). A returned contraction is the minimal tight set with
a valid factor-critical witness; a returned gain has a valid joint-freeing witness. Conditional on
the current (valid) state, the probability of a premature negative answer, including a late-witness
abort, is at most 2−σS−60. A search that returns a contraction, without a late-witness abort, costs
O(|X| polylog S); a gain attempt or final abort costs O(L polylog S); in both bounds the constants
may depend on σ through Trep. These work bounds hold on every path.

Proof. The search is sound because only certified witnesses are accepted. Each randomized trial
succeeds with constant probability, so Trep repetitions make a premature negative answer unlikely,
and a union bound over all draws gives the stated probability. The work bounds follow from the
budgets and caps.

Soundness of a capacity-one witness. An accepted source side is fully exhausted and sink-free.
Its original outgoing arcs are saturated and its incoming flow is zero, so its original outgoing capacity
equals net path flow, at most one. That capacity is positive since the original sink was reachable.
It is therefore exactly one. No capacity-two arc crosses the source side: the unique crossing is a
split arc, both specified inputs are inside, and every included output has all of its assigned row’s
neighbors inside. An included output has its own input inside too. It is reached either through
its split arc, or through the residual reverse of an original outgoing arc. In the second case that
outgoing arc carried the predecessor-path flow, so its split arc also carried flow and has a residual
reverse to its input. Thus the included inputs form a bin set X ′ in which all bins except the one
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with the crossing split arc have distinct captive assigned rows. Consequently h(X ′) ≤ 1, and the
bottom surplus makes X ′ a tight witness containing i, j.

Refinement. Given a bin source side Z ⊇ {i, j}, the optimal row source side is A(Z), with cut
capacity

|A(X ′)|+ h(Z).

The minimum is |A(X ′)|+ 1. Starting from the captive assigned edges, one augmentation therefore
reaches the maximum, and residual reachability gives its smallest source-side minimum cut. Its bins
are the unique minimal tight X. This takes linear work in |X ′|, up to dictionaries.

Soundness of joint freeing. Each retained outgoing transition follows the row assigned at its
origin, since the assignment stays fixed throughout path construction. Hence a path to a free
bin certifies the reassignment, and an already-free target needs no rearrangement. A successful
joint freeing therefore always certifies a gain. Together with the two preceding stages, this proves
soundness of every returned contraction and gain.

Success of a tight-set trial. For the minimal tight X, its |X| − 1 captive rows are assigned to all
but one bin t of X. The set comprising the source, all inputs of X, and all outputs of X \ {t} has
at most 2|X| vertices and outgoing capacity one: only t’s split arc leaves it. The original sink is
reachable. Otherwise all reachable bins are assigned, and their assigned rows have every neighbor
among those bins, contradicting positive deficiency for that nonempty set. When v0 ≥ 4|X|, either
the endpoint is the sink or exactly v0 vertices were visited. At most 2|X| of the latter lie in the
small cut, so the endpoint is outside with probability at least one half. A simple predecessor path
to the exterior uses its sole outgoing arc once and cannot return: it would then have to use that
same outgoing arc again to reach its endpoint. It therefore saturates the outgoing capacity and has
no positive incoming flow across the cut. The cut has no outgoing residual arc. Since v0 > 2|X|,
residual search then exhausts without the sink. Thus a tight-set trial succeeds with probability at
least one half once its budget is at least 4|X|. On a tight pair, a late-witness abort requires failure
of every trial at the first budget at least 4|X|, so missing the early witness is exponentially unlikely
in Trep.

Freeing walks. For the transition submatrix Pm on assigned bins, each destination column d has
sum at most

loada
d /L ≤ 1− wd/L.

This remains true after an injection rearrangement: each assigned row still supplies exactly one
transition row. Since wd ≥ 1, the probability of surviving ℓ steps from any start is at most

N exp(−ℓ/L). (3.19)

Indeed the matrix column norm is at most 1−1/L. Each entry of P ℓ
m is at most its column sum, and

summing a starting row over at most N columns proves the bound. After i is freed, joint freeability
guarantees a path from j to another free bin, avoiding i, in the reverse graph in which each assigned
bin leads to all neighbors of its assigned row. Otherwise the exhausted set T of reached assigned
bins has all its assigned rows captive in T ∪ {i}. This set contains i, j and has deficiency at most
one, contrary to (3.16) (Lemma 3.7). Let Hd be the probability of eventually hitting i from an
assigned bin, and pi the one-step column into i. For the assignment fixed during this attempt,

H = PmH + pi, wTH ≤ L1T(I − Pm)H = L1Tpi ≤ L. (3.20)

The first inequality is the destination-column bound with H ≥ 0; the last uses loada
i /L ≤ 1. As

weights are at least one, the average hit probability over the 8L reached bins is at most 1/8. Together
with (3.19), this gives a constant chance of reaching another free bin within the walk cap while
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avoiding i; the concatenation then frees j while leaving i free. For a jointly freeable pair, the
first walk has constant success probability by (3.19). The second has probability at most 1/8 of
hitting i, by (3.20), and its nonabsorption probability at the length cap is bounded by (3.19). With
ℓ = 16L(1 + s) and N ≤ 2s, their sum is at most 1/8 + N exp(−16(1 + s)) ≤ 1/8 + e−16, strictly
below one. Unsuccessful trials do not change the injection, so the same conditional estimates apply
repeatedly.

Random bits and the union bound. Each elementary attempt of a range-uniform draw succeeds
with probability at least one half, so a capped draw fails with probability at most 2−Trep =
2−1000(σ+1)S−1000. Under (3.8), fewer than S10 such draws occur in one pair search, including every
budget and trial. A union bound over constant-probability trial failures and capped fair-bit rejection
failures gives 2−σS−60. Equivalently, the capped process coincides with unlimited exact rejection
until its first cap failure.

Work bounds. On every path, a search that returns a contraction costs O(|X| polylog S), with
constants depending on σ through Trep; a final abort may cost O(L polylog S). Doubling budgets
sum to a constant multiple of the last, so the post-refinement budget test gives O(|X|polylog S) for
a returned contraction even on an unfavorable random path. The one pushed path creates only
linearly many residual reversals, so each bounded exploration takes time linear in its budget, up
to dictionaries. Other attempts use O(L) vertex caps, O(L log S) walk caps, and the repetition
counts Trep. The search generates outgoing reverse arcs from the bin and assignee data and from
the assigned row’s physical neighbor list, of degree at most three, and it keeps path-created residual
reversals and local visited records in dictionaries. Hence no query scans all physical vertices of a
visited bin. Random bits, initialization, loop erasure, record operations, and explicit path or witness
output are included in the work.

3.8 Matching materialization

A bin is dissolved when it is materialized and its vertices leave the bin family, as at an erasure
(Definition 3.3) or at a phase boundary.

Lemma 3.10 (Materializing a bin). A current bin can be materialized with any prescribed physical
exposure in time linear in its physical size up to logarithmic factors. All current bins can be dissolved
at an erasure or phase boundary in time linear, up to logarithmic factors, in their total physical size.

Proof. Each contraction stores its abstract incidence graph. A prescribed exposure determines at
most two augmentations at each node of the resulting contraction tree, by Lemma 3.8 and (3.17),
and the recursion visits each child once.

Contraction records. At a contraction store the child-bin records, captive rows and their physical
incidences, joining edge, and captive assignment at contraction time. This gives a contraction tree
whose leaves include both child-bin vertices and captive-row vertices. The stored captive assignment
covers all but one child.

Exposure in a child. If the desired exposure v is in child d, forbid d and remove its captive
assignment if present. At most one row becomes unmatched. Lemma 3.8 guarantees an injection
of all captives avoiding d, so at most one ordinary row augmentation suffices. If d was the unused
child, none is needed. Expose v inside d, and the physical assigned-edge contact in every other child.
A preserved exterior assignment merely prescribes v to be its contact endpoint.

Exposure at a captive row. If the desired exposure is a captive row r of the contraction, delete r
and its assigned edge, reserve i, j for the stored joining edge, and remove any remaining assignments
into those children. At most two remaining rows become unmatched. Inequality (3.17) guarantees a
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matching of the remaining rows into X \ {i, j}, so at most two augmentations suffice. The joining
edge prescribes exposures in i, j; every other child gets its row-edge contact.

Recursion and total work. In either case each child receives exactly one prescribed exposure and
is recursively materialized once. The searches scan only this node’s stored abstract incidence graph,
of size linear in its arity because rows have degree at most three. At the start of dissolving a root,
one traversal assigns subtree leaf intervals. The interval containing a prescribed physical vertex
identifies its direct child, with logarithmic search overhead if needed. No contraction is unary, and
each record has size linear in its arity. The sum of record sizes and leaves is therefore linear in the
dissolved root’s physical size. Summing the local searches, endpoint lookups, and single child visits
proves the bound. Disjoint roots at an erasure or phase boundary can be handled in the same total
physical-size time.

In the accounting of Section 4.6, any later return of these vertices to bins is counted as a new
period of bin membership, begun by initialization or by an expansion (see also Lemma 4.5). Thus
each dissolved contraction record is counted exactly once, for its materialization, even when later
descents pass through an unchanged nested witness.

4 Local projection and the perfect-matching bound
This section completes the phase algorithm of Section 3. It implements the projection onto an
integral ledger j > 1 locally, proves the progress and cost bounds of a phase, and assembles the
fixed-parameter perfect-matching test. We use the state notation of Section 3, its prerequisite
checks (3.8) and the caps stated after them, and the step primitive (Lemma 5.1), which is proved in
Section 5. Asymptotic notation follows the convention of Section 2.

The results of the section combine into Theorem 4.8 as follows. Lemma 4.1 performs each
scheduled projection with j > 1 in time (P + B)SO(1/a)+oa(1), where P is the debt of the parent
ledger. Lemma 4.5 bounds the removed weight, the blockers, the expansions, the contractions and
the ticks of a phase. Together with the parent-debt bound (4.21), these results give the phase-time
bound (4.23) of Section 4.6. The proof of Theorem 4.8 bounds the number of phases by Oa(log S),
so the total time is S1+O(1/a)+oa(1). Lemma 4.7 shows that, for sufficiently large a and S, no
deterministic guard fails, so that this time bound holds on every path and no suspension occurs.
When the graph has a perfect matching, Lemma 4.6 excludes a Low answer before the phase target
is reached, and the step bound (4.20) excludes an infinite sequence of pricing steps. A union bound
over the instances of the step primitive and the pair searches of Lemma 3.9 gives the error bound
(4.25). The proof of Theorem 4.8 in Section 4.7 carries out this assembly.

The threshold tests use the potential-reduction viewpoint of approximate minimum-ratio circu-
lations developed by Chen et al. and its dynamic threshold formulation by van den Brand, Liu, and
Sidford [3, 38]. The logarithmic objective, local exploration and projection guarantees needed here
are proved directly.

4.1 The local projection lemma

The exchange network of Lemma 3.6 has one vertex for every bin and row. Its source and sink will
be denoted by s∗, t∗, to distinguish them from the size exponent in S = 2s. Recall from (3.12) that,
for the integral parent ledger j − 1 and the requested floor cw with c = cj ,

b(d) = (cwd − yd)+, u(d) = (yd − cwd)+, β =
∑

d

b(d), P =
∑

d

pd. (4.1)
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The floor (3.4) of the parent is one unit higher:

yd + pd ≥ (c + 1)wd. (4.2)

In particular, β ≤ P . Lemma 3.6 requires a maximum exchange flow and, when the maximum is
below β, its full residual source-reachable bin set. The following lemma computes this information
without scanning every bin.

Lemma 4.1 (Local exact projection). Let a, σ and C be as in Section 3.1, B as in (3.3), and c and
P as in (4.1). Suppose an integral parent ledger satisfies (4.2) in a partition state of a subcubic graph
on at most S physical vertices. Its allocations, column residuals, weights, and positive debts support
point access and sparse indexed updates. Assume P = Oa(S) for the fixed-parameter asymptotic
bound. Then the exact exchange projection can be implemented in

(P + B)SO(1/a)+oa(1) (4.3)

total time on every path, at all sufficiently large sizes for fixed sufficiently large parameters.
The implementation either returns the exact exchange-flow changes and, if needed, the full

residual reachable set R of Lemma 3.6; reports a detected stochastic failure; or suspends on a
deterministic prerequisite check. It uses O(log S) instances of the step primitive. For each reached
instance with valid prerequisites, the conditional probability of a detected failure is at most 2−σS−60.
All updates to a fresh child ledger and all necessary physical scans are confined to O(P ) represented
incidences and bin weight, apart from the padding and subpolynomial factors in (4.3). The stated
deterministic prerequisites do not cause suspension in the sufficiently large fixed-parameter range.

The construction tests whether the full exchange maximum is at least an integer threshold.
An optimistic local network supplies an upper bound on that maximum, and the same explored
region with the capacities of the exchange network supplies a lower bound (Section 4.2). Section 4.3
constructs and analyzes this test, and Section 4.4 shows how two of its regions recover the full
residual cut and completes the proof of Lemma 4.1.

4.2 Local exploration and bounds on the exchange maximum

Assume β > 0 for the threshold construction. The exploration starts with every seed bin, that is,
every bin satisfying pd ≥ wd/2. Their total weight is at most 2P . The index of positive integral
debts has at most P entries, so listing these seeds and computing their deficits takes O(P ) point
operations. Every deficit is a seed: if yd < cwd, then (4.2) gives pd > wd.

Expanding a bin exposes all its bin-to-row exchange arcs, its source and sink capacities in
the exchange network, and all row-to-bin arcs and endpoints of the rows thereby discovered. Arc
identifiers are retained, so an already represented arc is not inserted a second time. The seeds
are expanded. An unexpanded bin reached as an endpoint is a boundary. It has no represented
bin-to-row arcs yet and no positive source capacity, since it is not a seed. The region of an exploration
consists of its expanded bins, its boundaries, the rows discovered so far, and all represented arcs; it
grows whenever a further bin is expanded. The optimistic network of the region has the represented
arcs with their exchange capacities, gives every boundary a sink arc of capacity β + 1, and has zero
lower bounds. The sink capacity u(d) of a boundary in the exchange network is available by a point
lookup, and (4.2) implies

u(d) = yd − cwd ≥ wd − pd > wd/2. (4.4)
In particular u(d) ≥ 1, by integrality. The restricted network of the region has the same represented
arcs, but uses the exchange sink capacity u(d) at every boundary. It embeds into the full exchange
network.
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Lemma 4.2 (An upper bound on the full exchange maximum). Let β be as in (4.1), and assume
β > 0. For every region obtained by the exploration of this subsection, which expands all seeds
and possibly further reached bins, the maximum flow value of its optimistic network is at least the
maximum flow value of the full exchange network of Lemma 3.6.

Proof. Take an integral path decomposition of a maximum flow of the full exchange network and
discard its cycles. Each source path starts at a seed. Truncating each path at its first boundary, if
any, and sending it from there directly to the sink gives a flow in the optimistic network of the same
value. Indeed, the retained interior arcs are represented with their exchange capacities, and the
total flow is at most β, less than every optimistic boundary sink capacity.

4.3 The threshold test

4.3.1 The scaled network and its objective

The optimistic and restricted networks have zero lower bounds. For optimization we use a third
network on the represented arcs, the scaled network of the test: its capacities are scaled, its
logarithms have padded arguments, and some sink arcs acquire permanent positive lower bounds.
These lower bounds limit the total explored weight. Lemma 2.2 converts its exactly conserved real
points into integral feasibility statements, with the total violation including the return arc.

The test with integer threshold θ, where 1 ≤ θ ≤ β, begins a fresh exploration and multiplies all
ordinary capacities by 16. It introduces a return arc t∗ → s∗ with variable z, and sets

T = 16θ, W = 20000(P + 1). (4.5)

The objective is

Φ(F, z) =
∑

e ordinary

[
log(Fe − ce + ζ−

e ) + log(ce + ζ+
e − Fe)

]
−W log(T − z). (4.6)

Here ce, ce are the current unpadded bounds, initially with lower bound zero, and ζ−
e , ζ+

e > 0 are
dyadic pads. At the current point, write g = ∇Φ, and let λe be the sum of the absolute derivatives
of the individual weighted logarithmic terms on coordinate e, as in Lemma 5.1. In particular,
this is not in general |ge|: the two ordinary-arc derivatives can cancel, whereas on the return arc
gz = λz = W/(T − z). All flows start at zero. Added arcs also start at zero, and every subsequent
motion is an exact circulation supplied by Lemma 5.1; no client operation changes an existing flow
value. Figure 1 shows the scaled network and the transition from an optimistic boundary to a
permanently locked sink.

The four networks of the construction and their roles are the following.

Network Arcs and bounds Role
Full exchange network
(Section 3.5)

all bins and rows; capacities b(d), u(d), xe,
L + 1; zero lower bounds

its maximum flow value v is to be de-
termined

Optimistic network of
a region

represented arcs with exchange capacities;
sink capacity β +1 at every boundary; zero
lower bounds

maximum at least v (Lemma 4.2);
shows v < θ after Low

Restricted network of
a region

represented arcs with exchange capacities,
including u(d) at every boundary; zero
lower bounds

embeds into the full network, so its
maximum is at most v; shows v ≥ θ
after success

Scaled network of a
threshold test

represented arcs with capacities multiplied
by 16; return arc t∗ → s∗ with flow z;
padded bounds; locks (4.10)

optimized by the step primitive with
objective (4.6); converted to the un-
scaled networks by Lemma 2.2 and di-
vision by 16 (Lemma 4.3)
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expanded bin and discovered row

s∗ di r d t∗

boundary

16b(di)
16xe

16(L + 1)

16(L + 1) 16(β + 1)

exchange sink capacity 16u(di)

return flow z; objective −W log(T − z), T = 16θ

Unexpanded boundary
sink interval
[0, 16(β + 1)]
exchange sink

capacity u(d) > wd/2

Expanded and locked
sink interval

[4u(d), 16u(d)]
include the newly

exposed arcs

cached flow
reaches 8u(d)

7u(d) < Fe < 10u(d)

Figure 1: The scaled network of a threshold test and the boundary transition in Lemma 4.1. Labels
on ordinary arcs are scaled upper capacities; omitted unpadded lower bounds are zero. The schematic
shows one expanded incidence and one boundary incidence. Initially all seeds (bins with pd ≥ wd/2),
and therefore all deficit bins, are expanded. A boundary has no outgoing bin-to-row arcs and no
positive source capacity until expansion. Padded bounds are used by the step primitive. Expansion
keeps the current flow and installs a permanent lower lock. If the last step succeeds before a new
trigger is served, the flow Fe on the boundary’s sink arc e still satisfies Fe < 10u(d) < 16u(d), as in
(4.11), so the exchange sink capacity is respected up to padding.
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4.3.2 Padding of the logarithmic arguments and the range of the return flow

Each pad starts at 4δ. If a cached argument is at most 3δ, its pad increases by 4δ and that coordinate
is reset exactly. Explicit changes of bounds also reset it exactly. Increasing a pad only increases the
objective. The cached-value and step-size guarantees (5.5) and (5.4), exactly as for the positivity
margins of Lemma 3.5(i), keep all ordinary arguments above δ before a new step and above δ/10
at a refresh after motion. A repaired argument does not need another increase without further
motion or a change of its bounds. The repairs can therefore be made on dirty and newly inserted
coordinates, without a scan of the represented graph at each step.

The caps stated after (3.8), namely S20 main-loop actions per phase, S20 pricing calls per
threshold test, and the S100 external-operation cap, give, on every guarded prefix (Section 2), a
total sum of pads

α :=
∑

e ordinary
(ζ−

e + ζ+
e ) < S−800. (4.7)

One may bound the number of potential repairs using all O(S) ordinary arcs of the full exchange
graph. Alternatively, the external-operation cap gives at most a constant multiple of S100 pad
settings, each of size O(δ), and their total is smaller than the right side of (4.7) for large S. There
is no intervening infinite repair chain: a repaired argument is reset exactly, and the current point
does not move during the service. All ordinary unpadded-bound violations sum to at most α.
Conservation at the source gives

−α ≤ z ≤ 16β + α. (4.8)

At each loop test the algorithm reads z exactly. It stops successfully when z ≥ T−1/4. Otherwise
the next step cannot cross T : the return contribution to its length is W |∆z|/(T − z), and the step’s
total length is at most q/100. Thus its relative return-argument change is at most q/(100W ). In
particular even the final successful step leaves

T − z ≥ 1/8. (4.9)

4.3.3 Expansion of boundaries and the size of the explored region

Before another pricing call, the test expands every boundary whose cached sink flow is at least 8u(d)
and replaces its unpadded optimistic sink interval by

[ 4u(d), 16u(d) ]. (4.10)

This lower lock is retained for the rest of the threshold test, and the newly discovered arcs are added
with flow zero. Pads can be reinitialized when the sink bounds change.

The transition is interior with a constant margin. At the start of a step, an untriggered boundary
has flow less than 8.2u(d), by the cached-value error inequality (5.5) applied to its padded lower
argument (whose unpadded bound is zero) and by u(d) ≥ 1. During the step its absolute change is
at most (q/100)(Fe + ζ−

e ), so its resulting flow is less than 10u(d). At a first trigger the same cache
guarantee gives flow greater than 7u(d). Hence the new interval (4.10) is safely interior. Triggers are
checked on dirty or newly supplied entries using their latest cached values. An exact reset without
motion cannot invalidate the estimate. In particular, if success is detected immediately after a step,
before a newly triggered boundary has been serviced, that boundary still has

Fe < 10u(d) < 16u(d). (4.11)

Thus a successful exit requires no additional scan or expansion.
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Every previously locked sink carries at least 4u(d), apart from its pad violation; each just-
triggering sink carries more than 7u(d). All other sink flows are nonnegative apart from their pad
violations, and their sum is z. Each nonseed expanded or triggering bin satisfies 2wd < 4u(d) by
(4.4). Since the pad violations sum to at most α and z ≤ 16β + α by (4.8), twice the total weight of
these bins is less than 16β + 2α, and β ≤ P bounds this weight by 8P + 1. Including seeds, the
expanded weight is at most

11(P + 1). (4.12)
This also bounds physical scanning: an expanded bin has 2wd − 1 vertices of degree at most three.
Per unit of expanded weight there are at most six bin-to-row incidences, at most eighteen row-to-bin
incidences, and at most eighteen boundary occurrences. Including source and sink arcs, there are
fewer than 1000(P + 1) ordinary arcs. Each is inserted once, the region only grows, and each sink is
locked at most once. The same bound thus controls cumulative topological insertions in this test.

The numerical constants of a threshold test enter the argument through the following relations.

Constant Role
factor 16 scales all ordinary capacities; T = 16θ, and the integral certificate is divided

by 16 at the end of the proof of Lemma 4.3
W = 20000(P + 1) ten times the bound 2000(P +1) on the number of ordinary logarithmic terms;

gives the ratio > 1/2 in the proof of Lemma 4.3
pads 4δ, repair at 3δ keep ordinary arguments above δ before a step and above δ/10 after motion;

total α < S−800 by (4.7)
stop at z ≥ T − 1/4 the return violation at success is at most 1/4 + α, so the total violation is

below one; the last step leaves (4.9)
trigger 8u(d) a first trigger occurs with flow between 7u(d) and 10u(d), inside the lock

interval (4.10)
lock [4u(d), 16u(d)] the upper end is the scaled exchange sink capacity; the lower end exceeds 2wd

by (4.4) and yields (4.12)
8192(P + 1) an example of a sufficient nominal lifetime size of the primitive instance of one

test: it bounds every new endpoint and arc of the test and satisfies hypothesis
(5.2) (Sections 4.3.5 and 4.7)

4.3.4 The threshold certificate and the decision

Lemma 4.3 (Threshold certificate). Consider a threshold test of Section 4.3 with threshold θ and
T as in (4.5), and the optimistic and restricted networks of its region (Section 4.2). Suppose that
the test has neither failed nor suspended. If the maximum flow value of the optimistic network is at
least θ, equivalently at least T after all capacities are multiplied by 16, the test does not report Low.
If the test exits successfully, the maximum flow value of the restricted network is at least θ.

Proof. Both conclusions follow by applying Lemma 2.2 to the current exactly conserved point, with
two different sets of integral bounds.

Exclusion of Low. Consider the current integral ordinary bounds, including the locks, together
with the return interval [0, 16β]. The current point is exactly conserved. Its ordinary violation is at
most α, and (4.8) adds at most α more for the return interval. The total violation, including the
return arc, is at most 2α < 1. Lemma 2.2 supplies an exactly feasible integral circulation for these
bounds.

Starting from its ordinary flow, one can attain the optimistic maximum while preserving all sink
locks. If the present value is smaller, the ordinary residual network contains a source-to-sink path;
erase cycles to make that path simple. The only additional lower bounds are on incoming sink arcs.
Their reversals leave the sink and cannot occur on a simple source-to-sink path. Every augmentation
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therefore preserves the locks, even if the starting flow contained cycles. This constructs, existentially,
a feasible comparator (F ′, z′) with z′ ≥ T .

The difference from the current point is a nonzero circulation. For each ordinary logarithmic
term, a negative directional derivative has magnitude at most one, since the comparator is feasible
even without the pads. There are fewer than 2000(P + 1) such terms. The return term contributes

W (z′ − z)
T − z

≥W

positively. If A+ and A− are the sums of positive and absolute negative individual contributions,
then

A+ ≥ 20000(P + 1), A− < 2000(P + 1), gT(F ′ − F, z′ − z)
∥λ(F ′ − F, z′ − z)∥1

= A+ −A−
A+ + A−

>
1
2 .

The comparator enters only through the direction (F ′ − F, z′ − z), so Φ need not be defined at
(F ′, z′). Lemma 5.1 rules out Low.

Certificate at success. At a success exit, consider the bounds obtained by replacing the optimistic
boundary capacities by the exchange capacities and imposing the return interval [T, 16β]. By (4.11),
no unexpanded boundary violates its exchange upper capacity, even before trigger service. There
are no unexpanded deficits. The ordinary violation is at most α; the additional return violation is
at most 1/4 + α. The total is less than one. Lemma 2.2 gives a feasible integral scaled flow of value
at least T = 16θ in the restricted network. Dividing capacities and flow value by 16 proves that its
unscaled maximum is at least θ.

The test continues until success, Low, detected stochastic failure, or suspension. On Low, a
static integral maximum-flow computation verifies that the maximum of the optimistic network, in
unscaled units, is below θ. On success, it verifies that the maximum of the restricted network, in
unscaled units, is at least θ. A contradictory exact check causes suspension. By Lemma 4.3, if the
test has neither failed nor suspended before the check, the check confirms the reported outcome.
These calls use Lemmas 2.1 and 2.3 with size padded to O(P + B). Capacity digit scaling in
particular avoids a variable polynomial-capacity exponent when P is small relative to S.

Thus each verified test decides the threshold for the full graph. On Low, Lemma 4.2 implies
that the full maximum is below θ. On success, the restricted network embeds into the full graph
and supplies value at least θ. The scaled network is discarded after the test; the exact checks use
the optimistic or exchange capacities, respectively.

4.3.5 Number of steps and time of one test

The objective range at loop and service states is Oa((P + 1) log S): there are O(P + 1) ordinary
terms with arguments between δ/10 and a checked upper bound polynomial in S (Lemma 4.7),
and the weighted return term has the same total order by (4.9) and W = O(P + 1). Pad increases
never lower the objective. An arc insertion or a lock change decreases the objective by at most
O(log S), and there are only O(P + 1) such touches. The Ω(q2) increase per successful pricing step
consequently bounds their number by

Oa((P + 1)q−2 log S). (4.13)

The primitive instance of a test is given nominal lifetime size 8192(P + 1), for example; this size
includes every new endpoint and arc. Point reads of the return arc, local pad changes, boundary
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notifications, and the final static verification are included in the time of the test, and a pricing call
makes no global scan. Since q−2 = B200 ≤ 2200S200/a, the step count (4.13) is (P + 1)SO(1/a)+oa(1);
by the notification bound of Lemma 5.1(iii), so is the number of external operations of the test,
which takes the place of the operation count of Lemma 5.1(iv). With the nominal size 8192(P + 1)
in place of the nominal bound of that lemma, the time bound (5.6) therefore gives (4.3) for one
threshold. The guard S20 on the pricing calls of a threshold test is eventually larger than (4.13)
because q−2 = Oa(S200/a) and P = Oa(S).

4.4 Recovering the exact flow and the full residual cut

The threshold tests determine the maximum value, but the matching procedure also needs the exact
allocation changes and, when a deficit remains, the entire residual source-reachable bin set. We now
recover this information from the small regions explored by the tests.

Lemma 4.4 (Recovering the full residual cut). Let β be as in (4.1), and let regions and their
networks be as in Section 4.2. Suppose β > 0, and let v be the full unscaled exchange maximum.
Suppose that, when v > 0, a region whose restricted network has maximum v is available, and that,
when v < β, a region whose optimistic network has maximum v is available. The union of the
available regions, using exchange capacities and original arc identifiers, suffices to compute an exact
full exchange flow and, when v < β, the full residual source-reachable bin set.

Proof. Suppose v < β, and let Q be a minimum source side of the supplied optimistic network. No
boundary belongs to Q, because its sink arc alone has capacity β + 1 > v. Consequently every bin
of Q is expanded and all its outgoing bin-to-row arcs of positive exchange capacity are represented.
Every represented row has all its outgoing row-to-bin arcs, and every positive source arc is present
because all deficits are seeded. Thus all arcs leaving Q in the full exchange network occur with the
same capacity in the supplied optimistic network. The same set Q is a full-graph cut of capacity v.

The supplied restricted network has value v when v > 0. The algorithm solves an exact integral
maximum flow in the union with exchange capacities, using the optimistic network alone when
v = 0 < β, or the restricted network alone when v = β > 0. The union’s value is exactly v, by the
cut just proved or by the total source capacity β. Its extension by zero is a flow of the full network.

When v < β, equality of its value with the capacity of Q forces every outgoing cut arc to be
saturated and every incoming cut arc to have zero flow. Neither an unsaturated forward arc nor
a positive-flow reverse arc can leave Q. All positive-capacity original arcs needed within Q are
represented, and every needed reverse arc is the reverse of an arc carrying positive flow in the union.
Residual reachability computed in this local representation is therefore the full residual source
reachability. Its bin part is precisely R.

Proof of Lemma 4.1. The algorithm finds v by binary search over threshold tests, recovers the flow
and the residual set by Lemma 4.4, and the time bound follows from the per-test bound and the
size (4.12) of the explored regions.

Seeds and the case β = 0. Listing the positive parent debts finds the seeds and computes β,
in O(P ) point operations. If β = 0, the unchanged allocation already satisfies the requested floor,
so giving the fresh child an empty debt map finishes the projection. The parent ledger remains
unchanged.

Binary search and recovery. Otherwise binary search, using the verified threshold tests, de-
termines the full unscaled maximum v. The algorithm retains a region whose restricted network
has maximum v when v > 0. If v < β, it retains the optimistic network of a test with threshold
v + 1 that reported Low. Its maximum is exactly v: it is below v + 1 by the test, at least v by
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Lemma 4.2, and integral. At most a constant number of additional threshold tests retrieves these
regions. Lemma 4.4 then returns the exact flow and, when needed, its full residual bin set.

Size and time. The union has size O(P + 1). Its flow support supplies all allocation changes.
The set R has weight O(P ), either by (4.12) or by Lemma 3.6: the parent, as a preserved coarser
ledger, loses at least w(R) in net debt, so w(R) ≤ P . Listing its assigned rows and their affected
allocations requires only that physical weight and bounded row degree. There are O(log S) threshold
tests, including the tests that retrieve these regions, because β ≤ P = Oa(S). The per-test bound
(4.3), the final static flow on the union, and these sparse ledger changes give the asserted total time.
For each reached primitive instance, the conditional probability of a detected failure is at most the
bound of Lemma 5.1; a detected failure or suspension is returned to the caller immediately. The
numerical and nominal-size prerequisite checks, including those used above, are justified uniformly
on guarded prefixes in Lemma 4.7.

4.5 Debt, structural work, and progress

Recall from Section 2 that a guarded prefix of a computation path ends before the first failed
guard of the path. The estimates of this subsection apply on guarded prefixes, for every input
graph, whether or not it has a perfect matching; on such a prefix every returned structural action
or projection satisfies its deterministic invariants. A removal is the deletion of the bin set R of
Lemma 3.6 by a projection; the sum in (4.14) ranges over these removals.

4.5.1 Debt and structural counts in a phase

Lemma 4.5 (Bounds on removals and structural operations in a phase). Let C be as in Section 3.1.
In a phase with initial deficit K, row allocation L, and target g∗ as in (3.2), every guarded prefix
before completion satisfies∑

removals
w(R) ≤ 2L(g∗ − 1) + S−800, #{blockers} ≤ 2C(g∗ − 1). (4.14)

There are O(N + Lg∗) expansions, the sum of contraction arities |X| is O(N + Lg∗), and the total
tick increase is τ = Oa(N).

Proof. The first bound compares the debt added by repaired gains with the debt removed by
projections; the counts of expansions and contractions follow from the bottom certificates, and the
tick bound from (3.2).

Removed weight and blockers. Before the terminal g∗-th gain there are at most g∗ − 1 gains
whose ledgers are repaired. Top contractions preserve total debt, top expansions use available slack
without adding other debt, and the positivity service of Lemma 3.5(iv) adds less than S−800 debt.
By Lemma 3.4, each repaired gain adds at most 2L net debt. By Lemma 3.6, every removal by a
projection decreases the debt of the top ledger by at least the removed weight. Hence∑

d

p0
d +

∑
removals

w(R) ≤ 2L(g∗ − 1) + S−800, (4.15)

and nonnegative remaining debt gives the first bound in (4.14).
The number of new blockers at a removal is at most h(R) < Cw(R)/L, by (3.15). Summing this

strict inequality and using integrality gives the second bound in (4.14); the tiny positive remainder
is less than one. In particular, before the first gain of a phase with g∗ = 1, no removal of positive
weight can occur.
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Expansions and contractions. The bottom certificate of Lemma 3.2 bounds the weight removed
by a gain by 2L. A removed bin has 2wd − 1 physical vertices, and at most one assigned row
per removed bin is materialized with it. Thus the number of vertices returned to U is bounded
by a constant times the total removed weight. Every expansion takes a pair from U . The initial
population of U is at most N , so expansions number O(N + Lg∗). Initially there are at most N
bins and each expansion creates one new bin. A contraction decreases their number by |X| − 1, and
|X| ≥ 2; hence the sum of |X| over contractions is also O(N + Lg∗).

Ticks. Expansions and contractions contribute one tick each, and a repaired gain contributes
L, giving τ = O(N + Lg∗). Finally, the bound Lg∗ = Oa(N) stated after (3.2) follows from that
display: if K < 100C, then g∗ = 1 and L = Oa(N); otherwise

Lg∗ ≤
(10000CN

K
+ 1

)
K

100C
= O(N).

This proves the tick bound.

4.5.2 An improving direction at a stall

We call a settled state at which neither a distinct-bin contact (action 1 of Section 3.3) nor an eligible
expansion (action 2) is available a stall; at a stall the main loop makes a top pricing call. In the
next lemma, g and λ are the gradient and the absolute-derivative vector of the top objective (3.7)
at the current point, and a direction is a nonzero circulation, as in Lemma 5.1(i).

Lemma 4.6 (Improving direction and progress when a perfect matching exists). Let g∗ be as in
(3.2), assume that the subcubic graph has a perfect matching, and consider a settled phase state with
fewer than g∗ gains. If neither a distinct-bin contact nor an eligible expansion is available, the top
objective has a circulation direction ξ with

gTξ > 1
2∥λξ∥1.

The state admits neither a valid Low exit nor an unending sequence of pricing calls without another
structural action.

Proof. We compare the current top point with an allocation that leaves at least K/2 bins with
U -contacts free. Since such bins have slack at most 5C at a stall, the difference has ratio greater
than one half. The final paragraph combines this with the step bound (4.20).

Augmenting paths reach U -contacts. Let i∗ ≤ g∗−1 be the number of gains so far. The argument
compares with the matching represented by the partition. Taking the symmetric difference with a
perfect matching gives K − i∗ vertex-disjoint augmenting paths [2]. By (4.14), at most 2C(g∗ − 1)
of them meet a blocker.

Orient each remaining path from an unmatched endpoint. Its first bin is free and is entered at
its exposed vertex. That bin has no other unmatched vertex and no crossing matching edge. At a
stall there is no edge to a distinct bin. If the path exits to a row by a nonmatching edge, its next
matching edge is that row’s assigned edge, entering another bin at its exposed vertex. This new
bin is assigned; its only possible crossing matching edge is the one just used on entry. A simple
path must therefore next exit it by a nonmatching edge. Continuing this argument, the path must
eventually reach U : it avoids blockers, cannot end inside an assigned bin, and cannot enter another
free bin through an assigned row edge.

Every such entry uses the unique exposed vertex of its bin. Simplicity and vertex-disjointness
consequently imply that the prefixes through their first U -contacts use distinct bins and rows, both
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within a prefix and across different prefixes. Reassigning, in all prefixes at once, each prefix row to
the preceding bin in its chain is therefore injective, and it frees the last bin of every prefix. If Z
denotes all bins with a U -contact, one can thus leave simultaneously free a subset of Z of size

r ≥ K − i∗ − 2C(g∗ − 1) ≥ K/2. (4.16)

The second inequality holds because i∗ ≤ g∗ − 1 and, by (3.2), either g∗ = 1 or (2C + 1)(g∗ − 1) ≤
(2C + 1)K/(100C) ≤ K/2.

A comparison allocation. Scaling this conceptual assignment by L gives a candidate top allocation.
The desired top column capacities are

L + p0
d − Cwd,

which are nonnegative because the current top allocation and positive slack realize them. Clipping
overloaded columns by removing mass gives a partial transportation flow. An assigned column
initially carries L, so its removed mass is at most Cwd; the total removed is at most Cw(D) ≤ CN .
The current top allocation proves that all rows can be filled under these capacities, so residual
source-to-sink augmentations complete the clipped partial transportation flow; one can scale the
dyadic data and use integral path decomposition for this existence argument. Simple augmenting
paths do not leave the sink, so column sink flows do not decrease. The r initially empty specified
columns receive in total at most the removed mass. The resulting allocation x′ has nonnegative
slacks s′ and satisfies

s′(Z) ≥ Lr − 2CN. (4.17)

Ratio of the comparison direction. At a stall, the cache-based eligibility guarantee (3.10) of
Lemma 3.5(v) gives sd ≤ 5C on Z. Let the direction ξ be the difference between (x′, s′) and the
current allocation and slack. Row sums and column equations are unchanged, so it is a circulation
in the graph of the top primitive instance. Every negative individual logarithmic directional
contribution has magnitude at most one, since x′, s′ ≥ 0. Their total is at most |E(B)|+ |D| ≤ 4N .
The positive sum is at least

s′(Z)
5C

− |Z| ≥ Lr − 2CN

5C
−N.

By (4.16) and L ≥ 10000CN/K, this is greater than three times 4N . As λ counts the absolute
individual contributions, the ratio gTξ/∥λξ∥1 equals the difference of the positive and negative sums
divided by their total; since the positive sum exceeds three times the negative one, the claimed ratio
is greater than one half.

Exclusion of Low and of indefinite pricing. Lemma 5.1(i) excludes Low unless it explicitly
reports failure or suspension. Its positive objective increase (Lemma 5.1(ii)), with the bound (4.20)
on the number of successful pricing steps in Section 4.6, also excludes an unending sequence of
pricing calls without another structural action.

4.6 Implementation and total phase cost

This subsection proves that a phase takes time S1+O(1/a)+oa(1) on completed guarded prefixes; see
(4.23). Time is counted per touched record and per notification of the primitive.

4.6.1 Data structures for bins, rows and contacts

The algorithm maintains physical vertices, bin and row identifiers, mates, assignments, incident lists,
and edge classifications in dictionaries and linked lists. It maintains a set of distinct-bin contacts
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and, for each bin, a list of contacts to U with its first member accessible. A refresh of a cached
value changes a bin’s eligibility flag without scanning its contacts.

At a contraction the algorithm retains a largest old bin’s representative. It moves the smaller
bins’ member lists and the captive rows of the contracted set, updating their physical incidences
and affected ledger records. Unchanged exterior incidence allocations retain their values and need
only endpoint retargeting when necessary. Bin data are summed using |X| point reads per retained
ledger; the largest bin’s members are not scanned. A moved old member’s bin size at least doubles
during its uninterrupted stay in bins. Initial membership, new expansions, and the entries of captive
rows into the new bin begin new charges; members removed by deletions and later returns are
bounded by Lemma 4.5. Deletions inspect only removed bins, their assigned rows, and their affected
physical incidences, applying Lemma 3.4. Subcubicity therefore bounds all physical structural
touches, including endpoint retargeting, by

Oa((S + Lg∗) log S). (4.18)

Assignment flips in the pair search require only abstract assignment updates. By Lemma 3.9, a
successful contraction takes time proportional to its abstract arity |X|, a gain takes time proportional
to L, both up to logarithmic factors, and a final abort takes at most the latter amount. All bin-pair
work is consequently

Oa((S + Lg∗ + L) polylog S), (4.19)

where, as in Lemma 3.9, the constant may depend on σ through Trep. Materialization uses
Lemma 3.10 and is bounded by the same physical deletion work or by one final phase-boundary
scan.

4.6.2 Top allocation values and the number of top pricing steps

At a structural edit the algorithm reads and resets only the affected top coordinates. The top
column residual is available from the identity stated in Section 3.4

y0
d = sd − p0

d + Cwd;

it is therefore obtained from the stored values sd, p0
d and wd. The aggregation, redirection, restriction,

and the 4δ transfers of the positivity repairs (Section 3.4) determine affected slacks exactly, preserving
column equations without rounding. All final settings of a batch are computed before deletions,
point changes, and insertions are submitted to the primitive. Both the old descriptors and those
reset exactly then have positive arguments, and no pricing call occurs until the completed topology
again satisfies its equations. Notifications arising during this service can be queued: there is no
implicit motion during the service. All dirty small-argument and eligibility checks are settled before
the next main action is chosen.

As stated in Section 3.4 after Lemma 3.5, the top primitive instance has nominal lifetime size
SB, with an explicit check on the representation. Only topological insertions and retargetings use
new incidence slots; repricing, motion, and positivity repairs on retained coordinates do not. By
(4.18), this nominal bound is eventually sufficient. By (3.2) and (4.15),

L = Oa(S),
∑

d

p0
d = Oa(Lg∗ + 1), sd ≤ L +

∑
d

p0
d.

Thus at pricing states all top arguments lie in a range whose logarithmic width is Oa(log S), and
there are only O(S) coordinates. The top objective range is Oa(S log S). Each affected coordinate
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at a structural edit decreases the objective by at most Oa(log S), so the cumulative structural
loss is Oa((S + Lg∗) log2 S). A small-allocation repair decreases the objective by at most O(δ)
(Lemma 3.5(iii)). Each such repair adds 4δ at its destination bin (Section 3.4), and these additions
total less than S−800 by Lemma 3.5(iv); so these decreases total O(S−800). Each successful pricing
step increases the objective by Ω(q2). Hence their number is

Oa(Sq−2 log2 S). (4.20)

Dirty-entry repairs and eligibility work take a constant number of point operations per notified or
structurally touched entry. The notification bound of Lemma 5.1(iii) and (4.20) put the total top
work in S1+O(1/a)+oa(1).

4.6.3 Storage of the integral ledgers

Allocations are stored by physical incidence and y, p by bin in persistent point maps, for example
path-copy balanced trees. An index and sum of positive live debts are maintained; deleted keys are
cleared, and new bins are initialized locally. Retained levels receive their structural edits separately.
At a projection from the integral parent j − 1, the levels are treated as follows.

• The new child j starts from the parent’s roots as they were before a possible removal. The
algorithm modifies this copy only along the obtained flow support and the deletions, including
the exterior loads freed by removed rows. The new child’s debt map is empty.

• The coarser levels 0, . . . , j − 1, including the parent, are preserved through the removal: the
deletion transformation of Lemma 3.4 is applied to each of them separately.

• The deeper levels j + 1, . . . , a initially share the new child’s roots.
Each reset thus takes work proportional to the size of the local projection, with logarithmic record
overhead. Level 1 may build entire maps after its global static flow computation.

4.6.4 Time of the scheduled projections

Recall the reset periods bj = Ba−j of (3.11). Suppose an event selects level j > 1. Even if the
event advances ticks by L, it crosses no bj−1 boundary: otherwise a coarser reset would have been
selected. Its integral parent last reset to zero debt in this same bj−1 period interval; every crossing
of such a boundary resets that parent or a coarser ledger. Its debt rises by at most C per expansion
and 2L per gain, and never positively for another action. Since these actions advance ticks by 1, L,
respectively, the debt at the triggering event obeys

P ≤ (C + 2)bj−1. (4.21)

The argument uses the period quotients (Section 3.5) both before and after the event, so it also
applies when one event advances the tick counter past several period boundaries. In particular
P = Oa(S) for j > 1.

At most ⌊τ/bj⌋ events select level j: each can be charged to a distinct crossed bj boundary. By
bj−1/bj = B, Lemma 4.1, and (4.21), all j > 1 projection costs sum to

a∑
j=2

τ

bj

(
(C + 2)bj−1 + B

)
SO(1/a)+oa(1) = S1+O(1/a)+oa(1). (4.22)

Each of the a− 1 terms is at most τ
(
(C + 2)B + B/bj

)
SO(1/a)+oa(1), and τ = Oa(N), N ≤ S and

B ≤ 2S1/a give the right side. The small-instance padding B is included here. For level 1, the global
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exact exchange computation takes time S1+o(1). Since b0 = Ba ≥ S and b1 = b0/B, its total is at
most

τB

S
S1+o(1) = S1+O(1/a)+oa(1).

The bounds (4.18) and (4.19) are S1+oa(1), since Lg∗ = Oa(N) and L = Oa(S). Together with
initialization, the top work, and the two reset sums just proved, the total time of a phase on
completed guarded prefixes is

S1+O(1/a)+oa(1). (4.23)

4.7 Absence of guard failures and the perfect-matching theorem

Recall from Section 3.1 that the perfect-matching algorithm answers the empty graph by the empty
matching and an input with an odd number of vertices negatively, since such a graph has no perfect
matching; otherwise it starts with the empty matching and runs the phase construction of Sections 3
and 4.

Lemma 4.7 (The deterministic guards do not fail for large S). For every sufficiently large fixed
a and fixed reliability parameter σ with 0 ≤ σ ≤ a + 1, all deterministic guards (Section 2) of the
perfect-matching construction of Sections 3 and 4, including the checks (3.8) and the caps stated
after them, are adequate, that is, none of them fails, for all sufficiently large S, on every computation
path. The bounds proved in Sections 4.1–4.6 apply also to a prefix ending in a failed or interrupted
attempted operation. These time and adequacy assertions hold whether or not the input graph has a
perfect matching.

Proof. The proof considers the prefix of a path through a hypothetical first deterministic interruption.
It first derives the numerical bounds from the caps stated after (3.8) alone, then checks the nominal
sizes and the iteration and operation caps using the bounds proved on that prefix, and concludes
that no check fails for large S.

Initial checks. The elementary initial checks (3.8), such as

S ≥ 2100, 100000C, B ≤ S1/20, q ≥ S−1,

hold for all sufficiently large S once a is sufficiently large.
Numerical bounds from the caps. The S20 caps on main-loop actions and on pricing calls and

the S100 external-operation cap suffice first to bound the additions of the positivity repairs and
the local pads. A small argument increased and reset exactly does not require another increase
without motion or a reset of its bounds. A large donor (Section 3.4) is chosen exactly from a
bounded-degree row with sum L; local repair does not create an unbounded chain of new donors
that in turn need a small-allocation repair. Thus these numerical error estimates do not assume the
sharper running-time bounds that they are used to prove.

Magnitudes of ledger data. All completed structural actions and removals preserve the deter-
ministic ledger and matching invariants. Their effects on the debt (Lemmas 3.4 and 3.6) and the
bottom certificates prove Lemma 4.5 independently of objective progress. These bounds also cover
the structural action in progress, if any. For a coarse numerical bound, one has

L ≤ 10000CS + 1, g∗ ≤ S, removed weight ≤ 4Lg∗ + 1,

and at most N + 4Lg∗ + 2 expansions, allowing the next one as well. Every retained integral ledger
has acquired at most

C(N + 4Lg∗ + 2) + 2Lg∗ (4.24)

38



debt between its resets, by these counts alone. Column loads are at most L|A|. Together with
100000C ≤ S1/20, these estimates put all top data, exchange capacities, local return weights and
scaled capacities, and argument upper bounds well inside S20. Thus numerical adequacy does not
depend on parameter-dependent rounding constants in the period bound.

Local threshold tests and nominal sizes. At a local threshold test, the current sink flow already
bounds every lock-trigger expansion by (4.12), before that expansion is performed. Arguments
before a step and at refreshes after motion have the required lower margins δ and δ/10, and explicit
edit batches use positive old and final settings. At the top, (4.18), with one extra physical-size edit,
verifies the nominal lifetime bound SB at a possible first overflow. At a local test the nominal size is
8192(P + 1); with this size in place of R, (4.21) eventually gives the condition (5.2), R + B ≤ S1+2/a.
The same is true for the top nominal size.

Iteration caps. The structural and objective estimates (4.13) and (4.20) bound all completed
iterations. Beyond these, at most one final Low, failed, or interrupted attempt occurs. Because
q−2 = Oa(S200/a), these bounds remain below S20 for every sufficiently large a and all sufficiently
large S.

External-operation cap. Up to a hypothetical first external-operation cap, the notification bound
of Lemma 5.1(iii) bounds the number of dirty coordinates in terms of the number of successful
pricing steps. Client repairs add only constantly many point operations per dirty trigger, besides
the structural edits, and without intervening motion a repair causes no further repair (Sections 3.4
and 4.3). Consequently, by (4.13) and (4.20) as for the top work in Section 4.6, even the prefix that
reaches this cap has only S1+O(1/a)+oa(1) external work, eventually smaller than S100. Lemma 5.1(v)
applies within these hypotheses: the deterministic checks of the primitive do not suspend for all
sufficiently large S.

Uniformity over random outcomes. These arguments are uniform over successful verified states
and rejected stochastic attempts. Lemma 5.1 bounds attempted operations on every path; its
construction uses verified structures and capped failed attempts. The pair search likewise either
returns a valid action within its time bound or terminates negatively. By the convention of Section 2,
a detected stochastic failure ends the perfect-matching test and only a failed guard suspends the
branch; the latter has just been excluded in the asymptotic range of the lemma. All local scans and
updates, including a final pair abort or incomplete attempt, are counted by their represented work.
This proves the claim.

Theorem 4.8 (Fixed-parameter subcubic perfect-matching test). For integers a ≥ 1000 and fixed
reliability parameters 0 ≤ σ ≤ a + 1, the construction of Sections 3 and 4, run as described at the
beginning of Section 4.7, defines a uniform randomized algorithm on loopless subcubic graphs with
identified edge copies and N ≤ S vertices. Every computation halts with a checked perfect matching,
a negative answer, or a suspension. It has no false positive. For each fixed input with a perfect
matching, the probability of a negative answer is at most

2−σS−5. (4.25)

This bound holds conditionally for adaptive invocations with fresh randomness and valid prerequisites.
For every sufficiently large fixed a and fixed σ with 0 ≤ σ ≤ a + 1, there is no suspension on any

path at all sufficiently large S. The total time on every path is then

S1+O(1/a)+oa(1), (4.26)

where the exponent coefficients in O(1/a) are absolute. All initialization, word-RAM data movement,
arithmetic, random bits, and explicit witness writing are included.
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Remark 4.9. The bound (4.25) concerns erroneous answers, not suspensions. Section 9 applies
Theorem 4.8 to the parameter branches of its schedule.

Proof of Theorem 4.8. The proof has four stages. The number of phases times the phase bound
(4.23) gives the time bound, and Lemma 4.7 makes it a bound on every computation path and
excludes suspension. On an input with a perfect matching, the preserved invariants, Lemma 4.6
and the step bound (4.20) show that every phase reaches its target, and the final check excludes
false positives on every input. A union bound over the randomized invocations gives (4.25), and the
last stage justifies the conditioning used there.

Number of phases and time. The algorithm settles the trivial cases directly, starts with the
empty matching, and runs the phase construction, as recalled at the beginning of Section 4.7. A
phase starts with a matching M of deficit K = N/2− |M | (Section 3.1), and each gain increases
|M | by one. When K ≥ 200C, a completed phase gains g∗ = ⌊K/(100C)⌋ ≥ K/(200C) by (3.2), so
it multiplies the deficit by at most 1− 1/(200C). Since initially K ≤ N/2 ≤ S, the deficit is below
200C after O(C log S) completed phases. Below that threshold, at most 200C further phases are
needed, each gaining at least one. As C = a + 1, there are Oa(log S) completed phases, and at most
one final negative or suspended phase. Each completed phase has the bound (4.23) of Section 4.6,
and so has the final phase, since by Lemma 4.7 the bounds of Sections 4.1–4.6 apply also to a prefix
ending in a failed or interrupted attempted operation. Initialization, phase-boundary materialization,
and the final edge-identifier and vertex-coverage check take near-linear time, which is within (4.26).
Lemma 4.7 makes (4.26) a bound on every computation path and excludes suspension in the stated
asymptotic range. On arbitrary checked sizes, the caps on main-loop actions and pricing calls stated
after (3.8), the external-operation cap and the representation checks of Lemma 5.1(iv)–(v), and the
caps of the randomized searches of Section 3.7 still give halting, with suspension permitted.

Correctness. Consider an input with a perfect matching. Unless the guarantee of a randomized
subroutine fails or the branch suspends, valid pair searches and projections preserve the ledger
invariant (Definition 3.1) and the matching invariants of the partition state (Section 3.1). Lemma 4.6
prevents a Low negative answer before the phase target. The bound (4.20) on successful pricing
steps prevents an infinite sequence of successful pricing steps, so each phase reaches its gains and
the algorithm eventually constructs a perfect matching. Checking the proposed edge copies and
coverage excludes false positives on every input, including inputs without a perfect matching.

Error probability. For the probability bound, invocations are counted using the caps stated
after (3.8), rather than by conditioning on later noninterruption. There are fewer than S nontrivial
phases, at most S20 main actions per phase, and only logarithmically many threshold tests per
projection, including the tests that retrieve the regions used in Section 4.4. On guarded prefixes,
the total deficit β of a projection (4.1) satisfies

β ≤ CN + L|A|,

where A is the set of rows, so the range of the binary search over thresholds in Section 4.4 has
logarithmic bit length. Multiplying these counts, the total number of pair searches and primitive
instances is O(S21 log S), less than S50. Each reached pair search has the conditional error probability
bound of Lemma 3.9; each reached primitive instance has the conditional failure probability bound
of Lemma 5.1(v). Both are at most 2−σS−60. A union bound over the reached invocations gives at
most 2−σS−10, which is smaller than (4.25).

Conditioning. The conditional bounds are applied when the invocation’s input and prerequisites
are fixed by its past history, and its new bits are fresh. They are not conditioned on whether the
branch later suspends or wins a race in the schedule of Section 9. A deterministic suspension does
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not by itself produce a negative answer. This proves (4.25) also at checked sizes where suspension
remains possible, and completes the proof of the theorem.

5 Ascent steps along approximate minimum-ratio circulations
This section constructs the step primitive used by the matching algorithm (Section 3) and the
local projection procedure (Section 4): Lemma 5.1 states its guarantees, and Lemma 5.2 states the
dynamic cycle data structure from which it is built and which Sections 7 and 8 construct. The
primitive maintains exact values implicitly, while exposing sufficiently accurate cached values of the
coordinates to its client. Its progress guarantee depends on the length of the path representation
returned by the cycle data structure. In particular, the motion attributed to a step or to a refresh
of a cached value is measured before cancellation in the resulting circulation.

As in the almost-linear flow framework of Chen et al. [3], approximate minimum-ratio circulations
serve as optimization directions. The step estimate below is proved here for the logarithmic objective
and for motion measured by raw length.

5.1 Setting and the step primitive

Fix a size bound S = 2s and integer parameters a ≥ 1000 and σ ≥ 0, and recall the parameters
(3.3): B = 2⌈s/a⌉, q = B−100, δ = S−1000, ε = S−3000. The conventions of Section 2 on asymptotic
estimates, suspension, detected failure, and guards apply. The guards of this section include q ≥ S−1.

Let a changing oriented multigraph, the logical multigraph of the client, have edge variables
fe on the grid εZ. Loops and individual parallel edge copies are allowed. Its separable objective
Φ(f) = ∑

e ϕe(fe) has one of the following terms on each edge:

log f, log(f −D1) + log(D2 − f), −W log(T − f), 1 ≤W ≤ S20, (5.1)

where W is an integer. The endpoints D1, D2, T lie on the same grid as the values. The descriptor
of an edge e is its term ϕe, that is, its form in (5.1) together with its endpoints and weight. Write
ge = ϕ′

e(fe), and let λe be the sum of the absolute derivatives of the individual logarithmic terms on
that edge, including their weights. Thus, for the two-sided term,

ge = 1
fe −D1

− 1
D2 − fe

, λe = 1
fe −D1

+ 1
D2 − fe

.

All data and values have magnitude at most S20, and the positive arguments at pricing and refresh
states lie between δ/10 and S20. Immediately after a step an argument may leave this range by
a small relative margin: it stays within relative distance 1.1q/200 of its value before the step
(Section 5.4), and the bounds of this section allow that margin. The clients in Sections 3 and 4
maintain stricter margins before each step.

The client may add, remove, or retarget edges and vertices, change a descriptor or value on one
coordinate, request an exact point value, and make a pricing call. A pricing call asks the primitive
for one step; it returns Low, reports a detected failure, suspends, or performs an increment of f . In
the last case the call is successful, and it is called a pricing step. The client’s explicit value settings
need not be circulations, and the values themselves need not have zero divergence. Between such
edits, all increments performed by the primitive must be circulations.

For every coordinate e the primitive keeps a cached value f̂e; an exact reset of e sets f̂e to the
current value fe. The primitive also resets coordinates itself when their values may have drifted
from the cached values (Section 5.7); each such refresh is reported to the client by a notification,
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and the refreshed coordinates are called dirty. The primitive services all pending refreshes and
returns the list of dirty coordinates; the client can then process its local changes before the next
pricing call, and further notifications arising in that processing are handled in the same way. The
completion of this process is called settlement; Section 5.7 shows that it terminates.

A nominal bound R counts the logical vertex and edge births and endpoint insertions over one
instance, including retargetings. Mere value or price changes on retained topology need not be
counted as new incidences.

Lemma 5.1 (Dynamic ascent steps for separable logarithmic objectives). Let S, a, σ, B, q, δ,
and ε be as in Section 5.1. Consider an instance of the setting described there: a changing logical
multigraph with values fe, objective terms (5.1), and the client operations, cached values, refreshes,
and settlement defined there. Let R be a nominal bound for the instance. Assume

R + B ≤ S1+2/a. (5.2)

There is a uniform implementation of the primitive with the following properties.
(i) A pricing call may return Low. If some nonzero circulation d satisfies

gTd ≥ 1
2∥λd∥1, (5.3)

then the call does not return Low, unless it reports a detected failure or suspends.
(ii) A pricing call that returns neither Low nor a detected failure and does not suspend performs

an exact increment h ∈ εZE that is a circulation and satisfies

∥λh∥1 ≤ q/100, gTh ≥ q2/1000. (5.4)

It leaves all logarithmic arguments positive and increases Φ by Ω(q2).
(iii) The implementation exposes cached values f̂e. After settlement and before the next pricing

call, the descriptors are valid at the cached values and

λe(f̂e)|fe − f̂e| ≤ q/100. (5.5)

An explicit client setting of a coordinate can reset it exactly. Apart from such client settings,
the number of refresh notifications is at most the number of successful pricing steps times
SO(1/a)+oa(1). Notifications are supplied as a list of dirty coordinates. Maintenance of the
representation without a step leaves every value fe unchanged.

(iv) With Q external pricing, point, and edge operations, total time, excluding the client’s own
work, is

(R + B + Q)SO(1/a)+oa(1). (5.6)

The bound is on every computation path and includes initialization, arithmetic, random bits,
and all representation changes. Polynomially many operations are allowed, with the guard
Q ≤ S100.

(v) The conditional probability of detected failure in the entire instance is at most 2−σS−60, includ-
ing when the instance is chosen adaptively. Deterministic size, precision, and representation
checks may suspend, but none does so for all sufficiently large S at each sufficiently large fixed
a and each fixed σ ≥ 0 within the stated hypotheses.

Lemma 5.1 is proved in Sections 5.3–5.8 from the cycle data structure of Lemma 5.2; the formal
proof is at the end of Section 5.8. The mechanism is as follows. Each logical vertex is replaced

42



by a path of ports, which gives a graph of maximum degree three; the edges of these port paths
are called connectors, and every other edge is priced from its cached value by an integer length ℓe

and an integer gradient γe, see (5.11). While (5.5) holds, these prices approximate λe and ge at the
current values, see (5.13). A pricing call queries the cycle data structure, accepts its answer by the
test (5.16), and moves along it by a dyadic multiple µ chosen by (5.18), so that the raw length of
the step, measured in units of the prices, is at most q/200. The exact values are kept implicitly in a
link-cut forest whose edge copies carry signed and absolute accumulators, see (5.20) and (5.23). The
absolute accumulators detect when a value may have drifted from its cached value by the amount
allowed in (5.5); the coordinate is then reset exactly and repriced, and each such refresh is assigned
a disjoint part of the raw motion of the pricing steps (Lemma 5.4).

Accordingly, Section 5.3 builds the port graph and the prices and proves (5.13); Section 5.4
proves part (i) and the step bounds of part (ii); Section 5.5 gives the forest operations and their
amortized time (Lemma 5.3, proved in Section 5.9); Section 5.6 keeps the exact values; Section 5.7
proves part (iii) through Lemma 5.4; and Section 5.8 proves the precision bounds, part (iv), and
part (v).

5.2 A dynamic minimum-ratio cycle data structure with forest paths

The steps of Lemma 5.1 are computed with the following fully dynamic cycle data structure, which
Sections 7 and 8 construct together with its bounds on raw path length and on forest recourse. Its
minimum-ratio-cycle and hierarchical-routing viewpoint is related to the flat-forest cycle machinery
of [4].

For a graph with positive lengths ℓe and signed gradients γe, put

OPT = max
d̸=0, d a circulation

|γTd|
∥ℓd∥1

, (5.7)

with value zero if there is no nonzero circulation. Recall from Section 2 that the raw length of a
traversal list counts every traversal with its multiplicity, before cancellation. For a list of oriented
input edges and oriented forest paths, as returned below, the raw length V is the sum of input
lengths over all mapped edge traversals with repetition; a null forest traversal contributes zero.

The data structure reports each change of the forest it exposes, that is, each insertion or removal
of a forest vertex (an occurrence) or of a forest edge, by a record; these records form its forest
logs. Each occurrence and forest edge carries an identifier from its insertion to its removal, and
this interval is its lifetime; the lifetime is stable if the identifier, the endpoints, and the mapping
stay unchanged during it. A transaction is the batch of forest changes reported for one edit; it
is deletion-first and old-to-final if all removals from the old forest are reported first, while the
old mappings and input data are still available, and the insertions then produce the final forest.
Section 8 constructs these records (see the opening paragraph of Section 8.5).
Lemma 5.2 (Dynamic approximate minimum-ratio cycles with forest representations). Let S, a,
and σ be as in Section 5.1, let OPT be defined by (5.7), and let raw length V , forest logs, stable
lifetimes, and transactions be as defined after (5.7). Let M = 2u, where u is divisible by 2a2, and
suppose

S1/a ≤M ≤ S2. (5.8)
Consider a dynamic undirected graph with reference orientations and fixed vertex slots, of total
current size at most M and maximum degree at most three. It has positive integral lengths ℓe

and integral signed gradients γe, both of magnitude at most M1200a. Insertions and deletions are
arbitrary; a price replacement is a deletion followed by an insertion. There is a fully dynamic data
structure for this graph with the following properties.
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(i) It exposes a forest. Every forest vertex maps to an input vertex slot; every forest edge either
maps to a current input edge with specified endpoint correspondence, or is null and joins equal
images. The multiplicity over each input slot is at most M10/a/4.

(ii) A query returns a list of oriented single input edges and oriented forest paths, the latter specified
by endpoints. Each piece is used with unit multiplicity, with repeated pieces listed separately.
Their signed projection to the input graph is a circulation c. If OPT > 0, the answer has raw
length V > 0 and

|γTc|
V
≥M−10/a OPT . (5.9)

An empty or missing answer is permitted when OPT = 0. There are MO(1/a)+oa(1) pieces in
an answer.

(iii) Initialization costs M1+O(1/a)+oa(1). Amortized edit and query costs, including the cost of
writing the forest logs that the structure exposes, are MO(1/a)+oa(1), with bounds on every path.

(iv) Retained forest occurrences and edges have stable lifetimes. Endpoint or mapping changes are
replacements, and removals are exposed before the old mappings or input data are invalidated.
Transactions permit deletion-first old-to-final updates with no intervening path query.

(v) The bounds apply over the polynomial lifespans required by Lemma 5.1 (they are quantified in
the stage Guards and checks of the proof of Lemma 8.10), and against adaptive clients. For
the given σ, the reliability of the data structure can be chosen so that detected failure in an
entire primitive instance has conditional probability at most 2−σS−60. A state with a reported
failure has no quality requirement. Deterministic prerequisite checks may suspend, but none
does so for all sufficiently large S at each sufficiently large fixed a and each fixed σ ≥ 0 within
the stated hypotheses.

5.3 Degree reduction and integer prices

The first step replaces the logical multigraph by a graph of maximum degree three that represents
the same circulations. For each logical edge insertion, create a fresh port at each endpoint; a loop
receives two distinct ports. The ports belonging to one logical vertex lifetime form a path, extended
on further endpoint insertions. Retargeting uses fresh ports. A retired port may remain on its path,
and a retired vertex may leave a wholly inactive path after all its real incidences have disappeared.
Distinct vertex lifetimes have distinct paths. Mere value or price changes retain the ports. The
edges of these paths are connectors; the edges coming from logical edges are called real. Give every
connector length one and gradient zero. The resulting port graph has maximum degree three and
linear lifetime size in R.

Choose M by rounding 16(R + B) upward to a power of two whose exponent is divisible by 2a2;
this multiplies 16(R + B) by less than 22a2+1. Reserve M/2 vertex slots; the ports and any isolated
logical-vertex representatives fit these slots, and slots plus edges fit the size bound M of Lemma 5.2.
These counts and (5.8) are checked. They hold for all sufficiently large S by (5.2). Identifiers can
be renumbered using dictionaries.

Circulations correspond in both directions. Summing conservation over one port path cancels its
connectors and recovers conservation at the logical vertex. Conversely, a logical circulation d lifts to
the port graph by routing its incidence imbalances along each path. The total absolute connector
coefficient is at most

2M
∑

e real
|de|. (5.10)
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Indeed each real incidence contributes its coefficient to at most M connector positions, and each
real edge has two incidences. Connectors carry no stored values; they represent conservation of
increments only. In the other direction, a port-graph circulation gives a logical increment by deleting
its connector coordinates.

The second step prices the real edges from their cached values. Set H = S100 and price real
edges by

ℓe =
⌈
Hλe(f̂e)

⌉
, γe = round

(
Hge(f̂e)

)
. (5.11)

The sum or difference of at most two reciprocals of positive dyadic arguments, with the allowed
integer weight, can be priced by exact bounded-length integer quotient arithmetic, so pricing is
carried out in exact rational arithmetic. At exact resets,

S−20 ≤ λe(f̂e) ≤ S1022. (5.12)

This upper estimate also holds at the arguments reached immediately after a step. Since S ≤Ma,
these prices fit the range M1200a of Lemma 5.2. With the scale H = S100, the lower bound in (5.12)
gives ℓe ≥ S80.

Suppose that the cached-value estimate (5.5) holds at a pricing call; Lemma 5.4 shows that it
holds after every settlement. Put τ = q/100. An individual log argument r with weight W ≥ 1
changes by a relative amount at most τ/W ≤ τ between an exact reset and a pricing call. Its
derivative magnitude changes by at most τ/(1− τ) times its magnitude at the exact reset. Summing
these errors term by term remains valid when the signed derivatives nearly cancel. Together with
rounding error at most 1/(2H) and ℓe ≥ S80, this gives, at every pricing call,∣∣∣∣ge(fe)− γe

H

∣∣∣∣ ≤ q

10
ℓe

H
, .9 ℓe

H
≤ λe(fe) ≤ 1.1 ℓe

H
. (5.13)

By the guard q ≥ S−1 and ℓe ≥ S80, the rounding error 1/(2H) is smaller than (q/10)ℓe/H by
a factor at least S79/5, for every coordinate. These inequalities are verified without reading the
current vector: cached values are checked locally at their exact resets, and the displacement bound
of the stage Accuracy of the cached values in the proof of Lemma 5.4 supplies the estimate between
resets.

5.4 The acceptance test and the step

A direction satisfying (5.3) keeps a constant ratio after lifting and pricing. If (5.3) holds, its lift has
ratio at least 1/4 under the prices (5.11). Since dividing all prices by H does not change ratios, it
suffices to compare γ/H and ℓ/H. By the first inequality of (5.13), the numerator in units of H is
at least

1
2∥λd∥1 −

q

10
∑

e real

ℓe

H
|de|, (5.14)

whereas the second inequality of (5.13) gives ∑e real(ℓe/H)|de| ≤ ∥λd∥1/0.9 for the real length sum.
Hence the numerator is at least (1/2− q/9)∥λd∥1. By (5.10), the additional connector length is at
most 2M

∑
e real |de|, which is at most 2S−78 times the real length, since 2M ≤ 2S2 while every real

length is at least S80. The ratio is therefore at least 0.9(1/2− q/9)/(1 + 2S−78), and the bound 1/4
follows for sufficiently large checked sizes. We also check

M−10/a/4 > 2q. (5.15)

It holds for all sufficiently large S: M ≤ S2, whereas q = 2−100⌈s/a⌉ ≤ S−100/a.
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Compute the exact gradient sum and raw length of an answer of the cycle data structure using
the path aggregates of Section 5.5. Accept it precisely when

V > 0, |γTc| ≥ 2qV ; (5.16)

otherwise return Low. This test cannot miss (5.3) unless the cycle data structure reports failure or
a check suspends: if (5.3) holds, then OPT ≥ 1/4 by the preceding paragraph, so by (5.9) and (5.15)
the answer has V > 0 and |γTc|/V ≥M−10/a/4 > 2q.

An accepted answer is turned into a step as follows. Reverse every piece of an accepted answer
if necessary so that γTc > 0, and delete its connector coordinates from the logical increment. If Ne

counts every real traversal of e in its pieces, then |ce| ≤ Ne. In particular, (5.13) and (5.16) imply

gTc ≥ qV/H,
∑

e real
λeNe ≤ 1.1V/H. (5.17)

The first bound even holds with 1.9qV/H in place of qV/H. With c now oriented for ascent, choose
a positive power of two µ with

q/400 ≤ µV/H ≤ q/200. (5.18)

The interval has ratio two and therefore contains such a power. Its upper end bounds the motion of
the step, and its lower end bounds the gain. Applying µ along all pieces gives h = µc, with

gTh ≥ q2/400, ∥λh∥1 ≤ 1.1q/200. (5.19)

These are stronger than (5.4). Moreover, the second inequality of (5.17) bounds the sum of the
absolute partial motions over the entire list of traversals, counted before cancellation. Every
individual argument consequently stays within relative distance 1.1q/200 of its starting value, and
within that distance divided by its weight for a weighted term. All arguments remain positive.
The whole step is applied before repricing or servicing client changes; individual pieces need not
themselves be circulations. The grid compatibility of µ is verified in Section 5.8, see (5.25).

5.5 Oriented forest operations

We implement path sums, path increments, and threshold detection with link-cut trees [31]. Signed
path updates, separate absolute accumulation, and length-weighted threshold reporting are the
dynamic-tree operations in [4, Lemma 2.7]. Its flow-maintenance construction also transfers implicit
forest contributions into explicit edge values when mapped edges change [4, Theorem 3.6]. For
Lemma 5.1, the signed values and the absolute motion stored on forest copies must remain correct
when dormant copy slots (unassigned copy slots of the forest of Section 8) are reused and when
coordinates are repriced in transactions. This subsection gives the augmented forest; Sections 5.6
and 5.7 give the copy transfers and the order of resets.

Subdivide each forest edge by an edge node. The other nodes are occurrence vertices, and
represented roots are always occurrence vertices. A forest edge mapping to an input edge is a copy
of that edge, and a copy of a real edge is a real-variable copy. On an edge node c mapping to an
oriented input edge, let sc = +1 when its represented-parent side is its tail and sc = −1 when that
side is its head. A null edge may receive either reference orientation. A real-variable copy stores
two different accumulations:

• hc is signed accumulation since its creation, in the fixed orientation of the mapped input edge;
• Ac is absolute accumulation since the coordinate’s most recent exact reset or the copy’s

creation, whichever occurred later.
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After everting an occurrence vertex v and exposing the path to w, the signs sc describe traversal
from v to w. A path increment uses

hc ← hc + µsc, Ac ← Ac + |µ| (5.20)

on real-variable copies.
Preferred-path aggregates store the signed sum ∑

c scγc and the raw sum ∑
c ℓc on mapped

nonnull edges. They also store a witnessed minimum of θc −Ac over enabled real-variable copies,
that is, the minimum together with a node attaining it; the thresholds are specified in Section 5.7.
Nodes other than enabled real-variable copies are omitted from this minimum. Disabled real-variable
copies still receive the updates in (5.20).

Evert flips signs on edge nodes of the reversed exposed path, but does not negate their stored
hc. The reversal, signed-addition, and absolute-addition tags have the constant-size algebra

(sc, hc, Ac) 7−→ (rsc, hc + αsc, Ac + β), r ∈ {−1, +1}, (5.21)

together with reversal of path order when appropriate. Applying one such transformation and then
another composes their signed offsets as α1 + r1α2. Thus a later reroot does not retroactively negate
an earlier increment of f . The gradient aggregate changes sign on reversal, the raw length does not,
and the enabled minimum shifts by the absolute-addition tag with its witness retained. Tags are
pushed before modifying children or point fields. Each aggregate is taken over nodes of a single
preferred path.

Access at a node does not change any represented-parent direction; it only changes which
represented edges are preferred. Thus it does not alter the signs sc. Point accesses without evert
recover exact individual data. To insert an edge node, link it as a new child on its tail side, initializing
sign +1; evert the head endpoint in its separate component and link that endpoint below the edge
node. To delete an edge node, inspect its sign by point access, cut its child endpoint from its parent,
and then cut the edge node from its parent. Edge nodes are never everted. Forest transactions
give deletions before invalidation and insertions into the final forest, so every link joins different
components.

Lemma 5.3 (Amortized time of the augmented link-cut forest). On a forest of at most Nf

subdivided nodes, the link-cut operations of Section 5.5, with the fields sc, hc, Ac and the preferred-
path aggregates defined there, use O(log Nf ) amortized basic tree operations per link, cut, evert,
expose, point operation, or lazy path update (5.20) with the tags (5.21). Reporting and disabling a
witnessed threshold violation costs the same amortized amount per reported node. Each basic tree
operation uses a constant number of operations on the stored fields.

The proof is the standard amortized analysis of link-cut trees [31, 32], checked for the augmented
fields, for evert, and for recycling of a node pool; it is given in Section 5.9.

5.6 Preserving exact values under forest changes

Set
D = M10/a. (5.22)

There are at most D current forest copies of any input edge. Indeed, by Lemma 5.2(i) the two
endpoint occurrence sets have at most D/2 vertices together, and the copies between them form a
forest, which has fewer than D/2 edges. For a loop the same argument uses just one occurrence set.
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Maintain a list of current copies for each input edge. For each real coordinate keep a signed
base, with invariant

fe = basee +
∑

c a current copy of e

hc. (5.23)

An explicit single-edge traversal changes the base. Before deleting a copy, read its hc and flush it
into the base; a new copy starts with hc = 0. This procedure is used also on price replacements and
retargetings, with old mapped data retained until all removals have been processed. A client value
setting to fnew

e sets the base to fnew
e −

∑
c hc. Consequently a point read, point setting, or sweep of

all copies costs O(D) tree point operations, plus dictionary work.
The invariant is independent of the copy’s present role in the cycle data structure. In particular,

the construction in Section 8 of the public forest, the forest that Lemma 5.2 exposes, may reassign a
dormant copy slot to a different child occurrence at the same label. The internal mapped edges
of a reassigned slot retain their lifetimes and input images, so their accumulators hc keep their
values. A previous increment need not be a circulation in the current representation of the forest:
the increment of f that it performed is recorded by (5.23). Every new step is a circulation in the
current mapped graph. Thus representation maintenance alone neither changes a value nor loses an
earlier increment.

5.7 Drift detection and the number of refreshes

The absolute counters detect when a value fe may have drifted from its cached value f̂e by the
amount allowed in (5.5). At an exact reset of edge e, reset all its current copy counters Ac and one
additional counter, the bucket. This bucket stores absolute motion of explicit single-edge traversals
and absolute counts flushed from copies that subsequently die. Choose a power-of-two threshold θe

with
qH

800Dℓe
≤ θe ≤

qH

400Dℓe
. (5.24)

The interval has ratio two, so it contains such a power. Its upper end gives the accuracy (5.5), its
lower end bounds the number of refreshes, and the power of two keeps θe on the grid (see Lemma 5.4
and Section 5.8). Each copy and the bucket use this same threshold. A new copy starts with
Ac = 0 and the current threshold. Copy death transfers Ac to the bucket before removal, as well as
transferring hc to the base.

On an updated path, report every enabled copy reaching threshold using the witnessed minimum,
and disable it pending service. A disabled copy continues to accumulate both signed and absolute
motion. The whole circulation update is completed before any client change or reprice is serviced.
An explicit traversal or a bucket flush is tested directly. Each threshold event sets a pending flag
on the variable fe of the copy; several events on one variable produce a single flag, and the flag
survives deletion of the copy that caused it.

A pending variable is serviced by an exact point read, an exact reset and repricing, and a
notification to the client, in the following order: first reset every current absolute counter and the
bucket, reenable all current copies, and clear the old pending flag; then process the replacement in
the cycle data structure and its forest logs. The current cached value, prices, and thresholds are
installed consistently with this reset, which involves no motion. Its own old-copy removals therefore
flush zero absolute mass for that coordinate. Other coordinates flagged by those logs are queued for
later service, after the current transaction finishes. Explicit client settings and descriptor changes
reset the coordinate exactly in the same way and either service or subsume an old pending flag.
Stale queue entries are skipped or coalesced.

48



All old mapped edge data remain available through removals. New copies receive their current
mapped prices and thresholds before a path can be used again. Once all pending flags are serviced,
settlement proceeds as described in Section 5.1. No motion occurs during these transactions.

For a real coordinate e and an interval of time, the raw priced motion is ℓe/H times the sum of
the absolute increments of fe over all traversals during that interval, counted before cancellation.
By (5.18), a pricing step creates raw priced motion at most µV/H ≤ q/200 in total.

Lemma 5.4 (Accuracy of cached values and number of refreshes). For the implementation described
in Sections 5.3–5.7, with settlement as defined in Section 5.1 and with the refresh reports and
copy-disable events of Section 5.7, the following holds. After settlement, (5.5) holds. The total
number of refresh reports of the primitive and copy-disable events is O(D) times the number of
successful pricing steps, apart from explicit client operations. This holds for every sequence of forest
changes (including reuse of dormant copy slots) and of exact resets by the client.

Proof. The absolute counters bound the displacement from the cached value, which gives the
accuracy. For the count, each refresh report and each disable event is assigned a set of raw priced
motion, these sets are disjoint within each kind, a report is assigned at least q/(800D), and pricing
steps create at most q/200 of raw priced motion each. The last stage shows that settlement
terminates.

Accuracy of the cached values. The signed displacement since the most recent exact reset is
bounded by the sum of current absolute copy counters and the bucket. This is true initially, preserved
by path updates and explicit traversals, and preserved by transfer on copy death. Dormant retained
copies keep their counters. After settlement there are at most D copies and one bucket, each below
threshold. Since λe(f̂e) ≤ ℓe/H, we obtain

λe(f̂e)|fe − f̂e| ≤
ℓe

H
(D + 1)θe ≤

q(D + 1)
400D

≤ q/200.

This is stronger than (5.5).
Refresh reports. Partition the raw priced motion of each real coordinate into the intervals

between its successive exact resets. Its price is fixed on such an interval. By the lower end of (5.24),
a refresh report of the primitive is assigned raw priced motion of that interval of total at least

θeℓe/H ≥ q/(800D),

since the report requires a counter to reach θe. The assigned sets are disjoint for one coordinate, and
different coordinates are assigned different real-edge motion. Absolute mass moves between copies
and the bucket without duplication. It is reset before the forest logs of a price replacement are
processed, so motion counted at the old price is not assigned again at the new price. An exact reset
by the client may discard motion not yet assigned, but it creates no new motion; it is counted as an
external operation. Since pricing steps create at most q/200 of raw priced motion each, while each
report is assigned at least q/(800D), the reports not caused by explicit client operations number
O(D) times the number of pricing steps.

Disable events. Similarly, a disable event is assigned the motion of its copy since creation or its
latest reset. A copy is disabled at most once during that uninterrupted accumulation; reenabling
at an exact reset resets it. These assigned sets are disjoint among disable events. Counting both
reports and disable events only introduces a constant factor. This gives the claimed O(D) amortized
bound.

Termination of settlement. A no-motion refresh cascade is finite. A queued variable can use its
extant absolute mass once; after its reset, all its absolute locations are zero and remain so until new
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motion. Its own replacement logs cannot recreate that mass. Other variables may expose previously
accumulated mass, but their reports are assigned the disjoint sets just described. Pending flags are
per variable, so copy deletion loses neither the required service nor its assigned motion. This proves
both termination of settlement and the notification bound.

5.8 Precision, running time, and the proof of Lemma 5.1

All quantities maintained by the primitive can be represented exactly with multiword arithmetic.
The only nonintegral input values and increments are on the common dyadic grid. In particular, a
positive logarithmic argument is kε for an integer k > 0 with O(log S) bits, since the argument is at
most S20 and ε = S−3000. Its reciprocal is ε−1/k. Each price uses at most two such fractions and
one bounded integer weight, so their products, sums, and quotient operations still have O(log S)-bit
inputs and outputs. Rational comparisons of scores and scale choices likewise use bounded integer
operations.

The implementation checks that a returned representation has at most S20 traversals in total,
computing this bound from its piece count and the forest-size bound without expanding its paths.
This check succeeds for all sufficiently large S at each sufficiently large fixed a, since M ≤ S2 and
both piece count and occurrence overhead have exponent O(1/a) + oa(1). Each traversal has length
at most HS1022 + 1 by (5.12) and (5.11), and (5.18) gives µ ≥ (q/400)H/V with q ≥ S−1; hence

V/H ≤ S1044, |µ| ≥ S−1045/400. (5.25)

For sufficiently large checked S, a power of two satisfying (5.18) is therefore an exact multiple of
ε = S−3000. Each piece has integral signed traversal coefficients, so every partial update and the
final circulation are on the grid, with no rounding of conservation equations. Thresholds fit the
same grid: even using D ≤ S2 gives θe ≥ S−1025/800. These inequalities can be checked directly,
with suspension at inadequate sizes.

Since V ≥ 1, step scalars have magnitude at most S100. There are at most Q ≤ S100 pricing
steps, each with at most S20 raw traversals. Thus their total unweighted absolute motion is at
most S220. Transfers between copies and bases or buckets do not duplicate this motion; exact resets
reset absolute counters, and client settings replace values of magnitude at most S20. Signed and
absolute tags, sums, buckets, and bases consequently have polynomial magnitudes on the common
grid. Their bit lengths are Oa(log S); exact pricing and key operations add only logarithmic-power
overhead. The arithmetic of the cycle data structure, including its static flow calls, is accounted for
in Section 8. As in the uniform implementation of Section 9, larger logical integers in branches with
varying parameters are digit arrays whose construction and operations are counted incrementally.

Reserve and recycle a pool of Nf = O(M1+10/a) subdivided forest nodes. The initial pool and
forest cost fit M1+O(1/a)+oa(1). By Lemma 5.3, processing each exposed forest-log record or path
piece costs logarithmic amortized overhead. A coordinate read, reset, or price change uses at most
O(D) point operations for its copy list. By Lemma 5.4, pricing steps cause only O(D) reports and
disables amortized. Repricing those reported coordinates invokes only that many replacements
in the cycle data structure, each with the cost and recourse of Lemma 5.2. Thus the total of the
work of the cycle data structure, forest-log processing, path operations, copy sweeps, and threshold
service is

(M + Q)MO(1/a)+oa(1). (5.26)
By the choice of M in Section 5.3, M < 22a2+1 · 16(R + B), and R + B ≤ S1+2/a by (5.2); hence
M + Q is at most a constant multiple of R + B + Q for fixed a, and MO(1/a)+oa(1) ≤ SO(1/a)+oa(1).
Thus (5.26) gives (5.6). A pricing call that returns Low has the same query time, and explicit
changes and all notifications are settled before the next query.
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Proof of Lemma 5.1. The proof assembles the preceding subsections: the cycle data structure
supplies directions, the accuracy of the prices gives parts (i) and (ii), Lemma 5.4 gives part (iii), the
time accounting above gives part (iv), and the checks and the reliability of Lemma 5.2 give part (v).

Application of Lemma 5.2. The implementation runs the cycle data structure of Lemma 5.2 on
the port graph of Section 5.3 with the prices (5.11); the hypotheses of that lemma (the choice of
M , (5.8), maximum degree three, size at most M , and prices in the range M1200a) are ensured in
Section 5.3. Exact point operations and forest updates preserve (5.23) (Section 5.6). The refresh
procedure of Section 5.7 proves (5.5) by Lemma 5.4, and therefore validates (5.13) before each
pricing call.

Part (i). The lift (5.10), the ratio bound derived from (5.14), the quality margin (5.15), and the
acceptance test (5.16) prove part (i), as shown in Section 5.4.

Part (ii). By (5.17) and (5.18), the step satisfies (5.19), which is stronger than (5.4). The
bound on partial motion given by the second inequality of (5.17) keeps every argument positive
(Section 5.4), and the grid check after (5.25) shows that h is an exact circulation in εZE .

Increase of Φ. The objective conclusion in part (ii) follows from its two inequalities once
positivity is established. The sum of absolute relative argument changes is at most ∥λh∥1. For a
positive logarithm, log(1 + z) ≥ z − z2 when |z| ≤ q/100; the sum of these squared relative changes
is at most q2/10000. A negative logarithm in (5.1) is convex and lies above its supporting tangent.
Hence the total increase is at least q2/1000− q2/10000.

Part (iii). Lemma 5.4 proves part (iii), with O(D) ≤ SO(1/a)+oa(1) by (5.22) and M ≤ S2.
Part (iv). The time accounting before this proof gives (5.26) and hence (5.6).
Part (v). Failures of the cycle data structure are propagated. By Lemma 5.2(v), detected

failure of the cycle data structure in the whole primitive instance has conditional probability at
most 2−σS−60; the remaining operations are deterministic. Representation, exact-reset-range, and
precision prerequisites are checked on their local inputs, with counts maintained incrementally.
During a whole step, the bound on raw motion proved in Section 5.4 supplies the required relative
margins. The deterministic checks of this section include q ≥ S−1 (Section 5.1); the slot and
edge counts and (5.8) (Section 5.3); (5.15) (Section 5.4); and the traversal bound, (5.25), the grid
multiple, and the threshold bound (this subsection); together with the guard Q ≤ S100 of part (iv).
The guards on operation and record counts are checked on prefixes of the computation path, and
the preceding bounds hold up to and including the first operation, if any, at which one of these
guards is reached. For each sufficiently large fixed a and each fixed σ ≥ 0, these bounds fall below
the polynomial thresholds of the guards, and the size and quality inequalities hold for all sufficiently
large S. Together with the guarantees of the cycle data structure on guarded prefixes in Section 8,
this proves the suspension clause of part (v) on every computation path, whether or not a stochastic
routine ultimately reports failure. Such a failure is propagated promptly and is reported as a
detected failure, not as a deterministic suspension.

5.9 Amortized analysis of the augmented link-cut forest

Proof of Lemma 5.3. The proof follows the standard analysis of link-cut trees: a splay potential
bounds the rotations of an access, an additional count of heavy edges bounds the number of
preferred-path switches, and evert, cut, and link increase both potentials by at most O(log Nf ); the
tags (5.21) add only bounded work per pointer or aggregate change.

Implementation. Use auxiliary splay trees in down-path order for preferred paths [32, Section 6].
Their roots keep path-parent pointers to the represented parents of their path tops. Access at v
starts at v and repeatedly splays the current node y, replaces its right subtree by the path exposed
so far, and advances to its previous path parent. The demoted path receives path parent y. A final
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splay of v exposes the represented-root-to-v path. Evert reverses that path. A cut from parent
accesses its endpoint and detaches the left ancestor subtree. A link accesses its endpoints and
installs a path-parent pointer for a represented root. The stated tags require only bounded work
during each pointer or aggregate change.

Rotations. For the amortization, give a node weight one plus the sum of represented subtree
sizes of its nonpreferred children. Let s(x) be its auxiliary subtree weight and r(x) = log2 s(x), and
use Ψ = ∑

x r(x). Node weights stay fixed during a splay. We recall the rotation inequalities of the
access lemma [32, Lemma 1]. In a double rotation with node x, parent y, and grandparent z, we
have r′(x) = r(z) and r(y) ≥ r(x). For zig-zag, r′(y) + r′(z) ≤ 2r′(x)− 2 by disjoint child weights.
For zig-zig, r(x) + r′(z) ≤ 2r′(x) − 2 by the disjoint old-x and new-z subtrees, and r′(y) ≤ r′(x).
Thus two rotations plus their change in potential cost at most 3(r′(x)− r(x)); a final single rotation
adds at most one.

Preferred-path switches. At a preferred-path switch, the total weight of a detached or attached
auxiliary path equals the represented subtree size of the demoted or promoted child. The change
in the splayed root’s own weight compensates exactly, so the switch does not change Ψ. Along an
upward access, the next node’s initial auxiliary weight contains the preceding exposed path through
its dashed-child weight. The rank differences therefore telescope to O(log Nf ), apart from a constant
per access iteration.

Number of access iterations. To bound the number of those iterations, call a represented edge
heavy if its child’s subtree has more than half its parent’s size, and add a sufficiently scaled count
of dashed heavy edges to the potential. A represented root path has at most log2 Nf light edges.
Access promotes every dashed edge it traverses. A heavy off-path edge is demoted only opposite a
light preferred child on the accessed path, or at its endpoint. The iteration count plus the change in
this additional potential is consequently O(log Nf ).

Evert, cut, and link. It remains to check represented-tree changes. After access, write the weight
of a path vertex as one plus the sizes of its off-path dashed subtrees. These weights are unchanged
by reversing the complete exposed path. Recursive left-right swapping in its auxiliary splay tree
preserves each auxiliary subtree’s vertex set and total weight, hence preserves Ψ. If an off-path
child becomes heavy after reversal, the next edge down the reversed path must be light, or the
vertex is the path endpoint. There are only O(log Nf ) such events. Cutting an accessed parent
edge similarly leaves the path weights unchanged, does not increase Ψ, and charges newly heavy
off-path children to light edges of the shortened path. Linking a root below an accessed vertex
increases only that auxiliary root’s weight sum; its rank grows by at most log Nf . Existing off-path
children of its ancestors cannot newly become heavy as ancestor subtrees grow, and the new dashed
edge contributes at most one. All potentials are nonnegative and the initial singleton state has zero
potential. This proves the bound, also under recycling of a fixed node pool.

Threshold reporting. For threshold reporting, expose the updated path, read a witnessed
nonpositive minimum, access that node, and disable it at a point. Repeating these operations costs
the claimed amount per disable.

6 A resource-preserving static routing sparsifier
The recursive cycle construction of Sections 7 and 8 needs a sparse set of representative edges
through which all edges of an auxiliary graph can be routed. Its application also associates resources
with the original edges: the load of a resource counts every traversal of a representative edge that
carries it, in either direction, and repeated traversals count with their multiplicity. This section
proves Lemma 6.1, which gives a static routing sparsifier preserving these loads: a sparse subset of
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the edges together with a short walk in it for every edge. The bound on the size of this subset is a
multiple of the number of incident vertex labels and holds even when the number of demands is
much larger.

Throughout this section, a is an integer, u > 0, and

S = 2s ≥ 2, M = 2u, S1/a ≤M ≤ S2, a ≥ 10, 2a2 | u. (6.1)

Define
b = M1/a2

, Λ = 21000a2(1 + u), P∗ = Λ400a2
, P∗ ≤ b. (6.2)

The last inequality is a checked prerequisite. Since 2a2 divides u, b is an integer. Powers of Λ are
logarithmic powers of the size bound S.

Lemma 6.1 (Static routing with resources). Let S, M , a, and u be as in (6.1), and let b and P∗ be
given by (6.2), with P∗ ≤ b. Let F be an explicitly listed undirected multigraph with identified edge
copies, and let v+ be its number of incident vertex labels. For each edge f , an explicit list specifies
resource counts mxf ∈ {1, . . . , 10}; unlisted counts are zero. Suppose that

degF (v) ≤ C0,
∑
f∈F

mxf ≤ C0 for every vertex v and resource x,

where C0 ≥ 1 is an integer, degrees count incidences, and both 2|F | and the total resource-list length
are at most M2. Assume that identifiers and numerical input data have (log S)Oa(1) bits. There is a
uniform randomized algorithm that either reports detected failure or returns a set F ′ ⊆ F and, for
every f = vw ∈ F , an explicit walk Qf from v to w in F ′, such that

|F ′| ≤ P∗v+, |Qf | ≤ P∗,
∑
f∈F

∑
e traversed in Qf

mxe ≤ P∗C0 for every x. (6.3)

The inner sum counts traversal multiplicities and ignores orientation. A loop demand may be
assigned the empty walk. Every returned result is verified. For each fixed reliability parameter σ ≥ 0,
the time on every computation path is

(1 + input list size) b Moa(1), (6.4)

and the probability of detected failure is at most 2−σS−800. The same statement holds conditionally
when the input is determined by earlier computation and this call uses fresh bits.

Lemma 6.1 is proved in Section 6.5. Sections 6.1 to 6.4 describe one stage of the algorithm and
establish its properties on good events: the stage structure and the sampling estimates (Section 6.1),
the cuts and the expanding overlay (Section 6.2), routing on the overlay (Section 6.3), and the
filtering and verification of a stage (Section 6.4); the proof in Section 6.5 uses these estimates to
bound the failure probability of one attempt, combines the accepted stages into (6.3), and bounds
the work on every computation path.

We build the representative set in stages, each routing at least half the remaining demands.
An attempt samples edges according to their endpoint degrees and gives each retained edge its
inverse-probability weight. Each edge incidence is represented by a distinct stub. A flow between two
equal halves of the stubs either identifies a cut for recursion or pairs almost all the stubs by walks
in the sampled graph. The sampling estimate ensures that the cuts are sparse with high probability.
We defer their crossing demands to later stages and recurse on the two induced pieces with fresh
samples. When almost all stubs are paired, completing the unpaired stubs with temporary fake
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edges gives a perfect matching on the stubs. A piece that completes the prescribed rounds without
a further cut obtains an overlay made from these matchings; the median rule (Section 6.2) makes it
expanding with high probability. Each nonfake overlay edge stores its sampled-edge walk, called its
real embedding.

We then route the demand stub pairs through this overlay. Partition its labels into groups and
send each demand packet on a short random walk conditioned to reach its target’s group. Additional
independent walks, starting and ending within each group, supply the edges of smaller graphs on
which routing continues. Recursion reaches singleton groups, and substituting the saved walks
gives overlay routes with bounded length and congestion. Discard routes that touch a fake edge
or an excessively long real embedding. Congestion bounds the number of lost demands, while the
sampling weights bound resource use after the remaining real embeddings are substituted. The final
verification checks these walks and their loads before accepting the stage.

The construction uses the following internal parameters:

rm = Λ3, Ks = Λ230a2
, χ = Λ110a2

, ϵ0 = Λ−100a2
,

Dp = Λ105a2
, H∗ = Λ70a2

, L0 = Λ200a2
, t = Λ10, qv = Λ3.

(6.5)

They fall into four groups by role. For sampling and cuts, Ks sets the sampling scale, χ multiplies
flow capacities, ϵ0 sets the deficiency scale, and Dp caps the cut depth. For the overlay, rm counts
its rounds. For routing on the overlay, t is half the conditioned-walk length, qv prescribes the same
number of virtual jobs (Section 6.3) at each vertex, and H∗ controls overlay routes. For filtering, L0
controls the retained real embeddings.

None of the comparisons that the argument requires of these values is tight. Each comparison is
stated where it is used: the bound on the number of cuts on a branch (Section 6.2); the sign-tail
comparison in the proof of Lemma 6.3; the degree-ratio, conductance, and mixing comparisons in
the proofs of Lemmas 6.4 and 6.5, including (6.22); the bound on the lost fraction of demands and
the stage margins (6.26) (Section 6.4); and the comparison of the stage margins with P∗ and the
tail and counting comparisons of Section 6.5.

For an unweighted multigraph H, let ∂HX be the edge-copy cut of X, and let volH(X) =∑
v∈X degH(v). Parallel copies count separately; loops count twice in volume and never in a cut.

We suppress the subscript when the graph is clear. The conductance of H, defined whenever there
is a cut with two positive volumes, is

ϕ(H) = min
X⊆V (H)

volH(X)>0, volH(V (H)\X)>0

|∂HX|
min{volH(X), volH(V (H) \X)} .

6.1 Stages, pieces, and normalized sampling

Remove loop demands by giving them empty walks. Work on the remaining demands in stages.
One successful stage must route at least half its input demands while using, separately for support,
maximum hop count, and resource load, the bound Λ350a2 in place of P∗ in (6.3). All these properties,
including endpoints and selected edge identities, are checked before a stage is accepted (Section 6.4).
A stage gets at most

T = 2(σ + 1000 log2 S + 10) (6.6)
fresh attempts (rounding up if necessary). Exhausting these attempts is a detected failure. There
are at most 2u + 2 successful stages, since |F | ≤M2/2 and the residual number halves each time.

An attempt processes a recursive family of pieces. A piece is an edge list induced by the vertex
side of each earlier cut; cut edges are discarded for this stage. Empty lists need no further processing.
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Pieces at a fixed depth have disjoint edge lists and disjoint incident vertex sets. Process pieces by
depth, using fresh samples at each depth. We cap the recursion depth at Dp and abort an attempt
that would exceed the cap. Let a nonempty piece have s′ edges and positive original degrees di.
Retain each edge e = ij independently with probability pe, the smallest number of the form 2−ℓ,
ℓ ≥ 0, that is at least

min{1, Ks(1/di + 1/dj)}. (6.7)

A retained edge receives integral weight ωe = 1/pe. Before any flow call, require∑
e retained

ωe ≤ 2s′, #{e retained} ≤ 4Ks#{i : di > 0}. (6.8)

A violation aborts this attempt. Volumes in the following sampling estimate use the original piece
degrees, not the sampled degrees.

Lemma 6.2 (Cut and resource-load estimates for edge sampling). Let a nonempty piece with s′

edges and positive original degrees di be sampled with the probabilities pe of (6.7) and the weights
ωe = 1/pe. Except with probability at most 4s′ exp[−Ks/(100χ2)], every vertex set X satisfies∣∣∣∣∣∣

∑
e∈∂X retained

ωe − |∂X|

∣∣∣∣∣∣ ≤ min{vol(X), vol(X̄)}
4χ

. (6.9)

This event implies the total-weight check in (6.8); the sample-count check fails with probability at
most exp(−Ks#{i : di > 0}/3). Conditional on the input pieces at a fixed depth, for each resource
x, ∑

e retained
over all pieces at this depth

ωemxe ≤ 2C0 (6.10)

except with probability at most exp(−Ks/30).

Proof. Put D = diag(di) on the nonisolates and set

Ae = D−1/2(ei − ej)(ei − ej)TD−1/2.

These are positive semidefinite rank-one matrices, ∥Ae∥ = 1/di + 1/dj , and ∥∑e Ae∥ ≤ 2. If ξe is
the retention indicator, write Ye = (ξe/pe − 1)Ae. Deterministically retained edges contribute zero.
For any other edge, pe ≥ Ks∥Ae∥, whence

∥Ye∥ ≤ K−1
s , EY 2

e = (p−1
e − 1)A2

e ⪯ K−1
s Ae.

Thus the variance parameter is at most 2/Ks. The self-adjoint matrix Bernstein inequality, applied
to both signs [33, Theorem 6.1(ii)], states that independent centered self-adjoint summands of norm
at most J and total variance norm at most V satisfy

Pr
{∥∥∥∥∥∑

e

Ye

∥∥∥∥∥ ≥ z

}
≤ 2k exp

(
− z2

2(V + Jz/3)

)
,

where k is the matrix dimension. Here k ≤ 2s′, J = 1/Ks, V ≤ 2/Ks, and z = 1/(4χ) give the
claimed probability bound. Testing the quadratic form on D1/21X gives additive error vol(X)/(4χ)
in its cut weight. Testing the complement gives the other bound in (6.9). Testing a singleton bounds
its weighted degree by (1 + 1/(4χ))di; summing degrees proves the weight check.
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Dyadic rounding gives∑
e

pe ≤ 2Ks

∑
ij=e

(1/di + 1/dj) = 2Ks#{i : di > 0}.

The scalar Chernoff inequality therefore proves the sample-count check with failure at most
exp(−Ks#{i : di > 0}/3). If the threshold exceeds the total possible edge count, failure is
impossible.

For (6.10), condition on all lists at this depth. They are disjoint sublists of the input, so the
expected sum for x is at most C0. A nondeterministic summand ξemxe/pe lies in [0, 10C0/Ks], since
piece degrees are at most C0 and 1/pe ≤ C0/Ks. After centering, its absolute value has the same
upper bound. The sum of variances is at most 10C2

0/Ks, by bounding each second moment by its
maximum value times its expectation. Deterministic summands have zero variance. For an upward
deviation of C0, scalar Bernstein consequently gives

Pr{sum > 2C0} ≤ exp
(
− C2

0
2(10C2

0/Ks + 10C2
0/(3Ks))

)
≤ e−Ks/30.

6.2 Median cuts, integral matchings, and an expanding overlay

The median-projection and matching-overlay argument has the cut-matching structure of Khandekar,
Rao, and Vazirani [20, Sections 3–3.2]. Here the vertices are incidence stubs. The analysis adds four
controls to that structure: deficient flow, resource loads, exact arithmetic, and rejected attempts.

Recall that each original edge incidence has its own stub, so the piece has Np = 2s′ distinct
stubs. Run at most rm rounds. Each round divides the stubs into two equal halves by the median
rule specified before Lemma 6.3. Let li and hi count the left and right stubs at original vertex i.
Form a flow network with source capacities li, sink capacities hi, and both directed arcs of capacity
χωe for every retained edge. Its maximum possible value is s′.

If its deficiency ∆ = s′ −maximum value is at least ϵ0s′, use the source-side vertex set X of a
minimum cut to split the piece and stop its rounds. The cut formula gives

l(X)− h(X) = ∆ + χ
∑

e∈∂X retained
ωe. (6.11)

The left side equals h(X̄)− l(X̄), so both original volumes are at least ϵ0s′. It is also at most their
minimum. On the event in Lemma 6.2,

|∂X| ≤ 2 min{vol(X), vol(X̄)}
χ

. (6.12)

Indeed the weighted cut is at most the minimum volume divided by χ, and (6.9) adds only one
quarter of that upper bound. Each child’s internal edge count is at most (1− ϵ0/2)s′, because the
opposite side has volume at least ϵ0s′. A nonempty branch thus has fewer than 1 + 4ϵ−1

0 log M < Dp

cuts. Moreover, min{vol(X), vol(X̄)} ≤ s′, so summing (6.12) at each depth shows that all cuts
discard at most the fraction

2(Dp + 1)/χ (6.13)

of the attempt’s initial demands. The sum over the pieces at one depth uses that their edge lists
are disjoint, so their edge counts sum to at most the attempt’s initial demand count.
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When ∆ < ϵ0s′, extract the integral flow as individually identified pairs of left and right stubs
with explicit sampled-edge walks. Pair all remaining left and right stubs arbitrarily and call these
pairs fake edges. The result is a perfect matching on the stubs. Save this matching as one round of
an overlay multigraph, together with real embeddings for its nonfake edges.

These flow calls use Lemma 2.1. Padding to O((χ + 1)s′) makes every capacity polynomially
bounded in the padded size, since the weight check precedes the call. Alternatively, Lemma 2.3
provides the same flow computation when local capacities are presented with longer bit strings.
Paths are extracted as in Section 2, and their extraction time is bounded separately: pair incoming
and outgoing flow units at each internal vertex, also pairing the units on source and sink arcs with
their stubs, and trace from source units. Remaining cycles are omitted. There are at most

2χ
∑

e retained
ωe ≤ 4χs′ (6.14)

interior arc units per round. Lists of these units and their pairings therefore construct all paths
within this bound plus the network size.

The median rule that chooses the halves is the following. For a perfect matching on the stubs,
let A be its averaging matrix: on each matched pair it replaces two coordinates by their average.
Start with P0 = I, and after round j set Pj = AjPj−1, where Aj is the averaging matrix of the
matching saved in round j. At the start of round j, let pi be the rows of Pj−1 and choose a fresh
vector ζ of independent uniform signs. Order the numbers ⟨pi, ζ⟩, resolving ties by stub identifiers,
and put their first and last halves on opposite sides.

The algorithm computes these projections from the saved matchings: to compute a new projection,
it applies the earlier matching averages in chronological order to ζ, obtaining Pj−1ζ. This takes
O(jNp) elementary averages. All entries are dyadic rationals with denominator dividing 2j−1, so
exact projections, comparisons, and tie resolution use O(rm + log Np) bits per number.

Lemma 6.3 (Conductance of the matching overlay). There is a median rule for which a piece
completing all rm rounds has an rm-regular overlay of conductance at least 1/(4rm), except with
probability at most 4N3

p exp[−rm/(80Λ)]. This guarantee holds for any choice of perfect matching
across each chosen pair of halves.

Proof. We show that the median rule specified before the lemma has the stated property. The
potential Ψ defined below decays in expectation over the rounds; hence every entry of the final
averaging product is at least 1/(2Np) except with the stated probability; and the reverse-round
walk converts this entrywise bound into conductance.

The averaging matrices Aj and their products Pj are doubly stochastic. Write p̄ = 1/Np and
Ψ = ∑

i ∥pi − p̄∥22. The centered projected values zi = ⟨pi − p̄, ζ⟩ have mean zero over i, and
Z = ∑

i z2
i satisfies

EZ = Ψ, EZ2 ≤ 3Ψ2.

For the second inequality, sign fourth moments give E⟨v, ζ⟩4 ≤ 3∥v∥42, and Cauchy–Schwarz bounds
each cross term in Z2. The Paley–Zygmund inequality now gives Pr{Z ≥ Ψ/2} ≥ 1/12 when Ψ > 0.
Hoeffding’s inequality for sums of independent signs and a union bound over pairs give, with failure
probability at most 2N2

p e−Λ/2,

|⟨pi − pj , ζ⟩|2 ≤ Λ∥pi − pj∥22 for every i, j.

Choose a median value m between the two central centered values zi. For any pair i, j on
opposite sides, (zi − zj)2 ≥ (zi −m)2 + (zj −m)2. Every stub occurs once in the matching, and the
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sum of squared distances is minimized at the mean, zero. Consequently, for every matching across
the halves, ∑

ij matched
(zi − zj)2 ≥

∑
i

(zi −m)2 ≥ Z.

The exact decrease under averaging is 1
2
∑

ij matched ∥pi− pj∥22. With conditional probability at least
1/20 this is at least Ψ/(4Λ). The parameter values ensure that the sign-tail failure above is smaller
than 1/12 − 1/20 = 1/30: since Np = 2s′ ≤ 2|F | ≤ M2, M = 2u, and e−x ≤ 2−x, it is at most
2M4e−Λ/2 ≤ 21+4u−Λ/2, and Λ ≥ 21000a2(1 + u) ≥ 8u + 12 makes this at most 2−5 < 1/30. If Ψ = 0,
it stays zero. Thus

EΨrm ≤ Np exp[−rm/(80Λ)].

For this analysis one can continue with arbitrary median-crossing matchings after a piece has been
cut; hence stopping a piece early does not introduce conditioning on successful mixing. If any entry
of Prm is below 1/(2Np), then Ψrm ≥ 1/(4N2

p ). Markov’s inequality proves the stated failure bound.
It remains to identify which walk this product describes. Since Prm = Arm · · ·A1, its row starting

at stub i describes averaging steps in the order rm, rm − 1, . . . , 1. Consider one unit of mass at each
stub of a set X with |X| ≤ Np/2, moved by this reverse-round walk. All product entries are at least
1/(2Np), so at least |X|/4 mass finishes outside X. At every intermediate time, double stochasticity
keeps mass at each stub at most one. A matching edge {v, w} at its single time step therefore carries
total mass at most (mass(v) + mass(w))/2 ≤ 1. The number of overlay edge occurrences crossing X
is at least |X|/4. Every stub has degree rm, which proves conductance at least 1/(4rm).

6.3 Recursive routing on the overlay

The next task is to route the demand stub pairs through the overlay with bounded path length and
total traversal load on each overlay edge. These two bounds control the lengths and resource loads
after the saved real embeddings are substituted.

Pair the original stubs according to their demand edges and orient each pair arbitrarily, giving
one packet with a specified source and final target. Both the initial sources and the final targets
are distinct. At recursive calls current packet locations can coincide, but their final targets remain
distinct. We route these packets through the overlay, temporarily permitting fake edges.

Every graph on which a walk runs retains distinct parallel edge copies and uses incidence
degrees: a loop has two incidences. Its lazy walk holds with probability 1/2 and otherwise chooses
a uniform incident edge occurrence. Write P for its transition matrix, so that P h(x, y) is the
probability that h lazy steps lead from x to y, and P h(x, A) = ∑

y∈A P h(x, y). Holding incurs no
traversal. An actual traversal of a loop is counted once. The stationary law is π(v) = dv/

∑
i di, and

πmin = minv π(v). For the lazy walk, the corresponding transition-kernel conductance is ϕ(H)/2.
We invoke conductance and mixing only on graphs with at least two vertices on which a walk runs;
recursive calls on a single label are settled directly. The degree ratio of such a graph is its maximum
degree divided by its minimum degree.

We use the standard conductance-to-mixing argument for reversible chains [30, Section 3]. We
include the proof because it uses the normalization of ϕ(H) given before Section 6.1 and allows
loops and parallel copies.

Lemma 6.4 (Mixing from conductance). In a connected undirected multigraph with at least two
vertices and conductance ϕ, the lazy walk has spectral gap at least ϕ2/4. Let Λ, rm, and t be as in
(6.2) and (6.5). If the graph has at most Np labels, where Np = 2s′ is the number of stubs of a piece
as in Section 6.2, degree ratio at most Dc ≤ Λ1/20, and conductance at least 1/(4rm), then for every
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h ≥ t,
1
2π(y) ≤ P h(x, y) ≤ 2π(y) for all x, y. (6.15)

Proof. Let f be a nonnegative vector supported on at most half the degree volume. Integrating the
boundary sizes of the sets {i : f2

i > ξ} over ξ ≥ 0 (the co-area formula) gives∑
ij edge

|f2
i − f2

j | ≥ ϕ
∑

i

dif
2
i .

Cauchy–Schwarz, together with ∑ij edge(fi + fj)2 ≤ 2∑i dif
2
i , implies

∑
ij edge

(fi − fj)2 ≥ ϕ2

2
∑

i

dif
2
i . (6.16)

Both formulas remain valid with loops counted by their two incidences. Let g be an arbitrary
vector of degree-weighted mean zero, and let m be a degree-weighted median of g. The positive and
negative parts of g −m each have support volume at most half. Their edge energies sum to at most
that of g, while their squared degree norms sum to∑

i

di(gi −m)2 =
∑

i

dig
2
i + m2∑

i

di ≥
∑

i

dig
2
i .

Applying (6.16) to both parts proves the nonlazy gap bound ϕ2/2, by the Dirichlet quotient, and
hence the lazy bound ϕ2/4. The nonlazy reversible operator is a contraction in the degree-weighted
Euclidean norm; making it lazy places its spectrum in [0, 1].

For the pointwise bound, the contraction of the lazy operator on mean-zero densities is applied
to a point mass. Cauchy–Schwarz in the stationary inner product gives relative pointwise error at
most

exp(−hϕ2/4)√
π(x)π(y)

≤ exp(−hϕ2/4)
πmin

.

Here πmin ≥ 1/(DcNp), Np ≤M2, ϕ ≥ 1/(4Λ3), and t = Λ10. Thus the last expression is at most
DcM

2 exp(−Λ4/64) < 1/2, establishing (6.15).

The grouped recursive virtual-job construction of the next paragraph adapts the hierarchical
routing idea of Ghaffari–Kuhn–Su [14, Lemma 3.1]; the recursive sampling of virtual graphs uses their
group-conditioned walk construction [14, Section 3.1.2]. We prove the packet routing, congestion,
and finite-computation estimates needed here, together with the sequential implementation, explicit
caps, and resource-load bounds; these estimates allow nonuniform stationary distributions and count
repeated traversals.

At a recursive call, a singleton label requires no routing. Otherwise divide its label set into
min{b, #labels} groups whose sizes differ by at most one. For each packet, draw a 2t-step walk from
its present location conditioned to end in the group of its final target. For each vertex, also draw
qv independent virtual jobs with the same length, starting there and conditioned to end in that
vertex’s own group. The start and endpoint of every virtual job form one undirected edge within its
group; its sampled walk is saved as the edge’s embedding. Recurse on each of these virtual graphs
with the packets at their newly sampled locations and with their original final targets. On return,
substitute the stored embeddings, reversing them when necessary.

All job draws within a call are independent conditional on its input. A conditioned draw is
implemented by ordinary walk trials, retaining the first whose endpoint is in the prescribed group.
Allow at most Λ3b trials per job. For a uniform choice among the dv incident occurrences at a
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vertex v, draw ⌈log2 dv⌉ fair bits and reject indices outside {0, . . . , dv − 1}; allow at most Λ strings
for one such choice. A cap violation aborts the attempt. These rules also cover graphs with loops
and parallel edges. The group-size rule makes the maximum size after j recursive levels at most
⌈Np/bj⌉. Hence the recursion depth is at most 2a2, since b2a2 = M2 ≥ Np.

Lemma 6.5 (Length and congestion of recursive routing on the overlay). Let S, M , a, and u be as
in (6.1), let b, Λ, and P∗ be given by (6.2) with P∗ ≤ b, and let the internal parameters be given by
(6.5). Conditional on an rm-regular overlay of conductance at least 1/(4rm), as in the conclusion of
Lemma 6.3, the recursive routing procedure of Section 6.3 produces explicit routes for all packets
with both maximum length and total traversal congestion on each overlay edge at most H∗, except
with probability less than M−20. All its data sizes and running times remain bounded by the caps
specified in that procedure even when it fails.

Proof. The proof is an induction over the recursive levels on a good event. On this event each
child graph again has degree ratio within the allowed bound and conductance at least 1/(4rm), so
Lemma 6.4 applies at every level. A load bound for all jobs at one call then gives local edge loads
and walk lengths at most Λ20, and substitution multiplies these bounds over at most 2a2 levels.
The last two stages collect the failure probabilities and prove the work bounds on every run.

Probability space and uncapped rejection. All probabilities in this proof are conditional on the
recursively specified input of the current call. Endpoints chosen at a parent create the child graph,
but at that child the new streams are fresh independent streams. This permits induction up to the
first failed graph or packet invariant, even though the child graph may depend on its packet starts.
The analysis treats uncapped rejection, in which a conditioned draw or a uniform choice repeats
its trials without a cap, and stops when an inductive good event fails. Coupling capped rejection
to uncapped rejection until the first cap justifies using the uncapped distributions in the bounds
below, including the bounds on the probability of reaching a cap.

Degree and conductance invariants. The current degree ratio is allowed to be Dc, initially one,
and this bound is multiplied by 20 per level. Thus

Dc ≤ 202a2 ≤ Λ1/20.

The inductive conductance lower bound is 1/(4rm), so Lemma 6.4 applies. A group A occupies at
least 1/(2b) of the labels; hence π(A) ≥ 1/(2Dcb). An ordinary trial succeeds with probability at
least 1/(4Dcb). The endpoint of a successful trial has distribution

P 2t(x, y)
P 2t(x, A) ∈

[1
4 , 4

]
π(y)
π(A) ⊆

[ 1
4Dc|A|

,
4Dc

|A|

]
(y ∈ A). (6.17)

Distinct final targets mean that at most |A| packets seek group A. Packet arrivals at a specified
child vertex therefore have expectation at most 4Dc. For a sum Y of independent indicators and
any µ ≥ EY we use the Chernoff bounds

Pr{Y ≥ R} ≤ 2−R (R ≥ 6µ), Pr{Y ≥ (1 + δ)µ} ≤ exp
(
− δ2µ

2 + δ

)
(δ > 0).

Since qv = Λ3 ≥ 24Dc, the first bound shows that the arrivals at a specified child vertex are at most
qv except with probability at most 2−qv .

Exactly qv|A| virtual jobs seek A. If Iz counts their endpoints at z, then EIz ≤ 4Dcqv, and the
second bound with δ = 3 and µ = 4Dcqv gives Iz ≤ 16Dcqv for each z except with probability at most
exp(−36Dcqv/5) ≤ e−qv . The child degree is exactly qv + Iz: a loop contributes its start incidence
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and its endpoint incidence. Thus every child degree is at least qv and at most (1+16Dc)qv ≤ 20Dcqv,
proving the claimed next degree ratio.

For any X ⊆ A with 1 ≤ |X| ≤ |A|/2, each of the qv|X| jobs starting in X leaves X with
probability at least 1/(8Dc), by (6.17). Chernoff yields

#{virtual edges from X to A \X} ≥ qv|X|
16Dc

(6.18)

except with probability exp[−qv|X|/(64Dc)]. A union bound over subsets, grouped by cardinality,
bounds the failure probability for all such X by∑

j≥1
N j

p exp[−qvj/(64Dc)]. (6.19)

For a nontrivial cut, let X be its smaller-cardinality side, to which (6.18) applies. Its volume is
at most 20Dcqv|X|, and the smaller of the two cut volumes is no larger than this volume. The
child conductance is at least 1/(320D2

c ) ≥ 1/(4rm). This establishes all graph and packet invariants
required at the next level.

Expected loads at one call. We next bound loads of all jobs at one call before any substitution.
Set W = ∑

i di and dmin = mini di. At most 2qv jobs start at any vertex: there are qv virtual jobs
and at most qv packets. At most (qv + 1)|A| jobs seek group A, because virtual jobs seeking A start
in A and packet final targets are distinct.

Fix an oriented incidence x→ y of a specific edge. At a step in the first half, the remaining suffix
has at least t steps. Conditioning a job on its prescribed terminal group increases the probability of
this step’s traversal by at most four: the ratio is P h(y, A)/P 2t(z, A) ≤ 2π(A)/(π(A)/2), where z
is its start. Without conditioning, the aggregate initial density is at most 2qv/πmin = 2qvW/dmin
relative to stationarity, and the walk preserves this bound. A stationary lazy step traverses this
oriented incidence with probability 1/(2W ). Therefore its expected conditioned load is at most

42qvW

dmin

1
2W

= 4qv

dmin
. (6.20)

In a second-half step, the prefix before traversal has at least t steps. If j steps remain after this
incidence and the job seeks A, its conditional traversal probability is at most

2π(x) (1/(2dx)) P j(y, A)
π(A)/2 = 2P j(y, A)

Wπ(A) .

Summing first over jobs seeking A and then over the groups gives
∑
A

2(qv + 1)|A|
Wπ(A) P j(y, A) = 2(qv + 1)

∑
A

|A|
vol(A)P j(y, A)

≤ 2(qv + 1)
dmin

∑
A

P j(y, A) = 2(qv + 1)
dmin

. (6.21)

This calculation cancels, group by group, the factor 1/π(A) introduced by conditioning on the
terminal group. In particular it introduces neither the number of groups nor a degree-ratio factor.
Adding the two oriented incidences of an undirected edge, including the two incidences of a loop,
bounds its expected traversal load at any step by 24qv.

Concentration of local loads. Conditional on the current input, different jobs are independent.
At one fixed step, their indicators of traversing a fixed edge are independent Bernoulli variables,
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regardless of dependence between different steps of one job. The expected load is at most 24qv = 24Λ3

and Λ6 ≥ 6 · 24Λ3, so the first Chernoff bound shows that this load is at most Λ6 except with
probability at most 2−Λ6 . A union bound over edges and the 2t steps gives total local edge load at
most 2tΛ6 ≤ Λ20; local walk lengths are also at most Λ20.

Substitution through the levels. Suppose that child routes have maximum length and edge
congestion at most Z. Initial packet walks contribute at most Λ20 load to a current edge. Each
virtual-edge embedding is then used at most Z times, so all substitutions contribute at most ZΛ20.
The same inequality bounds length, using the maximum embedding length. Starting at the leaves
and iterating through at most 2a2 levels bounds both quantities by

(2Λ20)2a2 ≤ H∗. (6.22)

Tail bounds. A conditioned job exceeds its trial cap with probability at most(
1− 1

4Dcb

)Λ3b

≤ exp[−Λ3/(4Dc)],

and a uniform incidence choice exceeds its string cap with probability at most 2−Λ. The group-cut
bound (6.19), the point-count and edge-step tails, and these cap tails are all below M−40 = 2−40u.
Indeed, Λ ≥ 21000a2(1 + u) and Dc ≤ Λ1/20 give qv/(64Dc) ≥ Λ2 and Λ3/(4Dc) ≥ Λ2. With
Np ≤ M2, the sum (6.19) is therefore at most 2M2e−Λ2 ≤ 21+2u−Λ, and each of 2−qv , e−qv ,
2−Λ6 , exp[−Λ3/(4Dc)], and 2−Λ is at most 2−Λ. Both 21+2u−Λ and 2−Λ are less than 2−40u, since
Λ > 42u + 1.

Work bounds on every run. The bounds on the work of a failed run hold without any good event.
Packets never duplicate; each vertex always initiates exactly qv virtual jobs; group sizes shrink by
the group-size rule; and every trial and walk has an explicit cap. At each recursion depth of the
routing procedure there are at most qvNp virtual edges, with incidence arrays for constant-index
access. Even if congestion bounds fail, let Lk bound a fully expanded packet route with k levels
remaining. The newly sampled prefix has at most 2t steps, and each edge of the child route expands
to at most 2t steps. Thus

L0 = 0, Lk ≤ 2t(1 + Lk−1) ≤
k∑

j=1
(2t)j ≤ 2(2t)k (1 ≤ k ≤ 2a2).

This is a fixed power of Λ. These deterministic size bounds also bound all elementary choice counts.
Under P∗ ≤ b, the total number of pieces, calls, edges, steps, and capped choices in an entire attempt
is less than M20. A union bound over these positions, whose tails are below M−40, thus proves the
failure bound M−20 of the lemma.

6.4 Filtering real embeddings and verifying a stage

The good event of Lemma 6.5 bounds route lengths and congestion in the overlay, where fake
edges are still allowed. This subsection discards routes using fake edges or excessively long real
embeddings; the congestion bound limits how many demands this discards and controls the resource
load of the remaining expanded routes.

At a completed piece, that is, a piece that completes all rm rounds without a cut, discard every
packet route using a fake overlay edge or an overlay edge whose real embedding has more than L0
sampled-edge hops. This filtering is performed on overlay identities before any long real embedding
is substituted. In one piece there are fewer than ϵ0s′rm fake edges. By (6.14), the total length of all
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real embeddings is at most 4rmχs′, so at most 4rmχs′/L0 overlay edges have a long real embedding.
Each such edge is used by at most H∗ packets, since traversal congestion bounds the number of
packets using it. The fraction discarded within completed pieces is therefore at most

H∗ϵ0rm + 4H∗rmχ

L0
. (6.23)

Adding (6.13), the total lost fraction is at most

2(Dp + 1)/χ + H∗ϵ0rm + 4H∗rmχ/L0 < 1
2 .

Indeed, by (6.5), 2(Dp + 1)/χ ≤ 4Dp/χ = 4Λ−5a2 , H∗ϵ0rm = Λ3−30a2 , and 4H∗rmχ/L0 = 4Λ3−20a2 .
Since a ≥ 10, each exponent is at most −5a2 ≤ −500, so the sum is at most 9Λ−500 < 1/2. Thus
more than half the original stage demands survive all cuts and filtering on the good events.

Replace each remaining overlay traversal by its real embedding. Its direction specifies whether
to use the embedding or its reverse. The resulting walks have correct endpoints and at most H∗L0
hops. In each round, an undirected sampled edge e appears at most 2χωe times among the real
embeddings, by its two directed capacities. It is therefore traversed at most

2H∗rmχωe (6.24)

times by the final walks from its completed piece.
Completed pieces are vertex-disjoint even when they stop at different depths: no completed

piece has descendants, and sibling pieces use disjoint vertex sets. Their samples therefore contain at
most 4Ksv+ distinct original edges. Combining (6.24) with (6.10), applied separately at each of the
at most Dp + 1 depths, bounds every resource load by

4H∗rmχ(Dp + 1)C0. (6.25)

The parameters give each required stage margin:

4Ks ≤ Λ350a2
, H∗L0 = Λ270a2 ≤ Λ350a2

, 4H∗rmχ(Dp + 1) ≤ Λ350a2
. (6.26)

These are the margins for the support, the maximum hop count, and the resource load required of a
successful stage in Section 6.1.

The algorithm accepts a stage only after checking these three bounds with Λ350a2 , checking that
at least half the demands have been assigned, and checking every returned walk’s edge identities
and endpoint sequence. It counts total traversals of each selected edge and multiplies these counts
into the edge’s sparse resource list to verify resource loads. Consequently every accepted stage
satisfies these bounds on every computation path, whether or not the overlay is expanding and the
probabilistic estimates of the construction hold.

6.5 Failure probability and finite computation

Proof of Lemma 6.1. The proof first shows that one attempt fails with probability less than 1/2. It
then bounds the probability that some stage exhausts its T attempts by 2−σS−800 and assembles
the accepted stages into (6.3). Finally it bounds the work on every computation path, including the
finite-word implementation.

Failure probability of one attempt. At a fixed cut depth, condition on its input lists before
making its fresh samples. Lemma 6.2 applies to these lists even though earlier cuts were random.
Likewise the median potential and the recursive routing estimates are conditional on their respective
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inputs. The sum of all bad-event probabilities in one attempt is less than 1/2 when b, Λ, and P∗ are
given by (6.2), including the prerequisite P∗ ≤ b, and the internal parameters by (6.5). This bound
follows from the following counts. There are at most M2(Dp + 1) pieces and at most M2 resources
having nonzero input data. The matrix and sample-count tails of Lemma 6.2, the resource tails in
(6.10), and the product-mixing tails of Lemma 6.3 are each below M−40, including their per-piece
factors. Indeed, s′ ≤ M2/2, Np ≤ M2, Ks/χ2 = Λ10a2 , a nonempty piece has #{i : di > 0} ≥ 1,
and rm/Λ = Λ2, so these tails are at most

2M2e−Λ10a2
/100, e−Ks/3, e−Ks/30, 4M6e−Λ2/80,

and each of these is at most 22+6u−Λ < 2−40u = M−40, because Λ ≥ 21000a2(1 + u). For the routing
procedure, the group-cut union is bounded by (6.19); the point-count and edge-step tails use qv = Λ3

and threshold Λ6; these and the rejection tails are shown to be below M−40 in the stage Tail bounds
of the proof of Lemma 6.5. Their total number, including capped random-choice positions, is less
than M20. These comparisons follow directly from Λ = 21000a2(1 + u), a ≥ 10, and P∗ ≤ b: every
polynomial count in the listed powers of Λ is absorbed by the latter inequality, while every displayed
tail has an exponent dominating a constant multiple of u. All good events imply that the stage
passes its verification (Section 6.4).

Attempts, stages, and assembly. After each unsuccessful attempt, the unchanged residual graph
is tried again with fresh bits. Conditional failure probability is at most 1/2 per attempt; hence
failure of all T attempts has probability at most 2−T . Taking a union bound over at most 2u + 2
stages gives

(2u + 2)2−T ≤ 2−σS−800.

Indeed, u ≤ 2 log2 S and (6.6) give (2u + 2)2−T ≤ (4 log2 S + 2) 2−2σ−20S−2000, which is at most
2−σS−800. This also proves the stated conditional guarantee for adaptive inputs. Taking the union
of selected supports over accepted stages and retaining each demand’s first accepted walk yields
(6.3), because

(2u + 2)Λ350a2 ≤ P∗.

Support and resource loads add over stages; maximum hop count does not increase when supports
are united.

Work on every computation path. The work bound includes rejected attempts. At any fixed
cut depth, piece edge counts sum to at most the starting edge count. Sampling scans their lists
once. For each piece there are at most rm flow calls, each on padded size O((1 + χ)s′). Lemmas 2.1
and 2.3 bound their finite-word running time by padded size times Moa(1), uniformly over these
local sizes. In particular, the padded sizes are O((1 + χ)M2), and the subpolynomial overhead of
these flow computations at these sizes is Moa(1). The total padding over a depth is linear in its
edge count times a fixed power of Λ. The weight check (6.8) bounds flow throughput by (6.14) even
for a sample with inaccurate cuts. The time to construct all integral paths is therefore bounded
by (6.14) plus the network size. By the projection computation of the median rule (Section 6.2),
projecting sign vectors takes O(jNp) averages in round j, hence O(r2

mNp) operations per piece.
Sorting projected values to choose each median takes O(Np log Np) comparisons, which adds only a
logarithmic-power factor.

At a completed piece, the initial overlay has rmNp/2 edges. At each routing depth there are
at most qvNp virtual edges and O(qvNp) jobs across its calls. Store all incident-edge arrays, so
that each walk step accesses its chosen incidence by index. A job uses at most Λ3b trials, each
of 2t steps, and each incident choice has at most Λ bit-string trials. These caps supply the sole
additional nonlogarithmic factor b. The deterministic recursion-depth and substitution bounds from
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Lemma 6.5 control intermediate walk-list sizes even on bad random outcomes. Long real embeddings
are filtered before substitution; all remaining expansions have a further factor of at most L0. Thus
explicit output construction is also linear in the input size times b and a fixed power of Λ.

Finite-word implementation. Sparse dictionaries translate original labels, edge identifiers, and
resource names to local indices and back. Verification first counts traversals by selected edge
and then scans its resource list once, multiplying each entry by that count. All comparisons,
capacity operations, resource-load products, and dyadic averages use bounded multiword integers.
In particular, the projection denominator has at most rm binary digits (Section 6.2); local path
lengths and load counters have the deterministic size bounds just proved; and all input bit strings
have the assumed logarithmic-power width. The normalized matrices, potentials, and stationary
probabilities, together with their square roots and eigenvectors, appear only in the analysis. The
sampling probabilities are found by exact integer comparisons, and an event of probability 2−ℓ

is drawn using ℓ fair bits. Here ℓ ≤ 2u, since the positive piece degrees are at most M2. Each
random sign uses one fair bit. Standard multiword implementations of all arithmetic operations
add only logarithmic-power factors. Individual generated bits, initialization of arrays, allocation,
and movement of these records are included in the same bounds. Multiplication by the capped
numbers of cut depths, routing depths, stages, and attempts gives the bound (6.4). Since all caps
are enforced independently of the good events, this is a bound on every computation path.

7 Approximation ratio of the cycle data structure
This section and Section 8 construct the cycle data structure of Lemma 5.2; this section proves its
approximation guarantee (5.9). The structure is a recursion over levels i = 0, . . . , d on graphs of
decreasing size. At the bottom level a direct search suffices (Lemma 7.1). At a level i < d, updates
are grouped into epochs (Section 7.2), and during an epoch the graph present at its start is kept
fixed (frozen). For each epoch the argument has four steps:

(1) verified random covers of the frozen graph (Lemma 7.2) and a finite family of forests built
from them (Lemma 7.3);

(2) random upward routes in these covers (Lemma 7.4), which decompose the part of every current
circulation on the edges of the frozen graph that are still present into fundamental cycles of
the forests of this family plus a vector on the shortest-path trees of the cells of the covers
(Lemma 7.5);

(3) local correction cycles, which replace the fundamental cycles opened by deletions with current
circulations of bounded raw length, in the sense of Section 2 (Section 7.5);

(4) one smaller child graph J , which carries what remains, in compressed form (Section 7.6 and
Lemma 7.7).

Lemma 7.8 combines these steps: the ratio of every current circulation is at most b2 times the larger
of the best local correction score and the optimum of J . Corollary 7.10 applies this bound at every
level. Section 8 supplies the path assignments used by the local corrections, maintains the child
graph, and publishes a forest in which the returned walks have the required representation and
recourse; its completion of the proof of Lemma 5.2 uses Corollary 7.10.

7.1 Parameters, certified scores, and the bottom level

We keep the parameters of Section 6; recall from (6.2) that

b = M1/a2
, Λ = 21000a2(1 + u), P∗ = Λ400a2

, M = 2u. (7.1)
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Here u is a positive multiple of 2a2 and S1/a ≤ M ≤ S2. All powers in the following display are
integers:

d = 2a− 4, k = M1/a, ni = M1−i/(2a), Gi = 1200a + 2i (0 ≤ i ≤ d),
r = (1210a + 3)a2, Γ = Kh = Λ2,

A∗ = 64rΓKhb, p∗ = (10P∗)a2+1, Z∗ = 40(p∗ + 1).
(7.2)

The routing sparsifier (Lemma 6.1) has the checked prerequisite P∗ ≤ b of (6.2). We impose it
together with one further deterministic check:

P∗ ≤ b, 20Z∗A∗ ≤ b2. (7.3)

For each fixed a, these inequalities hold for all sufficiently large M : every factor other than the
displayed powers of M is a fixed power of 1 + u. As in Section 2, a failed check suspends the
parameter branch. Throughout this section the parameters satisfy (7.2) and (7.3).

The parameters in (7.2) have the following roles.
• Recursion. Level i handles graphs of size at most ni whose prices have magnitude at most

MGi . The bottom size nd = M2/a is small enough for the direct search of Lemma 7.1. The
exponent G0 = 1200a is the price bound of Lemma 5.2, and the increment Gi+1 = Gi + 2
absorbs the factor k + 1 by which the edges of the smaller graph built in Section 7.6 can
exceed the length and gradient bound of level i. The depth d determines the final ratio in
Corollary 7.10.

• Update batches and forest separation. The quantity k sets the number hi = ni/k of input edits
in (7.4), and in Lemma 7.6 the size below which the components left after removing a sparse
vertex set of a forest must fall.

• Random partitions. Section 7.3 uses r layers of random vertex partitions, with radii Rj = bj ;
the number r is large enough that Rr/2 exceeds every finite component diameter (stage
“Agreement at the top layer” of the proof of Lemma 7.4). In Lemma 7.2, Γ caps the random
delays and hence bounds the radii of the cells by ΓRj , Kh is the number of partitions per
layer, and the choice Γ = Kh = Λ2 makes the failure bound (7.6) hold.

• Losses. The constant A∗ bounds the expected lengths in Lemma 7.4 and hence the coefficient
bounds of Lemma 7.5; p∗ bounds the number of hops of the paths Πf of Section 7.5; and
Z∗ ≥ 17(p∗ + 1) gives the length bounds (7.17) and (7.19). The second check in (7.3) turns
the constants of Lemma 7.8 into the factor b2; it also implies b > 2Γ, which is used in the
stage “The route P (v)” of the proof of Lemma 7.4. The arguments of this section use the
factors 40 and 20 only through Z∗ ≥ 17(p∗ + 1) and 14Z∗A∗ ≤ b2.

Level i accepts an undirected multigraph on fixed vertex slots, of total size at most ni, counting
slots and edge copies. Its lengths are positive integers and its signed gradients are integers, with

1 ≤ ℓe ≤MGi , |γe| ≤MGi .

Each edge has an identifier and a reference orientation. The degree bound needed for the running
time is a fixed-parameter logarithmic power; Section 8 proves that this bound persists under
recursion. The outer input has degree at most three. Write OPTi for the maximum circulation ratio
on the current level-i graph, with the same zero convention as in Lemma 5.2. The level-0 graph
is the input graph of Lemma 5.2, so OPT0 is its optimum OPT of (5.7); below, OPT without a
subscript or an argument always denotes this outer optimum.
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A certified score is a nonnegative rational lower bound on the absolute gradient divided by the
positive raw length of a returned traversal list. A zero score may accompany no candidate. An edge
is actual if it is an input edge of level i, and a traversal is actual if it traverses such an edge, as
opposed to the artificial null links introduced below. Raw length counts every actual traversal with
multiplicity; in the constructions below, assigning length one to an artificial null link only enlarges
the length used for an upper bound. A vector used solely in an existential comparison is measured
instead by its length norm; recall from Section 2 that this is the sum of length times the absolute
net coefficient on each edge.

Lemma 7.1 (Bottom-level search). At level d, a query returns individual oriented edges forming a
circulation with certified score at least OPTd /2, whenever OPTd > 0. Initialization and each graph
operation or query cost MO(1/a)+oa(1), and the answer has at most nd = M2/a pieces.

Proof. The query tests dyadic ratio thresholds by negative-cycle detection; since the optimum is
attained by a directed cycle and lies in a bounded range, the largest successful threshold is within a
factor two of it.

The search. Replace each undirected edge by its two possible traversals. For each dyadic
threshold ρ = 2j with

−(Gd + 2)u ≤ j ≤ (Gd + 1)u,

give these two arcs costs ρℓe − γe and ρℓe + γe, respectively. For every start vertex, tabulate
minimum costs of walks with each number of arcs from zero through the number of vertices,
retaining predecessor pointers. This detects a negative closed walk whenever one exists, because
a negative closed walk contains a negative simple directed cycle. Keep a witness for the largest
successful threshold, and return its exact absolute-gradient to raw-length ratio.

Approximation. Negating a nonzero signed circulation if necessary, we may assume that its
gradient is nonnegative. Orienting its used edges along their coefficient signs gives a nonnegative
directed circulation, which decomposes into simple directed cycles. Gradient and length add in this
decomposition, so one cycle has ratio at least that of the circulation. Conversely, any positive-ratio
directed cycle projects to a nonzero signed circulation; its projected length norm is at most its raw
length. It follows that OPTd is attained by a directed cycle. Integer gradients and positive integer
lengths give

1
ndMGd

≤ OPTd ≤MGd if OPTd > 0.

The tested thresholds cover this interval with room on both sides. The largest successful threshold
is at least OPTd /2, and its negative walk has still larger ratio. The witness has at most the number
of vertices in the graph.

Running time. There are Oa(1 + u) thresholds. The elementary tables take at most O(n3
d)

arithmetic operations per threshold, since both the vertex and arc counts are O(nd). All costs have
Oa(1 + u) bits after a common dyadic scaling. This proves the stated bound, including multiword
arithmetic.

7.2 Batched updates and the decomposition target

For i < d, level i works in epochs of
hi = ni/k (7.4)

input edits, a price replacement counting as a deletion followed by an insertion. At the beginning of
an epoch the current nonloop graph is frozen: it is recorded, including its prices and edge identities,
as the frozen graph Ḡ. An old edge keeps these data until its death; until then it is a surviving
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frozen edge. Every later insertion is a new edge, even when its endpoints and prices coincide with
those of a dead edge. A heap on all current loops supplies exact single-loop candidates. Loops can
otherwise be omitted: their coordinates are independently circulations, and the optimum on a graph
is the maximum of its loop optimum and its nonloop optimum. Throughout Sections 7.3–7.6 we fix
a level i < d and an epoch at this level, with frozen graph Ḡ; states are states during this epoch.

Fix a current nonloop circulation ∆, and write ∆ = ∆s + ∆n on the surviving frozen and new
edges. The surviving part need not be a circulation: its imbalance is the negative of that of ∆n, so it
is supported at new-edge endpoints. We will express ∆ as a linear combination of current circulation
candidates plus the projection of one circulation in a smaller graph. The coefficient-weighted
lengths and the child vector’s length norm must be bounded by a controlled multiple of ∥ℓ∆∥1.
Each candidate, however, also needs a bound on its own raw traversal length, because Lemma 5.2
measures a returned answer by its raw length V in (5.9).

7.3 Verified covers and a finite family of forests

The covers below adapt the shortest-path partitions with random shifts of Miller, Peng, and Xu [27,
Algorithm 2 and Lemmas 4.1 and 4.4]. We prove the required guarantees for weighted distances,
geometric delays, verified padding, and capped retries.

For each layer j = 1, . . . , r, let Rj = bj .

Lemma 7.2 (Random partitions with every ball in one cell). Assume (7.2) and (7.3), and let the
level i < d, the epoch, and its frozen graph Ḡ be as fixed in Section 7.2. For every layer j there is
a randomized construction of Kh partitions of the vertices of the frozen graph Ḡ into cells, with a
shortest-path tree in each cell, such that:

(i) every cell tree has radius at most ΓRj about its center;
(ii) for every vertex, at least one of the partitions has a cell containing its entire closed Rj-ball in

Ḡ.
The construction checks properties (i) and (ii) for the partitions it returns. It takes niM

oa(1) time
on every computation path for fixed reliability parameter σ, with detected-failure probability at most
2−σS−800 conditional on any valid frozen input. It uses integer operations and fresh fair random
bits.

Proof. Each partition clusters the vertices by randomly delayed shortest-path distances: every vertex
joins the center of largest score (7.5). The cells have small radius, a margin over the runner-up
certifies that a whole ball lies in one cell, each partition gives this margin at a given vertex with
probability at least 1/8, and independent partitions with capped retries give the failure bound.

Cells and their trees. Independently for each partition, give every vertex c an integer delay Xc

with Pr[Xc ≥ t] = 2−t for nonnegative integers t. At v, choose the center maximizing

RjXc − distḠ(c, v), (7.5)

breaking ties by center identifier. Reject the attempt if any delay exceeds Γ. A vertex’s own center
has nonnegative score, so its winning center is at distance at most ΓRj . Dominance of a center
persists along a shortest path towards it: the triangle inequality preserves every score comparison,
including the common identifier tie rule. Hence a shortest-path tree to the center lies inside the
winning cell.

Checking the padding. For each vertex also compute the runner-up among distinct centers.
Verify that at each layer every vertex has, in some partition, winning margin greater than 2Rj .
The difference between the scores of two centers changes by at most twice the distance moved.
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Thus this check implies containment of the whole closed Rj-ball. A runner-up in another connected
component has score minus infinity.

Success probability and retries. For unlimited geometric draws, fix a vertex and all delays except
that of a proposed winner c. The event that c wins is a lower integer threshold on Xc, truncated
below at zero. Exceeding that threshold by three raises its score by 3Rj and gives margin greater
than 2Rj . The geometric tail assigns probability at least 1/8 of the winning-event probability to
this overshoot. Summing over the disjoint winning events gives margin probability at least 1/8.
Independence of the partitions and a union bound therefore bound the probability that the delay or
coverage checks fail by

rKhni2−Γ + rni(1− 1/8)Kh <
1
2 . (7.6)

The displayed inequality follows from the chosen scales in the checked parameter range: ni ≤M = 2u

and r ≤ Λ, while Γ = Kh = Λ2, u < Λ, and (1 − 1/8)Kh ≤ 2−Kh/8, so each term on the left is
at most Λ32Λ2−Λ2/8, which is less than 1/4 because Λ ≥ 21000a2 . Repeat with fresh draws at
most 2(σ + 1000 log2 S + 10) times. Exhaustion is a detected failure; its probability is at most
2−σS−800. This matches the failure bound of the routing sparsifier (Lemma 6.1), and the stage
“Failure probability” of the proof of Lemma 8.10 sums these bounds over at most S500 randomized
invocations.

Implementation and running time. Generate a geometric delay by fair bits, stopping and rejecting
when its cap is exceeded. Shifted distances and the best two distinct center labels are computed
by multi-source Dijkstra with initial offsets −RjXc, finalizing at most two distinct origins at each
vertex. An origin among the best two at a vertex has prefixes among the best two along a shortest
path; otherwise two strictly preferred origins at a prefix would remain preferred at the endpoint.
Thus this truncation loses neither of the required origins nor a winning tree pointer. Initial offsets
can be negative because edge lengths are positive. Each partition needs only near-linear integer
graph work. The layer, partition, delay, and repetition counts are fixed powers of 1 + u for fixed a, σ,
and their integer data have fixed-parameter logarithmic bit length. This proves the time bound on
every computation path.

Let Hj be the disjoint union of copies of all the cell trees in the Kh partitions at layer j. We
call the forests Hj the raw forests; they are kept separately from the copies of their trees inside the
family forests T 0 below. A tree edge maps to its frozen actual edge, with the appropriate endpoint
correspondence and reference orientation. Introduce additional vertices Vj(v) for every frozen slot v
and 0 ≤ j ≤ r. The layered system has two kinds of artificial links:

• an OUT link from Vj−1(v) to the copy of v in each partition of Hj ;
• an IN link from every cell root c to Vj(c).

At layer j, the vertices Vj−1(v) are the lower slots, and the Kh OUT links leaving a lower slot are its
OUT options. Each artificial link maps to a null traversal at one level-i slot, that is, at one vertex
slot of the level-i input graph, and is assigned length one and gradient zero for the construction.

The following finite family adapts the bit-selection construction of Chen et al. [4, Definition 4.30
and Lemma 4.31].

Lemma 7.3 (Finite family of routing forests). Assume (7.2) and (7.3), fix the level i < d and
the epoch of Section 7.2, and let the cell trees and the layered system be those of the partitions of
Lemma 7.2. There is a family of at most (K2

h(u + 1))O(r) forests T 0 with the following property. For
every choice, at each layer, of two distinct lower slots and of an OUT option for each of them, some
member of the family contains all the chosen OUT links simultaneously across the layers. Each
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member contains separate copies of all cell trees and IN links, and exactly one OUT link per lower
slot.

Proof. At a given layer choose a bit position of the slot index and two partition options, using the
chosen option as a function of that bit. Include constant functions as well. Two distinct indices differ
in some bit, so any two prescribed options can be realized. Choose these functions independently at
the r layers and include every choice in the family. There are at most 2K2

h(u + 1) choices per layer,
giving the claimed bound.

With each cell tree oriented towards its root and the links towards higher layers, every vertex
has outdegree at most one and there is no directed cycle. Such an underlying undirected graph is a
forest: an undirected cycle would, by its edge count and outdegree bound, force a directed cycle.
This also proves the asserted structure of each T 0.

The chords of each T 0 are the frozen input nonloops on its V0 vertices, and a null pair chord
between every two distinct OUT-option targets of the same lower slot. The latter has length one
and gradient zero, whether or not either OUT option was selected in T 0. Retain only chords whose
endpoints are connected in that forest. For such a chord f , let C0

f be its signed fundamental cycle
in the forest T 0 as built at the start of the epoch, traversing f forward and the tree path backwards.
Let wf be its full length, including artificial links, and fix the bucket

Wf = 2⌈log2 wf ⌉. (7.7)

The bucket Wf is computed from the bit length of wf by integer operations.
Whenever a frozen actual edge dies, delete every tree edge mapping to it, both in the T 0 copies

and in the raw forests Hj . These deletions are called holes. An edge of one of these forests is live if
it has not been deleted, and a chord is live if it is a surviving frozen edge or a null pair chord; live
forests, live components, and live paths consist of live edges. For a surviving chord f , write Cclip

f

for the chord together with the surviving signed tree traversals of C0
f . Null chords always survive.

The clipped vector need not be a circulation.

7.4 Route distributions and the decomposition of a circulation

Let π denote projection onto the frozen actual edge coordinates, ignoring null links and adding
signed coefficients of copies. Thus π maps vectors on the forests T 0 and Hj and on their chords to
vectors on the frozen edges; Section 7.6 extends π to vectors on the child graph. We first define a
distribution of an upward route for every vertex. These distributions are used only in the proof,
and are not sampled or evaluated by the algorithm.

Two features of this construction, the normalized boundary-distance weights and the retention
of each starting vertex’s route law, adapt the origin-aware routing of Rozhoň et al. [29, Section 4].
Its dynamic development appears in Chen et al. [4, Section 4.3].

To account for the imbalance of ∆s, we will compare a surviving edge with the difference of two
upward routes, one from each endpoint. The same vertex must have the same route law when it
appears at the endpoint of different edges. With this fixed marginal, the route contributions cancel
wherever ∆s is conserved; only its imbalance at new-edge endpoints remains. Thus the route law
will be indexed by the starting vertex, even when the route has reached a different representative in
a higher layer.

For a cell C at layer j, including its partition identity, define the cell weight

aj,C(v) = max
{

0, min{Rj , distḠ(v, V (Ḡ) \ C)} − Rj

2

}
. (7.8)
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Distance to the empty set, or to vertices in other components only, is infinity. Normalize these
weights to a distribution Lj(v) on all cells at that layer. A verified covering cell gives a weight of
at least Rj/2, so the normalizer is at least Rj/2. A positive-weight cell contains every vertex at
distance at most Rj/2 from v.

Lemma 7.4 (Distribution of the random upward routes). Assume (7.2) and (7.3), fix the level
i < d and the epoch of Section 7.2, and let the cells be those of Lemma 7.2. The independent layer
choices Lj(v) define an upward path P (v) in the layered system with all OUT options. For every
frozen edge e = vw, its two path laws admit a coupling such that the closed walk e + P (w)− P (v),
after canceling a common final suffix, has expected full length at most A∗ℓe. The marginal law of
P (v) is the same for every incident edge used in this assertion.

Proof. The proof compares the cell laws of the two endpoints of e layer by layer. Neighboring
vertices have nearly equal laws, so under a maximal coupling the two routes are retained at layer
j only with probability O(Khℓe/Rj−1). Since that layer has length O(ΓRj) and Rj/Rj−1 = b, its
expected contribution is O(ΓKhbℓe). At the top layer the laws coincide, and the common suffix
after the last disagreement cancels.

Neighboring cell laws. The functions in (7.8) are one-Lipschitz on a connected component. At
two vertices, at most 2Kh cell weights can be nonzero, since a positive weight requires membership
in the cell. Comparing normalized weights along e = vw yields

TV(Lj(v),Lj(w)) ≤ 4Khℓe

Rj
. (7.9)

Indeed the sum of absolute unnormalized changes is at most 2Khℓe, and total variation of the
normalized laws is at most that sum divided by the smaller normalizer.

The route P (v). The route P (v) starts at V0(v), uses the cell chosen at layer one, then its tree
path to its center and the IN link to the corresponding V1 vertex, and continues in the same way at
the higher layers. At layer j ≥ 2 the previous representative is the center of a cell containing v, so
its distance from v is at most ΓRj−1. The second check in (7.3) implies b > 2Γ, and therefore

ΓRj−1 < Rj/2.

Every positive next-layer choice contains that representative, so its OUT option exists. This defines
P (v) using independent choices across layers and a marginal law fixed by v alone.

Agreement at the top layer. For the endpoints of e, couple their cell choices maximally at each
layer, independently between layers. At the top, Rr/2 exceeds every finite component diameter:
such a diameter is at most niM

Gi , whereas Rr = M1210a+3. A top-layer cell with positive weight at
a vertex must consequently contain its whole connected component. All such cells have weight Rr/2
at every vertex of that component. The two endpoint laws therefore coincide at the last layer and
can be coupled to agree, including the partition identity.

Expected length after cancellation. Retain the two routes through one layer after their last cell
disagreement; if there is no disagreement, retain layer one. From then on their representative and
choices coincide, so their suffixes are identical and cancel. Two routes at layer j, including their OUT
and IN links, have total length at most 4ΓRj . For j ≥ 2 this layer is retained only if a disagreement
occurred at some layer l ≥ j − 1. By (7.9) and a geometric sum, that probability is at most

∑
l≥j−1

4Khℓe

Rl
≤ 8Khℓe

Rj−1
.
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Including the original edge and the first layer, the expected length is consequently at most

ℓe + 4Γb +
r∑

j=2
32ΓKhbℓe ≤ 64rΓKhbℓe = A∗ℓe.

The coupling changes none of the prescribed per-vertex marginals.

For a surviving frozen edge e = vw, its coupled walk is the closed walk e + P (w) − P (v) of
Lemma 7.4, under the coupling constructed in its proof: the cell choices of v and w are coupled
maximally at each layer, independently between layers. The two routes are trimmed: each is retained
through one layer after the last cell disagreement, or through layer one if there is none, and the
identical suffixes beyond are canceled. In the next lemma, ∥z∥length denotes the length norm of
Section 2, recalled before Lemma 7.1, of a vector z on the raw forests.

Lemma 7.5 (Fundamental-cycle decomposition after deletions). Assume (7.2) and (7.3), and fix
the level i < d and the epoch of Section 7.2. Fix any state of the epoch and any circulation ∆ on its
current nonloops. Write ∆ = ∆s + ∆n for its surviving frozen and new coordinates. Let C0

f and wf

be the fundamental cycle and full length of a chord f defined before (7.7), Cclip
f its clipped vector

defined after it, and P (v) as in Lemma 7.4. There are real coefficients αf on live fundamental
chords and a vector z on the raw forests Hj such that, before the frozen coordinates are restricted to
the surviving ones, ∑

f

αf πC0
f = ∆s + πz, (7.10)

∑
f

|αf |wf ≤ A∗∥ℓ∆s∥1, (7.11)

∥z∥length ≤ A∗∥ℓ∆s∥1. (7.12)

Moreover z is the raw-tree part of∑
v

(
in∆s(v)− out∆s(v)

)
E[P (v)]. (7.13)

In (7.13) the coefficient of E[P (v)] vanishes unless v is an endpoint of a new edge. If zL is the
restriction of z to live raw forest edges, then∑

f

αf πCclip
f − πzL = ∆s. (7.14)

Proof. Each coupled walk splits into fundamental cycles of family forests and route parts on the
raw forests; averaging over the coupling and summing over the edges of ∆s gives the identity, the
bounds follow from Lemma 7.4, and deleting dead coordinates gives the clipped identity.

Decomposing one coupled walk. This step uses the pair-chord construction of [4, Definitions 4.28
and 4.30 and Lemma 4.31]. Each coupled walk decomposes into fundamental cycles from the finite
family. To see this, we split the two trimmed routes at their common representative vertices Vj .
Before the first common vertex, the two lower slots at every layer are distinct. Lemma 7.3 therefore
supplies a forest containing the paths that close the input chord e. Between successive common
vertices, equal first OUT options give identical tree paths to the next layer and cancel. If those
first options differ, replace the two null OUT traversals by the corresponding null pair chord. For
the remaining routes in that piece, all simultaneous lower-slot prescriptions concern distinct slots;
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another family member realizes them. The pair-chord endpoints are connected there, as the routes
meet at the next common representative. Simplifying each tree walk preserves its signed tree vector
and can only decrease length. Replacing two unit null links by one unit pair chord also cannot
increase length. Thus the projected coupled walk is a sum of projected oriented fundamental cycles
whose full lengths sum to at most its original length.

Summing over edges. We apply this decomposition to each surviving frozen edge, weight it by
the edge’s signed coefficient in ∆s, and take expectations over the couplings; these distributions have
finitely many outcomes. Collecting coefficients of the oriented family chords gives αf ; collecting the
signed route parts on the raw copies gives z. Only surviving input edges and null pair chords are
used as chords, so every indexed chord is live. Summing the decompositions gives the identity (7.10).
The triangle inequality and the expected-length bound of Lemma 7.4, applied to the fundamental
cycles of the previous step and to the route parts, give (7.11) and (7.12).

Marginal cancellation. Although the couplings may differ between incident edges, the law of
each endpoint path is fixed. Summing the route term P (w)− P (v) over oriented edges therefore
gives (7.13). Cancellation of identical final suffixes does not change this signed vector. Because ∆ is
a circulation, the displayed imbalance of ∆s is the negative of that of ∆n and vanishes away from
new-edge endpoints.

Clipping. Finally, we delete every coordinate of every tree copy mapped to a dead frozen
edge. Projection after this deletion is the same as restriction of the projected vector. Restricting
(7.10) therefore proves (7.14), even when coefficients on a dead edge had canceled between different
copies.

The identity (7.14) accounts for every surviving frozen coordinate. Its fundamental-cycle terms
need not be current circulations, because holes may have opened them. We next extract current
circulation candidates using short routed corrections and compress the remaining forest vectors.
By Lemma 7.5, z involves only upward routes from endpoints of new edges; the endpoints of the
cell-tree paths of these routes, together with hole endpoints, will supply the compression terminals
for this raw-forest remainder (Section 7.6).

7.5 Local correction cycles

Lemma 7.6 (Few vertices whose removal leaves small components). A forest admits a set of at
most its number of vertices divided by k portals such that every component remaining after portal
removal has fewer than k vertices. The set is constructed by one postorder traversal.

Proof. Root each tree arbitrarily. Accumulate the number of still-connected unmarked vertices in
the subtrees of a vertex, including the vertex itself. If the accumulated count is at least k, mark
that vertex as a portal and pass count zero to its parent. Every mark charges a disjoint group of at
least k vertices. In any component off the marks, the residual count at its highest vertex is exactly
its size and is below k.

Place such a portal set, called the grid, on every T 0 and separately on each raw forest. Call the
components off the grid pockets. Grids remain compression terminals for the whole epoch. Classify
and assign each live fundamental chord separately in its forest and bucket W . A chord is either used
directly, through its intact fundamental cycle, or it uses the leg scheme below; a chord using the leg
scheme is called active. In the leg scheme, each endpoint of the chord, called an incidence, has a leg:
a live tree path from that endpoint to a tree node, its target. A class is a group of incidences with
a common target tree node, identified by a class label. The classes of a forest and bucket are the
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vertices of their tree-bucket graph, defined before Lemma 8.1; a logical path is a path in that graph,
and its edges, the hops, are active chords.

(i) If its full frozen tree path touches the grid, call the chord regular. At each incidence choose
the nearest portal to its endpoint in the full frozen tree metric, breaking ties by a fixed portal
order. Use the leg towards that portal, truncated at the first hole and ending on the incidence
side of that hole. The full path contains a portal at distance at most wf ≤ W from each
endpoint, so each such leg has length at most W .

(ii) Otherwise the full tree path lies in one pocket. Root that pocket and measure weighted depth.
For this bucket take connected clusters in half-open depth bands of width 4W , using both the
unshifted bands and their translate by 2W . The depth range of the chord path has width
at most its path length, hence at most W ; one of the two band systems contains that whole
range. Assign the chord to its containing connected cluster there. Its tree diameter is at most
8W , since the least common ancestor of two vertices in a connected band cluster is in that
cluster.
Until any interior edge of that cluster is cut, use the intact fundamental cycle directly. At its
first such cut, activate all surviving assigned chords. Give each of the two resulting sides a
class with target its endpoint of the cut. A later cut splits the corresponding live fragment
into two fresh classes, with targets the new cut endpoints. All resulting legs stay inside the
original cluster and have length at most 8W .

Regular incidences are initially grouped by their target portal; holes subsequently split those
classes. Splits always create fresh class labels, including for an empty side. The class maintenance
is given in Lemma 8.1.

For every active f , the construction in Section 8 supplies a logical path Πf between its endpoint
classes, using selected active chords of the same forest and bucket and containing at most p∗ hops
(Lemma 8.2 and (8.10)). For the selected chords, see Section 8.2 before Lemma 8.2. The assignments
may use an empty path for a logical loop, that is, an active chord whose two endpoint classes
coincide. If f is oriented from its tail to its head, let Lf traverse from its tail target to its tail, then
across f , and then from its head to its head target. Such walks concatenate, also in reverse, to
realize logical paths; write LΠf

for the resulting walk. Every logical hop has full length at most
8W + W + 8W = 17W. (7.15)

The local correction candidate is

Bf =
{

C0
f , while the chord is used directly,

Lf − LΠf
, for an active chord.

(7.16)

Here a negative walk is traversed backwards. The formula specifies a traversal list: both walks are
traversed, and the raw length of the list counts every traversal of both. Its projection is a circulation,
and its raw actual length is at most

17(p∗ + 1)Wf ≤ Z∗Wf . (7.17)
The direct case satisfies the same bound because wf ≤Wf . Hence

|γTπBf |
Z∗Wf

(7.18)

is a certified score. A positive numerator ensures positive raw actual length: null traversals have
zero gradient. The list consists of actual individual chord edges and live forest paths; null chord
traversals can be omitted. Its numerator is computed from integer path-gradient sums, with the
positive denominator Z∗Wf .
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7.6 The child graph

The smaller instance is one graph J incorporating all family forests and the raw forests. In each live
component take the Steiner subtree of its terminals, retain the terminals and branching vertices, and
suppress degree-two nonterminals: each maximal path of the Steiner subtree whose interior vertices
are degree-two nonterminals, a suppressed segment, becomes one edge, its compressed segment. We
call this construction compression. A one-terminal component contributes its terminal alone; an
empty terminal set contributes nothing. The vertices retained by compression are the compressed
vertices. The terminal set includes:

(i) every initial portal and both endpoints of every hole;
(ii) every class target and the original tree-node endpoints of every selected chord, that is, the

forest nodes at which the chord is attached, as opposed to the targets of its legs;
(iii) in the raw forests, both endpoints of every cell-tree path that an upward route from v can use,

for every slot v that is incident to a new edge at some time in this epoch.
Terminals, once added, may remain terminals to the end of the epoch. For item (iii), enumerating all
sequences of partition options suffices: it yields a superset of the endpoints required there, including
those of routes with probability zero under the laws of Lemma 7.4. The enumeration lists only the
endpoints of these paths, K

O(r)
h per incident slot, a fixed-parameter logarithmic factor.

A compressed segment receives the sum of its constituent lengths and the oriented sum of their
gradients; we write ℓJ for the lengths of J . Include each currently selected chord on its original
tree-node endpoints, with its actual or null prices; earlier selected chords may also remain while
live. Introduce a hub for each level-i slot that is the level-i image of a compressed vertex or an
endpoint of a current new nonloop. Join each compressed vertex to the hub of its level-i image by a
unit-length, zero-gradient null edge, its hub connector. Include all current new nonloops directly
between their hubs. As an input of level i + 1, the graph J has vertex slots, the child slots, which
are assigned in the proof of Lemma 8.4 (stage Child slots, hubs, and capacity); unused child slots
remain isolated.

Every child edge expands into a live parent walk between the level-i images of its endpoints,
with exactly its gradient and with raw actual length at most its child length. We also write π for
the induced projection from child coordinates to current parent coordinates; on surviving frozen
edges it agrees with the earlier projection. A compressed segment has at most k + 1 constituent
edges: it has no internal portal and its internal nodes lie in one pocket. Consequently its length and
absolute gradient are at most

(k + 1)MGi ≤MGi+2 = MGi+1 .

The same bound holds for the other child edges. Lemma 8.4 bounds the number of child slots and
edits and their degrees. For Lemma 7.8, the graph J and the expansion maps just described suffice.

Lemma 7.7 (Compression of a forest vector). Let Steiner subtrees, suppressed segments, and
compression be as defined at the start of Section 7.6. If a vector on a forest has divergence only
at a specified terminal set, it vanishes off the terminal Steiner subtrees and has constant oriented
coefficient along each suppressed segment, and compression preserves its gradient and its length
norm exactly.

Proof. Deleting an edge outside a terminal Steiner subtree leaves a side containing no terminal.
The sum of divergences on that side is zero, so the edge coefficient is zero. At an internal degree-two
nonterminal of a remaining segment, zero divergence forces the two consistently oriented coefficients
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Live forest after one hole
t− h1 h2 t+

ξ1 ξ1 ξ2 ξ2

deleted edge0

no terminal
on this branch

Open circles
are terminals.
Both hole endpoints
are retained.

Steiner restriction and
degree-two suppression

Compressed contribution in J

t− h1 h2 t+

ξ1 ξ2
Each segment stores
summed length and
oriented gradient.

Figure 2: Compression preserves a net tree flow whose divergence is supported on terminals. The
shown targets t−, t+ and hole endpoints h1, h2 are retained; the terminal-free branch has zero flow,
and each surviving path becomes one segment with the same coefficient. This compression produces
the child vectors Jf and ẑL used in the proof of Lemma 7.8; the pictured contribution need not be
closed. Vertices shown here are nodes of forest copies. Hubs, hub connectors, selected chords, and
the contributions of every other family and raw forest join the same child graph J .

to agree. Replacing that segment by an edge with summed length and signed gradient consequently
preserves both its gradient contribution and its length norm.

For an active f , subtracting its correction from its clipped vector leaves the clipped tree path
minus the two legs of Lf , together with LΠf

. The first part is a live forest vector with divergence
only at hole endpoints and the two targets. The original chord-endpoint divergences cancel, also
when a hole is adjacent to one of those endpoints. All remaining divergence points are terminals.
The second part uses only selected chords and live paths between terminals. By Lemma 7.7 there is
a child vector Jf , not necessarily a circulation, satisfying

πJf = π(Cclip
f −Bf ), ∥ℓJJf∥1 ≤ Z∗Wf . (7.19)

For the length bound, the clipped tree part has length at most Wf , the two removed legs at most
16Wf , and the routed selected path at most 17p∗Wf . Their sum is at most 17(p∗ + 1)Wf . In the
direct case the relevant cluster path is intact, so Cclip

f = Bf and we take Jf = 0.
Likewise, the vector zL in Lemma 7.5 compresses to a raw-forest child vector ẑL with its length

norm preserved. Indeed its description (7.13) is a combination of cell-tree paths whose endpoints
were included in terminal item (iii). Clipping creates additional divergence only at hole endpoints.
Compression is applied to the net vector zL, whose divergence lies on terminals.

Figure 2 illustrates the compression of one net forest contribution to the child graph J .

7.7 The one-level reduction and the recursion

Lemma 7.8 compares the ratio of a current circulation with the best local correction score (Section 7.5)
and the optimum of the child graph J (Section 7.6). Its hypothesis is the property of the path
assignments Πf stated in Section 7.5.
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Lemma 7.8 (One-level ratio reduction). Assume (7.2) and (7.3). In every state of an epoch at a
level i < d, suppose the active logical path assignments use selected chords and have at most p∗ hops.
Let J be the child graph of Section 7.6 in this state, let OPT(J) be the maximum circulation ratio
of J , and let Lbest be the largest local correction score (7.18), or zero if there is none. Then, for
every nonzero circulation ∆ on the current nonloops,

|γT∆|
∥ℓ∆∥1

≤ 2Z∗A∗Lbest + 12Z∗A∗ OPT(J) ≤ b2 max{Lbest, OPT(J)}. (7.20)

This conclusion is simultaneous for all current circulations and requires no independence between
the state and the verified covers or path assignments.

Remark 7.9. Lemma 5.2 needs the scope asserted in the last sentence of Lemma 7.8 for adaptive
clients, whose states may be chosen after, and depending on, the verified covers and path assignments.

Proof of Lemma 7.8. The proof subtracts the weighted local corrections αf Bf from ∆ and shows
that the rest is the projection of a child circulation of length norm at most 12Z∗A∗∥ℓ∆∥1; the
gradient of ∆ then splits between the local corrections, controlled by Lbest, and this child circulation,
controlled by OPT(J).

The child vector. With the coefficients αf and the vector z of Lemma 7.5, define on the child
edges

Ξ0 =
∑

f

αf Jf − ẑL + ∆n, (7.21)

with ∆n carried by the hub-to-hub new edges. By (7.19) and (7.14), its projection is

πΞ0 = ∆−
∑

f

αf πBf ,

a circulation on the current level-i graph. The three terms of Ξ0 are bounded separately. By (7.19),
each Jf has length norm at most Z∗Wf , so, since Wf ≤ 2wf , (7.11) bounds the first term by
2Z∗A∗∥ℓ∆s∥1; compression preserves the length norm of zL (Lemma 7.7), and this norm is at
most ∥z∥length, which (7.12) bounds; the new edges carry ∆n with their own lengths. These norm
estimates give

∥ℓJΞ0∥1 ≤ 2Z∗A∗∥ℓ∆s∥1 + A∗∥ℓ∆s∥1 + ∥ℓ∆n∥1
≤ 4Z∗A∗∥ℓ∆∥1. (7.22)

Balancing at the hubs. The vector Ξ0 need not balance at each compressed vertex. We route its
imbalance there along the hub connector to the hub of its level-i image. The hub then balances
because the sum of divergences over all compressed vertices with the same level-i image is zero. The
total absolute imbalance at the compressed vertices is at most twice the sum of absolute coefficients
of Ξ0, and hence at most twice its length norm, since every child edge has length at least one. The
resulting child circulation Ξ therefore satisfies

πΞ = πΞ0, ∥ℓJΞ∥1 ≤ 12Z∗A∗∥ℓ∆∥1. (7.23)

Its gradient equals that of its projection because all hub connectors have zero gradient.
Combining the two parts. For the local part, (7.18) and (7.11) give∣∣∣∣∣∣

∑
f

αf γTπBf

∣∣∣∣∣∣ ≤ LbestZ∗
∑

f

|αf |Wf ≤ 2Z∗A∗Lbest∥ℓ∆∥1.

77



The child circulation contributes at most its norm times OPT(J), with the same conclusion if
it is zero. Adding these inequalities proves the first bound in (7.20). The second follows from
14Z∗A∗ ≤ 20Z∗A∗ ≤ b2, by (7.3).

Adaptive scope. Every distribution, coupling, coefficient, and comparison vector in this proof is
existential. The algorithm constructs only integral graphs, terminal sets, path assignments, and
rational scores. Once the covers and assignments have their verified properties, the argument applies
to any state and any circulation chosen afterwards. This proves the asserted adaptive scope.

Corollary 7.10 (Approximation ratio at every recursion level). Assume (7.2) and (7.3), and assume
the path assignments and public forest lifting of Section 8. The cycle data structure at level i returns
a certified score at least

1
2b−2(d−i) OPTi . (7.24)

At the outer level this is at least M−10/a OPT.

Proof. At the bottom level the bound is given by Lemma 7.1. At a higher level the answer is
the best of the local correction scores, the exact current-loop scores, and the recursive child score.
Lemma 8.5 preserves the child gradient under lifting and does not increase raw actual length, so
the child’s certified score remains valid. If its approximation factor is η ≤ 1, the maximum of its
score and Lbest is at least η max{Lbest, OPT(J)}. By Lemma 7.8, this maximum is at least ηb−2

times the ratio of every nonzero circulation on the current nonloops, so the approximation factor
decreases by at most a factor b2 at this level. Exact loop candidates give the same conclusion for
the full graph. This proves (7.24) by induction.

Since d = 2a− 4, the outer factor is 1
2M−(4a−8)/a2 , which exceeds M−10/a in the checked range.

When the optimum is zero, the bound is zero, and a zero score meets it. Section 8 bounds the
representation size, the explicit forest logs, and the total operation cost; the quality argument itself
makes a single recursive child call at each level.

8 Maintaining and exposing the cycle data structure
This section implements the one-level reduction of Section 7 and thereby completes the proof of
Lemma 5.2. There are two quantities to control: the work performed locally and the number of
edits passed to the one recursive child. The latter must be smaller, since it is multiplied through
the recursion. We also construct the public forest, with explicit persistent edge identities, so that a
child path can be lifted without traversing all its edges. Recursive vertex and edge sparsification for
dynamic minimum-ratio cycles is developed in [4, Sections 5 and 7]. Here we establish the snapshot,
edit-count, and forest-lifetime guarantees required by Lemma 5.2.

The setting is that of Section 7. Every lemma of this section except Lemma 8.10 assumes four
displays: the parameters (7.1), where M = 2u and u is a positive multiple of 2a2; the parameters
(7.2); the range (5.8) for M ; and the checks (7.3). Lemma 8.10 concerns these checks and assumes
only the first three. Except in Lemmas 8.9 and 8.10, which cover all levels, we work at one recursion
level i < d. Input slots and input edges are those of the level-i input graph, as opposed to their
copies in the frozen forests, in J , and in the public forest. The following objects of Section 7 are
used.

• Forests. The frozen forests T 0 of Lemma 7.3, with their OUT and IN links; the raw forests
Hj ; the width buckets W of (7.7); and the holes, which are the tree edges deleted when a
frozen actual edge dies.
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• Portals and legs. The portal grid of Lemma 7.6 and its pockets, which are the components off
the grid. The rules stated after Lemma 7.6 classify chords as regular or nonregular, group
nonregular chords into depth-band clusters, and assign to each incidence a leg ending at its
target.

• Classes and logical paths. The classes and the active chords defined after Lemma 7.6, and the
logical paths Πf and corrections Bf of (7.16).

• The child graph. The graph J of Section 7.6, with its terminals, compressed segments, hubs,
and projection π.

Section 8.1 maintains the classes and legs, Section 8.2 maintains the paths Πf through a hierarchy
of snapshots, Section 8.3 maintains J , Section 8.4 builds the public forest through which child paths
are lifted, and Sections 8.5 and 8.6 bound its changes, the total work, and the failure probability.

As in Section 2, asymptotic statements are made with a and σ fixed; in this section eventually
means for all sufficiently large M at fixed parameters. Throughout this section a logarithmic factor
means logOa(1)(2 + M). Different occurrences may denote different factors. In particular P∗, p∗, the
number of forest copies, and the number of width buckets are logarithmic factors. Work bounds
keep logarithmic factors separate from powers of b. Recall from (7.4) that at recursion level i < d
an epoch has hi = ni/k single input edits. Queries do not advance this epoch counter.

8.1 Maintaining endpoint classes

For each frozen tree T 0 and width bucket W we use one logical graph, the tree-bucket graph of
(T 0, W ). Its vertices are the classes formed for the chords of T 0 in bucket W , and the logical paths
Πf of these chords are paths in it. It groups all components of that tree, so neither rebuilding nor
taking the best score incurs a separate overhead for every component. Classes are identified by
class labels, and every split creates fresh class labels for both sides (Section 7). Let DT bound the
combined tree and chord degree at a frozen tree vertex, and set

Dℓ = (k + 1)(DT + 1)2. (8.1)

This is the logical degree bound; the subscript ℓ stands for “logical”. The maximum can be measured
when the tree is built. Cell-tree edges use actual incidences; a null pair chord only joins copies of the
same input slot in different partitions of one layer. At a vertex Vj(v) there are only the appropriate
OUT and IN links, and, at V0(v), the old actual chord incidences. Hence DT is bounded by the
input degree plus O(Kh) and is a logarithmic factor whenever the input degree is.

The changes to the classes caused by input edits are counted in logical edit units: a unit is a
class split, a pair of fragment-class births at a cluster activation, or a single chord death. The next
lemma maintains the classes and legs of every tree-bucket graph and bounds the number of units;
this number controls the rebuild work in Lemma 8.2 and the support in Lemma 8.3.

Lemma 8.1 (Maintenance of endpoint classes). Assume (7.1), (7.2), (7.3), and (5.8). The leg
assignments of regular and nonregular chords defined after Lemma 7.6 can be maintained with logical
degree at most Dℓ. One input edit induces a number of logical edit units, across all tree-bucket
graphs, that is at most a logarithmic factor. Each unit involves at most O(Dℓ) incidence work.
Every change to the leg of a surviving active incidence entails a split of its class.

Proof. Regular and nonregular chords are treated separately; in each case a cut splits one class
into two classes with fresh class labels. The units are then counted, and finally an implementation
within the stated work is described.
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Regular incidences. Recall from the rule for regular chords after Lemma 7.6 that a chord is
regular when its full frozen tree path touches the initial portal grid, and that each of its incidences
uses the leg toward the nearest portal. The nearest-portal regions are connected: along a shortest
tree path toward the chosen portal, the distance comparison with every competing portal persists,
as does the global index tie rule. A region consists of its portal and parts of the adjacent pockets,
and therefore has at most 1 + kDT vertices.

The target of a regular incidence is the incidence-side endpoint of the first hole on its fixed path
toward its original portal, or the portal if there is no such hole. In each width bucket, all current
legs crossing a newly cut edge belong to one old class. Indeed that edge lies in one nearest-portal
region, and their earlier truncation, if present, is the first hole on their common suffix toward the
portal. Split this class by moving the crossing incidences to the incidence-side endpoint of the new
cut. This target is determined by the newly cut parent edge toward the portal, so no merging is
needed. Both children receive fresh class labels, also when one is empty or one retains the old target.

Nonregular chords. For a nonregular chord, the classes come from the two depth-band clusterings
defined for nonregular chords after Lemma 7.6. The first interior cut activates the cluster and
creates two fresh fragment classes. Every newly active chord has both incidences in these new
classes, including chords whose two incidences lie on the same side. Thereafter cuts split fragment
classes, again with fresh class labels on both sides. Classes in different clusters remain distinct even
if their targets are the same tree node. Each cluster is contained in an initial pocket. Its number of
incidences, and that of any regular region, is bounded by (8.1). The two incidences of a logical loop
are counted separately.

Number of units. An old actual-edge deletion creates a number of holes and chord deaths in
all copies that is at most a logarithmic factor. In one width bucket, a hole is interior to at most
one cluster in each of the two shifted band partitions, and it causes at most the regular split just
described. A newly inserted input edge creates no frozen chord. These facts give the asserted
number of units.

Implementation. The units are listed and processed as follows. At freezing time, compute
tree ancestor tables, length and oriented-gradient prefix sums, portal mark counts, nearest portals,
pockets, and cluster membership. The band index at a pocket vertex is an integer quotient of its
weighted depth; connected components of equal band index give the clusters. No record is allocated
for an empty band. These computations take near-linear tree work up to logarithmic factors and
determine the relevant path sums without scanning each fundamental path. Initial regular legs have
at most k + 1 tree edges, so their membership lists on tree edges can also be built explicitly. On a
hole, inspect the region-bounded lists, discard dead incidences and legs already stopped before this
hole, and update the remaining class lists. A cluster cut can inspect the whole small cluster and its
chord incidences.

Before activation, keep each direct fundamental-cycle score in a heap, computed from its frozen
sums. Delete its entry when the chord dies or its cluster activates. For an input death, the removals
of the dead chords from the input graph can be processed before the splits and activations that it
causes. Afterwards every surviving active leg is the unique live tree path to its stored target. A leg
whose class has not split retains that path and its gradient. This also proves the last assertion.

8.2 Maintaining the logical paths

The logical paths Πf required by Lemma 7.8 are computed with the routing sparsifier of Lemma 6.1.
In the terminology of that lemma, the active chords whose paths are assigned are the demands,
and the chords used by the returned paths form the support. We maintain these assignments by a
hierarchy of snapshots. The schedule is described by the index t of an input edit within the epoch,
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the number z0 of levels, the periods sj , the level j rebuilt at edit t, and its parent time t0. The
invariants (8.4) below bound the hops p(j) and the class visits C(j) of a level-j snapshot in terms
of P∗ from (7.1) and Dℓ from (8.1).

At edit hi rebuild the whole outer epoch on the resulting input graph, without updating the
obsolete child. For edits 1 ≤ t < hi, put

z0 = ⌈logb hi⌉ ≤ a2, sj = bz0−j (0 ≤ j ≤ z0). (8.2)

These are integral powers of two under the divisibility assumption on u stated after (7.1). Level
zero is the initial frozen assignment. At edit t, choose the smallest j ≥ 1 for which sj | t. Rebuild
from the parent snapshot at

t0 =
⌊

t

sj−1

⌋
sj−1 < t, t− t0 ≤ bsj , (8.3)

and let all finer levels share the resulting snapshot. Minimality of j ensures sj−1 ∤ t, so the strict
inequality in (8.3) holds. If a coarser level was rebuilt at t0, its shared snapshot also supplies the
indicated parent.

An assigned path is simple; an empty path visits its sole vertex once. The invariants for a level-j
snapshot are

p(j) = (10P∗)j+1, C(j) = Dℓ(100P∗)j+1, (8.4)

bounding its path hops and the number of assigned paths visiting any one class, respectively. The
factors 10 and 100 are convenient choices, large enough that the hop bound (8.8) and the visit
bound (8.9) reproduce p(j) and C(j) from p(j − 1) and C(j − 1).

At initialization only regular chords are active and their classes are portals. The initial snapshot
is computed by Lemma 6.1, applied with endpoint incidence counts as resources, followed by
simplification of the returned walks. For nonempty walks, vertex visits are bounded by the endpoint
incidence counts on their traversed edges; empty paths add at most the demand degree. This proves
(8.4) for j = 0. All finer levels initially share this snapshot.

A selection is recorded by the identifier of the chord’s input edge. A selected chord remains in
support for the rest of the epoch while alive, even if its logical endpoint classes later split. Repeated
selection stores it just once in the child graph.

The next lemma is the inductive step of the hierarchy: a rebuild at edit t starts from the parent
snapshot at t0, and its work and its new support are proportional to the number of logical edit units
in the edits after t0.

Lemma 8.2 (Rebuilding a snapshot from its parent). Assume (7.1), (7.2), (7.3), and (5.8). Let a
level-j snapshot of one tree-bucket graph, 1 ≤ j ≤ z0, be rebuilt at edit t from its parent snapshot
at t0, as in (8.3), and suppose the edits in the interval (t0, t] contain E0 logical edit units in that
tree-bucket graph. The rebuild can restore (8.4) using one instance of the routing sparsifier of
Lemma 6.1 on O(E0) incident class labels. It adds at most O(P∗E0) selected chords to the support.
The work is

O(1 + DℓE0) bMoa(1), (8.5)

in addition to scanning the interval’s edit log with logarithmic overhead per edit and explicitly handled
incidence.

Proof. The rebuild keeps every old assigned path that avoids the class labels marked by the edits
of the interval. For every other surviving demand it keeps the old prefix up to the first marked
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label and the old suffix from the last one, and it routes the remaining middle part by one call of
the routing sparsifier on a core graph whose vertices are the anchors defined below. The proof first
identifies the marked labels and the anchors, then shows that unmarked paths keep their corrections,
reinterprets the prefixes and suffixes of marked paths as current paths, bounds the resources of
the core graph, derives both invariants from the sparsifier’s guarantees, and finally describes the
persistent representation and bounds the work.

Marked labels and anchors. Mark class labels of the snapshot at t0 as follows. Every split marks
its ancestor at t0, if one exists; every chord death marks the ancestors of both endpoint classes. Let
Y be the marked set. Then |Y | ≤ 2E0. The anchors are all current descendants of Y and all current
classes born from activations after t0, including their later descendants. There are O(E0) anchors:
initially marked labels contribute at most 2E0, and every subsequent split or activation adds only
constantly many class labels. Ancestors absent at t0 belong to the latter activation families.

Unmarked paths keep their corrections. Mark every old assigned path that visits Y , including at
an endpoint. In particular the path of a deleted demand is marked, as is any path using a deleted
support edge. Every unmarked path still uses the same live oriented chords on unchanged labels.
Moreover its demand and all support edges on the path retain the same legs and leg gradients, by
Lemma 8.1. Thus its correction Bf = Lf − LΠf

has exactly the stored gradient. A hole outside
these legs can change the clipped vector Cclip

f of Section 7.3, but does not change this correction.
Inactive direct-cycle candidates are handled separately by their activation lists.

Prefixes and suffixes of marked paths. In this stage the oriented chords of an old path, as input
edges, stay fixed, while their endpoints pass from labels of the snapshot at t0 to current classes:
an unsplit label is still a current class, and a marked label is replaced by the current descendant
that the incidence of the adjacent edge determines. Consider a marked old path whose demand
e survives, and its prefix from the tail to the first marked label. Every preceding label is unsplit.
Every edge of this prefix is live: if one had died, its earlier endpoint’s old label would also have been
marked. The final edge now ends at a current descendant of the first marked label. Interpreting the
same oriented edges therefore gives a current path Ae from the current tail to an anchor. If the old
path starts marked, Ae is the empty path at the current tail. Reversing this argument gives a suffix
Ze from a current anchor to the current head at the last marked label. Repeated splits cause no
ambiguity, since the current incidence of the last prefix edge specifies its current descendant. For
newly activated demands use empty Ae, Ze; both endpoints are anchors by the activation rule.

The core graph and its resources. For each such demand put an edge in a core graph on the
anchors, associated with the direct logical walk

−Ae + e− Ze. (8.6)

We call e the central chord of this core edge. Its orientation is from the end of Ae to the beginning
of Ze; a minus reverses a path. For every current class of the tree-bucket graph use its number of
visits on this direct walk as a resource count. Each count is at most two. Indeed the prefix and suffix
each come from a simple old path, with at most their final marked label replaced by a descendant;
the two resulting vertex lists concatenate across e. This also covers empty prefixes, suffixes, and a
loop demand. The total resource count at a class, over all direct walks, is at most

C0 = 2C(j − 1) + Dℓ. (8.7)

Prefix visits and suffix visits of old demands are bounded separately by the visits at that class’s old
ancestor; newly activated endpoint incidences are bounded by its current degree. The same bound
controls the core demand degree, because its endpoint incidences are among these resource visits.
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The sparsifier call and the invariants. The rebuild applies Lemma 6.1 to the core with the
resources just defined; the counts lie in {1, 2}, and C0 of (8.7) bounds both the degrees and the
total resource counts. It lifts the assigned walks by substituting (8.6), and for demand e it prepends
Ae and appends Ze. It then simplifies the resulting walk to a simple path, erasing the whole walk if
its endpoints coincide. Cycle erasure never increases hops or resource visits. The hop count before
simplification is at most

2p(j − 1) + P∗
(
2p(j − 1) + 1

)
≤ p(j). (8.8)

The substituted sparsifier walks contribute at most P∗C0 visits at each class. The added prefixes and
suffixes contribute at most 2C(j − 1) + Dℓ, including the empty paths; the unchanged assignments
add at most C(j − 1). Thus a valid upper bound is

P∗
(
2C(j − 1) + Dℓ

)
+ 3C(j − 1) + Dℓ ≤ 100P∗C(j − 1) = C(j). (8.9)

All edges in the prefixes and suffixes were already live support edges. Only the central chords of the
selected core edges must be added to support. The core has O(E0) incident class labels, regardless
of how many old paths met Y , so the sparsifier selects at most O(P∗E0) such chords. When E0 = 0
the old snapshot can simply be retained.

Persistent representation of snapshots. Snapshots are stored persistently. Each held snapshot
consists of three parts: immutable balanced-dictionary roots for the paths, keyed by demand; an
index from each class to the paths visiting it; and an ordered collection of correction-score keys.
Persistence duplicates only the search paths of modified dictionary entries. A rebuild begins with the
parent roots, replaces marked or dead records, and adds the newly active records. The class index
enumerates at most C(j−1)|Y | old path occurrences before their lists are read; a dictionary removes
duplicates. Activation lists enumerate new demands. Every such path has logarithmic-factor length,
and the number of newly activated demands is at most O(DℓE0).

Store split-parent pointers with the index of the edit at which each class was born, and jump
pointers. To find the ancestor at t0, follow this history to the class alive after edit t0. All splits
within one edit belong to that edit and snapshots are taken only after settlement, so, even when
birth indices are equal, the class found is never one that has received only some of the splits of one
edit. The input-edge identifiers of the chords, the two current incidence classes, and their targets
are explicit records. They determine the oriented lifted prefixes and suffixes. Frozen tree prefix data
gives each live leg’s gradient and length; summing over the new short logical paths recomputes their
correction-score keys. Unmodified keys remain valid by the unmarked path argument.

Work and prerequisites of the sparsifier. Building the direct lists and the sparsifier’s resource
lists, simplifying its output, and changing the indices costs O(1 + DℓE0)bMoa(1) by Lemma 6.1.
Comparing the maintained best keys over the tree-bucket graphs, whose number is a logarithmic
factor, has only logarithmic overhead. The sparsifier’s input prerequisites can be checked: twice the
demand count and the nonzero resource-list length must each be at most M2. They hold eventually,
since even all frozen chords number at most O(ni) times a logarithmic factor, and every direct walk
has logarithmic-factor length. This proves the work assertion and both snapshot invariants.

Summing Lemma 8.2 over the rebuilds of all levels gives the cumulative bounds for an epoch.

Lemma 8.3 (Cumulative assignment work and support). Assume (7.1), (7.2), (7.3), and (5.8).
The number of support chords used by the initial assignments, that is, by the level-zero snapshot,
is at most hi times a logarithmic factor. On every epoch prefix of t′ ≤ hi edits, the number of
additional support selections is at most bt′ times a logarithmic factor, and local assignment work is
t′MO(1/a)+oa(1) after initialization. Initialization costs niM

O(1/a)+oa(1).
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Proof. Initially the number of portal classes, summed over all tree-bucket graphs, is at most (ni/k)
times a logarithmic factor. The sparsifier selects at most P∗ times this many chords. At inner level
j there are at most ⌊t′/sj⌋ rebuilds, each using an interval of at most bsj edits. By Lemma 8.1, the
sum of their interval edit counts across all tree-bucket graphs is at most bsj times a logarithmic factor
per rebuild. Consequently the cumulative support additions at that level are at most bt′ times a
logarithmic factor by Lemma 8.2. There are at most a2 inner levels. Summing (8.5) similarly bounds
the local work by t′Dℓb

2 times a logarithmic factor, in addition to smaller constant-per-rebuild and
log-scanning costs. Since Dℓ = (k + 1) logOa(1)(2 + M), this has the asserted exponent with an
absolute coefficient. Initial tree preparation, the explicit short regular-leg lists, and initial sparsifier
calls fit the stated initialization bound. A removal of an input edge lists the deaths of selected copies
in logarithmic-factor work. Keeping earlier live selections therefore needs no support selections
beyond those counted above.

Every level-j snapshot satisfies (8.4): for j = 0 by the initial routing above, and for j ≥ 1 by
Lemma 8.2, whose hop bound is (8.8). Since j ≤ z0 ≤ a2 by (8.2), the assigned paths therefore have
at most

p(j) ≤ (10P∗)a2+1 = p∗ (8.10)

hops, with p∗ as in (7.2).

8.3 Small changes to the compressed child graph

This subsection bounds the number of edits needed to maintain the compressed representation of
the selected-support paths in the child graph J of Section 7.6.

Lemma 8.4 (Compressed graph edits). Assume (7.1), (7.2), (7.3), and (5.8). The single child
graph J of Section 7.6 can be initialized nonempty. Throughout an epoch the number of active child
slots and edges it uses, including child slots assigned earlier in that epoch, is at most hib times a
logarithmic factor. On an epoch prefix of t′ further input edits it receives a number of individual
edits at most bt′ times a logarithmic factor. Its degree is a logarithmic factor, and its integral prices
obey the level-(i + 1) bounds. The local construction work per parent edit is MO(1/a)+oa(1) amortized.

Proof. The terminals of J are promoted one at a time; the proof counts the promotions, shows that
each promotion changes only O(1) compressed vertices and edges with local work, and then checks
the capacity, degree, and price bounds.

Number of promotions. Initial terminal promotions number at most hi times a logarithmic
factor. Subsequent promotions come from hole endpoints, new class targets, endpoints of selected
support chords, and, for new incidences at input slots, the endpoints of raw-forest cell-tree paths
that the terminal set of Section 7.6 includes for these input slots. The first three counts follow from
Lemmas 8.1 and 8.3. For the fourth, enumerate the K

O(r)
h possible sequences of partition options

from the given input slot. At each step look up the entering copy and its frozen cell root in stored
tables. These lookups list the needed endpoints without traversing the raw legs, in work at most a
logarithmic factor per incidence. Thus the cumulative additional promotions on a prefix number at
most bt′ times a logarithmic factor. Retain all promoted terminals until the epoch ends.

Maintaining the Steiner subtrees. Build each initial Steiner subtree in bulk, using subtree
terminal counts. To promote one additional tree node, split its current compressed segment if it is
already in the represented subtree. If it is outside, explore its hanging component to the unique
attachment and add the joining path, splitting the segment at that attachment if needed. If the
live component has no represented subtree, create an isolated terminal. The explored exterior
component contains no initial portal, and hence lies within one original pocket of fewer than k
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vertices. Existing segments have at most k + 1 constituent edges. Membership and segment pointers
on these nodes, together with local forest adjacency, therefore suffice for O(k + 1) times degree and
logarithmic-factor work. Only O(1) compressed vertices and edges change per promotion. No whole
live component needs to be relabeled.

Before cutting a frozen tree edge, promote both endpoints. The edge is now itself a compressed
segment and can be deleted. On either side, every other represented edge still separates terminals:
a terminal formerly reached across the deleted edge is replaced for this purpose by its now-terminal
endpoint. Thus there is no pruning or merging cascade. Keep each segment’s full constituent list
with orientations. A changed segment or changed realization is removed and replaced by a fresh
edge, with deletion first.

Child slots, hubs, and capacity. Assign each represented frozen tree or raw-forest node its own
child slot, without reuse in this invocation, and assign at most one hub per input slot. A selected
chord remains attached at its original tree-node endpoints. Its logical leg targets can therefore
change in bulk without migrating its child edge. New actual nonloops are inserted directly between
hubs and removed at their deaths; actual loops have already been handled by the heap on current
loops (Section 7.2). These rules establish the claimed size and edit counts.

Reserve ⌊ni+1/2⌋ child slots, with unused child slots isolated, and check both assignment overflow
and total child slots plus current edges against the child’s capacity. These checks hold eventually,
because

ni+1 = hiM
1/(2a), b = M1/a2

,
1
a2 <

1
2a

. (8.11)

The bounds above on active child slots and edges are consequently eventually smaller than either
reserved half.

Degrees. At a compressed node, segment degree is at most its frozen tree degree; add its chord
degree and one hub connector. At a hub, the connector degree is bounded by the number of
frozen tree and raw-forest copies of its input slot, plus the current new actual incidences. Both
are logarithmic factors. Deleting old segments before adding replacements preserves these degree
bounds even during the child edit sequence. This proves the degree hypothesis inductively from the
degree-three outer input.

Prices and local work. A segment sums prices over at most k + 1 edges, so, as in Section 7.6, its
positive integral length and absolute gradient are at most (k + 1)MGi ≤MGi+2 = MGi+1 whenever
k + 1 ≤ M2. Other child prices are inherited or are (ℓ, γ) = (1, 0). The local work includes an
O(k + 1) factor per promotion or changed segment and the assignment work already bounded. Its
exponent is therefore O(1/a) with an absolute coefficient.

8.4 Prebuilt path copies and the lifting of child forest paths

This representation uses the flat-embedding viewpoint of [4, Definition 2.3 and Theorem 3.5]. The
preallocation and reassignment of unused tree copies follow the flat-forest lifting construction of
Kyng, Meierhans, and Probst Gutenberg [21, Section 3.3, Lemma 3.21 and Algorithm 5]. Their
construction already provides path-length domination and bounds on changes to the lifted forest.
Here the copied trees are copies of the constituent paths of compressed segments, which we call
path copies. The lifetimes of mapped edges and the transaction rule of Section 8.5 preserve the step
primitive’s signed and absolute accumulations when an unused copy slot is reassigned.

Put
Di = b2(d−i) (0 ≤ i ≤ d). (8.12)

These are the occurrence bounds of the recursion levels. The bottom forest is empty. At a higher
level include full live copies of all T 0 and raw Hj forests as separate public components, with their
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holes and their actual or null mappings. They represent local correction paths and individual
compressed segments. The following additional components, disjoint from the full copies, represent
the public forest F J of the recursive child, which we call the child forest.

For each active child slot q, including hubs, write φ(q) for its input image. Prebuild a pool of
Di+1 copy slots. A copy slot has a center mapping to φ(q). For each tree segment of J incident to
q, attach an independent copy of its entire constituent path, oriented outward from q, with a fresh
far tip and all constituent vertex and edge maps; this is the path copy of that segment in the copy
slot. Different path copies in one copy slot meet only at its center; different copy slots are disjoint.
Retain the whole pool, including unassigned, or dormant, copy slots. Assign a distinct copy slot to
each occurrence of q in F J . Occurrences over an inactive child slot are ignored publicly: such a
child slot is isolated in J , so all its forest components have only null edges and project to that one
child slot.

Add one connector for every child forest edge in the active part:
1. If its map is a segment qz, choose a fixed endpoint side, say q. Use the corresponding path

copy in the copy slot assigned to its occurrence over q, and add a null connector from that
path copy’s far tip to the center assigned to the other occurrence over z.

2. If its map is a nonsegment child edge, join the two assigned centers with that edge’s single
actual-edge or null map.

3. If the child forest edge itself is null, join its assigned centers with a null connector.
The endpoints of each null connector have equal input images. Centers have indexed identifiers,
and tips are indexed by copy slot and incident segment identifier. Connector endpoints can thus be
looked up without scanning a path copy.

Lemma 8.5 (Lifting child forest paths). Assume (7.1), (7.2), (7.3), and (5.8). The public forest of
Section 8.4, consisting of the full copies, the pools of copy slots, and the connectors added for the
child forest edges, is a forest whose edge maps are as required in Lemma 5.2(i): every edge maps to a
current actual edge, with specified endpoint correspondence, or is null and joins equal input images.
A child forest-path piece lifts to at most one public forest-path piece, preserving its signed projection
and with parent raw length at most its child raw length. An individual child-edge piece lifts to one
path or one actual-edge piece, or can be omitted if null. The lifted sum of a child circulation is a
circulation with the same gradient. The number of returned pieces is MO(1/a)+oa(1).

Proof. Contracting copy slots recovers the child forest, so the construction is a forest; the expansion
of a child path is then reduced, by cancelling backtracking, to the forest path with the same signed
projection and no larger raw length.

Contracting every copy slot to its center gives the connector quotient; on assigned copy slots it is
exactly the active subforest of F J . Dormant copy slots have no connectors. A cycle in the expanded
graph would give a cycle in this quotient, since each contracted part is itself a tree. Together with
the disjoint full copies, the result is a forest.

Expanding each edge on an oriented child path by the prescribed path copy and connector, or by
its nonsegment connector, gives a concatenation with the expanded signed projection of that child
path. Segment length is the sum of its constituent parent lengths; null child edges contribute zero
parent raw length, and other child null realizations can only decrease it. Thus the concatenation’s
parent raw length is at most the sum of child-edge lengths counted with their traversal multiplicities.

This concatenation may backtrack, even when the child path is simple, because several connectors
can use the same path copy in one copy slot. In a forest, deleting a consecutive edge and its reverse
preserves the signed count of every oriented edge and decreases nonnegative raw length. Repeating
this deletion leaves the unique forest path between the assigned endpoint centers. It therefore has
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exactly the needed projection and no larger raw length. We return its endpoints; the cancellations
are not performed by expanding the walk. If the child path has an inactive endpoint, its whole
component is one of the ignored null components, so the piece can be omitted.

For a piece given as a single child segment, use its endpoints in the appropriate full live forest
copy. For a nonsegment piece, return its actual edge or omit its null realization. Each edge expansion
has divergence equal to its mapped endpoint divergence. Summing a child circulation therefore
gives zero divergence in the input graph and preserves its gradient. In particular a positive child
score gives positive gradient magnitude after lifting and therefore positive parent raw length. Its
score remains a valid lower bound for the lifted ratio.

These conversions use only endpoint and copy-slot lookups; they neither traverse nor reprice a
long lifted path. A local correction uses O(p∗) pieces in full copies and individual actual chords,
with opposite traversals explicitly reversed and null chords omitted. An actual loop uses one piece.
A child answer gives at most as many parent pieces as it had child pieces. At each level we return
one best candidate. The bottom answer has at most nd = M2/a pieces. Taking the maximum
of these bounds proves the last assertion. Every listed piece has unit multiplicity; repetitions, if
present, are listed and counted.

Figure 3 shows a lift through a shared path copy and a dormant copy slot whose internal edge
lifetimes persist through reassignment.

Child forest F J

q0

z1

z2

qz

qz

z1, z2 are distinct
occurrences

over z

Lifted public forest

c(q0)

shared path copy

c(z1)

c(z2)

null

null

dormant copy slot over q

No assigned occurrence.
Internal edge lifetimes
persist while q /∈ Q.

Figure 3: A lift through a shared path copy in Lemma 8.5. The vertex q0 is an occurrence over
the child slot q, and c(·) denotes the center of the copy slot assigned to an occurrence. Both child
edges map to the same segment qz, but their endpoint occurrences over z use different copy slots.
Each edge adds one null connector from the far tip of the chosen path copy to the other assigned
center. Contracting all copy slots recovers the child forest. In the child path from z1 to z2, the
two traversals of the shared path copy cancel when the concatenated realization is reduced to the
unique forest path; signed projection is preserved and raw length cannot increase. Dormant copy
slots retain their internal edges, so reassignment at a child slot outside Q (Lemma 8.7) changes
assignments and connectors without rebuilding those edges.
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Lemma 8.6 (Occurrence multiplicity). Assume (7.1), (7.2), (7.3), and (5.8). For all sufficiently
large M at fixed parameters, level i has at most Di public forest vertices over each input slot. In
particular the outer multiplicity is at most M10/a/4.

Proof. Full copies contribute a logarithmic factor. For one compressed frozen forest, segment
interiors are disjoint. Thus a node in such an interior occurs in at most two path copies per pool
index, one from each endpoint of its segment. At a compressed endpoint, its own centers and the
far tips of path copies from adjacent endpoints contribute at most one plus its tree degree per pool
index. These bounds include dormant copy slots. The number of frozen-tree and raw-forest copies of
an input slot is at most a logarithmic factor, and the input slot has at most one hub. Consequently
its total multiplicity is at most

(1 + Di+1) logOa(1)(2 + M). (8.13)

The bound (8.13) is independent of the segment lengths. The b2 gap between Di and Di+1 eventually
absorbs the logarithmic factor. Induction starts with the empty bottom forest. Finally

D0 = M (4a−8)/a2 ≤M10/a/4

eventually. Both the inductive multiplicities and the last inequality may be checked as deterministic
prerequisites.

8.5 Explicit recourse and persistent edge lifetimes

An occurrence or forest edge has an immutable lifetime identifier. Changing an occurrence’s label,
an edge’s endpoints, or its map requires a replacement with a fresh identifier. A vertex death
explicitly logs all incident edge removals first. Additions use present endpoints. The client retains
old input labels, prices, and maps until all old public removals have been processed, then installs
the new input state and public additions. No path call occurs inside this transaction. A whole
epoch boundary can remove the old public forest and install the new one with these rules.

Lemma 8.7 (Forest recourse). Assume (7.1), (7.2), (7.3), and (5.8). For one parent input edit
within an epoch, let Q be the set of child slots assigned or changed, or incident to a changed child
edge or changed segment realization. Apart from local full-copy edits, the public forest can be updated
in

|Q|Di+1(k + 1) logOa(1)(2 + M) + L logOa(1)(2 + M) (8.14)

work and public log records, where L is the number of child log records processed. Retained path-copy
edges at child slots outside Q keep their lifetimes and maps, even if their copy slot is reassigned to a
different child occurrence.

Proof. Child slots in Q are rebuilt from scratch, which gives the first term of (8.14). At all other
child slots the pools and retained assignments persist, and every change has its own child log record,
processed with logarithmic overhead, which gives the second term. The parent publishes the result
as one old-to-final transaction.

The child batch and its logs. First compute the batch of individual J edits for this parent
operation, without a child query, and determine Q. Its size is bounded by a constant times the
exogenous child edit and assignment counts of Lemma 8.4. Retain access to the old occurrence
assignments and old child forest records. Run the child edit sequence while maintaining a passive
duplicate of its logs, indexed by lifetime identifier and child slot, with individual incidence lists. Track
which records were added or removed. Each log changes only its own dictionary and incidence-list
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entries and costs logarithmic overhead. In particular, deleting an occurrence needs no separate
degree scan: its incident edge deletions have their own records. Persistent roots or saved old records
retain the old information until the parent transaction is complete.

Child slots in Q. At child slots in Q, remove all old pools of copy slots and construct the final
active pools with final occurrence assignments. Sweep their old and final incident child edges as
well, to remove and reconstruct the corresponding connectors. To bound these sweeps, fix a child
slot q in either the old or the final state and let NJ(q) be its set of distinct other neighbors. Every
child forest edge incident to an occurrence over q belongs to the forest induced on the occurrence
sets over {q} ∪NJ(q). That forest has at most

Di+1
(
1 + |NJ(q)|

)
≤ Di+1

(
1 + degJ(q)

)
(8.15)

vertices, and hence no more than this many edges. Parallel child-graph edges only increase the
degree bound on the right of (8.15). A child-null edge has both ends over q and is already included.
This proves the bound separately for the old and final sweeps; old lists can be saved before applying
the child batch. Constructing each path copy takes at most k + 1 constituent steps. The degree
bound on J now gives the first term of (8.14).

Child slots outside Q. At every active child slot outside Q, retain the pools of copy slots and
the assignments of retained occurrences. First free assignments of deleted old occurrences, then
assign each final new occurrence from a free-slot stack. There is sufficient space because the final
occurrence count is at most Di+1. Remove the old connectors for changed child edge records and
add the necessary final ones; also handle the connectors found in the sweeps at the child slots in
Q. Additions can wait until all final assignments exist. Deduplicate swept records by identifier.
Transient child records that are neither old nor final need not be published by the parent, although
their individual processing is counted.

If a child edge and both its assignments survive unchanged at child slots outside Q, its connector
retains the same map. Every other change at these child slots has an explicit child edge record:
an occurrence replacement logs its incident edge removals and new edges, and an edge endpoint
or map change is itself a replacement. Thus the remaining work is logarithmic per child record,
giving the second term in (8.14). A high-degree child occurrence can have many incident records,
but each is processed once, without a degree sweep per record. Child lists over inactive child slots
are likewise kept passively until activation, which places their child slot in Q.

Removals and the order of insertions. Full-copy hole edits are performed separately. Every
public map to a dying parent input edge is removed: it lies in a full copy that receives the cut, in a
path copy of a changed or removed segment whose endpoints are in Q, or in a connector realizing a
removed nonsegment child edge. Remove connectors before their old pool vertices, and all old edges
before their vertex deaths. After these removals the retained public graph is a subforest of the final
graph, so its final pools, vertices, and connectors can be inserted in a valid order.

The child’s view and the single transaction. Three child states occur: the old state, the
intermediate states of the child edit sequence, and the final state. During this computation the
child sees only its abstract child slots, edges, and integral prices. An intermediate child state may
still contain the old realization of a parent segment whose input edge is about to die. Its abstract
graph remains an in-range input, and it never asks for data of the parent’s input graph. Only the
final child state must be the reduction of the new parent input. The parent therefore publishes one
old-to-final transaction, using retained old data for all removals, rather than a lifted public state for
every intermediate child edit.

Persistence of dormant copy slots. Finally, a dormant copy slot at a child slot outside Q retains
all its internal edges when assigned to another occurrence. Their identity is determined by the child
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slot, pool index, and incident segment realization, not by the assigned occurrence identifier. Existing
signed and absolute accumulations in the client’s path tracker consequently remain attached to the
same mapped edges. Hence the processing of general child-internal occurrence changes carries no
factor Di+1 or k.

Remark 8.8. The marking rules of Lemmas 8.2 and 8.7 serve different purposes. A terminal
promotion or segment subdivision may merely reencode an unchanged path of the input graph, so
its logical correction need not be marked in Lemma 8.2. It nevertheless marks the endpoint pools of
copy slots in Lemma 8.7. Conversely, a logical class split changes its leg data while selected central
chords remain attached at their original tree nodes. For this reason the logical snapshot update and
the public forest update have the separate bounds stated in Lemmas 8.3 and 8.7.

8.6 Total work, finite arithmetic, and reliability

Because the two terms of (8.14) are bounded separately, the small child edit count of Lemma 8.4
controls the recursive term of the next lemma.

Lemma 8.9 (Recursive work bounds). Assume (7.1), (7.2), (7.3), and (5.8). For a prefix of Nop
graph operations, counting queries and edits and including an operation that terminates partway
through, the level-i cycle data structure has total work and explicit public-log size at most niAi+NopUi,
where

Ai, Ui = MO(1/a)+oa(1).

All coefficients in the O(1/a) exponents are absolute.

Proof. The proof bounds the initialization and the local incremental work at one level, combines
them with the child’s work into two recurrences for Ai and Ui, solves these recurrences over the d
levels, and finally extends the bounds to unsuccessful attempts.

Initialization. The child receives its arbitrary nonempty initial graph directly. The parent’s
own initialization costs niM

O(1/a)+oa(1). This includes tree preparation, initial assignments and
compression, full forest copies, and initial pools of copy slots. Initially the number of active child
slots is at most hi times a logarithmic factor; each has Di+1 pools and path copies of at most k + 1
steps. Since Di+1 ≤M4/a, this cost has the required absolute exponent. Epoch teardown and its
public logs satisfy the same bound. Allocations and later deallocation are counted; the time to
reclaim a discarded memory arena is at most proportional to the time of its earlier allocations.

Local incremental work. Lemma 8.3 bounds the local assignment work, Lemma 8.4 the local
construction work for J , and Lemma 8.7 the public forest updates. In the first term of (8.14), |Q| is
at most a constant times the child edit and assignment counts of Lemma 8.4, so the cumulative size
of the sets Q in an epoch prefix is at most b times a logarithmic factor per parent edit. Together
with Di+1 ≤M4/a and k = M1/a, all local incremental work is MO(1/a)+oa(1) amortized per input
operation. Queries use the maintained best keys and lift one answer, with logarithmic overhead per
child piece. They need not alter the public forest.

The recurrences. Let L = MC/a+oa(1), for an absolute constant C, dominate these local factors
and the bottom-level costs. Such an absolute C exists: all nonlogarithmic local factors above
are fixed powers of b, k, and Di+1; at the bottom the elementary negative-cycle computation is
a fixed-degree polynomial in nd = M2/a. Factors involving r, a2, P∗, p∗ and degree bounds are
logarithmic factors.

Initialization of the child contributes ni+1Ai+1, with logarithmic overhead on its logs, and
ni+1/ni = M−1/(2a). At most 1 + Nop/hi parent epochs start. After initialization the child receives
at most bMoa(1) times the parent operation count, including the one recursive query used for a parent
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query. Only a logarithmic factor multiplies child log-processing work, by Lemma 8.7. Consequently
it suffices to choose dominating upper estimates satisfying

Ai = L + M−1/(2a)+oa(1)Ai+1, (8.16)
Ui = L + kAi + M1/a2+oa(1)Ui+1, (8.17)

with Ad, Ud ≤ L. The term kAi bounds the work of the rebuild every hi = ni/k edits, including its
child initialization, amortized over those edits.

Solving the recurrences. For fixed a, the multiplier in the first recurrence tends to zero, so
Ai ≤ 2L eventually after enlarging L if necessary. Unrolling the second recurrence through at most
d ≤ 2a levels gives

Ui ≤ (d + 1)(L + 2kL)Md/a2+oa(1) = M (C+3)/a+oa(1).

Thus the coefficient C + 3 of 1/a in this exponent is absolute. Logarithmic overhead accumulated
over the fixed number of levels remains Moa(1).

Unsuccessful attempts. Each attempted cover or sparsifier reconstruction (Lemmas 7.2 and 6.1)
has its own work bound, valid on every computation path, whether it succeeds or is rejected. The
work of such a reconstruction is counted in the bound for the attempted operation, also when
failure or a guard (Section 2) stops it before publication. All previously published states satisfy
their verified bounds. The same recurrences therefore hold for these prefixes and unsuccessful
computations.

The arithmetic of the construction is finite. All maintained data are finite integers, dyadics,
explicit lists, or identifiers. Frozen tree prefix sums and segment sums use at most the number of
constituent edges times the level price bound. Width buckets are integer powers of two. Correction
scores compare ratios of integral gradient magnitudes to the positive integral proxies Z∗Wf by cross
multiplication; bottom scores and inherited scores are likewise represented by bounded integral
numerator–denominator pairs. The conceptual hierarchy-law probabilities, the real flows of the
comparison argument, and barrier logarithms occur only in the analysis; the construction evaluates
none of them. Exact geometric delays, dyadic thresholds, and the randomness of the routing sparsifier
are generated by the finite procedures already specified. Fixed-parameter data have logOa(1) S bit
length, and ordinary dictionary and forest record operations have multiword logarithmic-factor
overhead. The integral-flow calls inside the routing sparsifier use the simulation of Lemma 2.3; its
logical addresses are not assumed polynomially bounded in their numerical values.

Lemma 8.10 (Deterministic checks and failure probability). Assume (7.1), (7.2), and (5.8). The
cycle data structure constructed in Sections 7 and 8 can enforce all size, multiplicity, arithmetic,
and sampling prerequisites by finite checks. For every sufficiently large fixed a and every fixed σ ≥ 0,
those deterministic prerequisites hold for all sufficiently large sizes in the permitted range (5.8), on
every random path. Conditional on any adaptively specified history before an invocation, the detected
sampling failure probability over an entire primitive instance is at most 2−σS−60.

Proof. Every bound in this proof other than the probability bounds holds on every random path.
No deterministic guard, in the sense of Section 2, is violated; the stage No guard is reached derives
this, applying Lemma 8.9 up to a putative first guard violation. The probability bound is a union
bound over at most S500 stochastic invocations.

Guards and checks. Share counters throughout the tree of recursive instances of the cycle
data structure within one primitive instance. Allow S200 outer graph operations of the cycle data
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structure, and guard total records, fresh identifiers, and stochastic invocations by S500. The cap
S500 exceeds the count S200+O(1/a)+oa(1) derived below for sufficiently large fixed parameters and
size. Fresh identifiers can be sequential. Count allocations and record creations as they occur; check
child capacity, input-list sizes of the routing sparsifier, public multiplicity, price ranges, and quality
inequalities before using the corresponding state. Deletion-first transactions maintain the capacity
and degree bounds during replacement. The checks P∗ ≤ b and 20Z∗A∗ ≤ b2, the inequalities in
(8.11), the multiplicity checks, and the price bounds all hold eventually by their positive power gaps
over logarithmic factors.

Bounds on every random path. Published covers satisfy their verified coverage and radius
requirements, and published outputs of the routing sparsifier satisfy the verified support, path, hop,
and resource bounds. Every rejected attempt separately has bounded work: sampled piece lists
partition their input edges at a capped recursion depth; sample size and weight checks precede
flow extraction; the router has a fixed number of jobs per label, shrinking label groups, no packet
duplication, and capped walk trials and substitution depths. Long real embeddings are filtered
before expansion. These properties are proved in Section 6. Covers likewise have capped delays,
attempts, and finite graph computations.

No guard is reached. Lemma 8.9 at the outer level, where n0 = M by (7.2), applies to a prefix
ending just before a putative first violation of these guards, with the partially attempted operation
counted as one operation. With S1/a ≤M ≤ S2 by (5.8), the initial construction and at most S200

outer operations together cost at most

M1+O(1/a)+oa(1) + S200MO(1/a)+oa(1) = S200+O(1/a)+oa(1)

elementary records, invocations, and local operations. This is strictly below S500 for sufficiently
large fixed parameters and size, including the attempted guard-reaching operation. The motion
and refresh accounting of the step primitive (Section 5.7), which is independent of changes of the
public forest, keeps its outer graph-operation count below S200 under its client bounds, including
threshold-driven reprices. Thus the first supposed violation is impossible.

Suspension and detected failure. A failed deterministic prerequisite causes suspension (Section 2).
This includes a shared guard that interrupts a stochastic invocation before it has completed its
prescribed attempts. For an in-range call of the routing sparsifier, Lemma 6.1 gives conditional
failure probability at most 2−σS−800. A cover draw passes jointly with probability greater than 1/2
under its checked parameters. Using fresh draws for the prescribed 2(σ + 1000 log2 S + 10) attempts
makes its exhaustion probability at most 2−2σ−20S−2000 ≤ 2−σS−800; the number of attempts is
chosen to give this inequality. The input to either invocation may depend on all earlier outputs: the
stated bounds are conditional on that history, and the new randomness is fresh.

Failure probability. There are at most S500 such invocations. Summing their conditional
probabilities, or equivalently summing probabilities of the first exhausted invocation, bounds the
probability of any sampling failure by

S500 2−σS−800 ≤ 2−σS−60.

The exponent −60 is the one required in Lemma 5.2. Exhausting the full allowed retries is reported
as detected failure. Until such failure, all returned states satisfy the deterministic representation,
length, and recourse guarantees.

Completion of the proof of Lemma 5.2. The assertions of Lemma 5.2 are collected in three groups:
quality, representation, and cost and reliability.

Quality. By Lemma 8.2 and (8.10), the snapshot hierarchy supplies the simple selected-support
paths required by Lemma 7.8, with at most p∗ hops. Lemma 8.4 constructs its one child with the
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required capacity, integral prices, and degree. Lemma 8.5 preserves certified child scores in the
public representation. These are the path assignments and the public forest lifting assumed in
Corollary 7.10, which therefore gives at level i a certified score at least

1
2b−2(d−i) OPTi .

At the outer level this is at least M−10/a OPT for sufficiently large parameters, as required by the
checked quality inequalities. If OPT > 0, the chosen pieces have positive raw length and achieve
their certified score. If OPT = 0, an empty answer is allowed.

Representation. The pieces are unit-multiplicity actual edges or public forest paths, their signed
sum is a circulation, and their number has the required bound by Lemma 8.5. Vertex multiplicity
is at most M10/a/4 by Lemma 8.6. Lemma 8.7 gives explicit forest edits and retained immutable
lifetimes, with removals exposed before the old maps are invalidated.

Cost and reliability. Finally Lemmas 8.9 and 8.10, together with the finite arithmetic described
before Lemma 8.10, give initialization time M1+O(1/a)+oa(1), amortized operation and log cost
MO(1/a)+oa(1) on every path, finite arithmetic, and the stated conditional bound on failure in an
entire instance. These are all the assertions of Lemma 5.2.

9 Explicit output and one uniform program
We first reduce exact cardinality to subcubic perfect matching, retaining all witness information. We
then combine the fixed-parameter procedures into the single program of Theorem 1.1. Throughout
this section p = n + m refers to the size of the original input graph G.

9.1 Witness-preserving reductions

The algorithm first converts the adjacency lists into edge records. It reads adjacency-list boundaries
and neighbor occurrences once, and emits an edge record, with its endpoints and a fresh identifier,
only at the occurrence (u, v) with u < v. Input validity and simplicity imply that this produces
each edge exactly once, regardless of list order. All vertex records are retained, including isolates.
This takes O(n + m) word operations, and the resulting read-only data can be shared among the
parameter branches of Section 9.2. If n = 1, the algorithm returns the empty list.

Two reductions connect the required output to the subcubic procedure. First, a rearrangeable
network turns a cardinality threshold into a perfect-matching instance. Second, a path gadget
reduces the degree to three. Both reductions come with witness decoders. For a target cardinality
k, adding n− 2k new vertices adjacent to every original vertex would turn a size-k matching into a
perfect matching, but could add quadratically many edges. The network replaces these complete
connections by O(n log(n + 2)) positions and arcs while allowing any n − 2k original vertices to
reach the required new vertices.

Lemma 9.1 (A linearithmic rearrangeable network). For every power of two s ≥ 1, there is
a directed acyclic network with s distinct input positions and s distinct output positions, of size
O(s log(s+2)), in which every permutation of inputs to outputs is routable by vertex-disjoint directed
paths. A position may be both an input and an output when s = 1. The network can be constructed
uniformly within its size bound.

Proof. The construction follows Beneš’s recursive construction of rearrangeable networks [1]. For
s = 1, take a single position and its length-zero route. For s > 1, take s new input positions, s new
output positions, and disjoint upper and lower networks on s/2 positions. Connect each input in

93



pair 2i− 1, 2i to input i of both copies. Connect output j of either copy to both positions in output
pair 2j − 1, 2j. The size recurrence is Q(s) = 2Q(s/2) + O(s), and all arcs respect the resulting
input-to-output order.

Given a permutation, form a bipartite multigraph between its input pairs and output pairs,
with one edge per assigned input–output pair. Every vertex has degree two, so the components are
even cycles, allowing a cycle of two parallel edges. Color each cycle alternately upper and lower.
Every input pair and output pair has one edge of each color. The upper edges specify a permutation
through the upper network, and the lower edges one through the lower network. By induction,
these two permutations are routed by vertex-disjoint paths in the upper and lower networks, and
attaching the corresponding outer arcs extends the routes to the whole network. The two copies are
disjoint and each outer position occurs once, giving vertex-disjoint routes. The network itself is
generated by the recursion above, from the lists of input and output positions and their indices
within the pairs, which gives the uniform construction within the size bound.

Lemma 9.2 (From a cardinality threshold to perfect matching). Given G and an integer 0 ≤ k ≤
⌊n/2⌋, one can construct in O(m+n log(n+2)) time a loopless graph Hk of size O(m+n log(n+2))
such that Hk has a perfect matching if and only if G has a matching of size k. A perfect matching
of Hk yields an explicit size-k matching of G in linear time in the constructed size.

Proof. Construction. Put b = n− 2k and choose the least power of two s ≥ n. Use the network of
Lemma 9.1 and select b distinct output positions. Retain all original vertices and edges. Split every
network position v into vertices vin, vout joined by an idle edge; we call v a split position. An arc
u→ v becomes the transition edge uoutvin. Join original vertex i to the input endpoint of network
input i. Finally, add one sink vertex adjacent to the output endpoint of each selected output. Every
constructed vertex is required to be covered by a perfect matching.

A perfect matching of Hk gives a matching of size k. In any perfect matching, the two endpoints
of a split position are either joined by their idle edge or both matched externally. The numbers
of externally matched input and output endpoints are therefore equal. Selected transition edges
contribute once to each number and cancel. Original-to-network edges contribute one input endpoint,
and edges to sinks contribute one output endpoint. All b sinks must be covered, so exactly b original
vertices use network edges. The remaining n− b = 2k original vertices are covered by original edges,
which give the decoded matching.

A matching of size k gives a perfect matching of Hk. Conversely, let a size-k matching leave
b original vertices uncovered. Map them bijectively to the selected outputs and extend to a
permutation of all s positions. By Lemma 9.1, this permutation is routed by vertex-disjoint paths;
we keep the b paths that start at the inputs of the uncovered vertices. On each retained path, select
its original-to-input edge, all transition edges, and the edge to its sink. Each split position on a
retained path is covered once at each endpoint. Use idle edges on all other positions and the original
matching on its covered vertices. This is a perfect matching of Hk. For a length-zero route, the two
outer edges cover the one split position. For b = 0, every split position uses its idle edge.

Size and decoding. The number of added positions and edges is O(n log(n + 2)). Store each
edge’s type and original identifier. Decoding selects the original edges from the returned perfect
matching.

The reduction of Lemma 9.3 uses the path replacement for matching described by Dahlhaus and
Karpinski [5]; we record the construction and the witness conversion needed here.

Lemma 9.3 (Degree reduction). A loopless graph with v vertices and e edges either has an isolated
vertex, certifying absence of a perfect matching, or can be replaced in O(v + e) time by a graph of
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maximum degree three and size O(v + e) that has a perfect matching if and only if the given graph
has one. Witnesses can be converted in either direction within the same bound.

Proof. The algorithm first checks for isolated vertices. Otherwise, replace a vertex of degree r ≥ 1
by a path on 2r − 1 vertices, attaching its r old incidences to successive odd positions. Retain
the original edge identifiers at both ends. There are r odd and r − 1 even positions. Every even
position must be matched internally to an odd one. Exactly one odd position therefore remains for
an external edge. Hence each gadget selects exactly one old incidence, and any perfect matching
projects to one in the original graph.

Conversely, the odd attachment of a selected original matching edge leaves two even-length
paths on its sides, and each of them has a perfect matching along the path. This also covers r = 1,
whose gadget is a single vertex. Each odd position has at most two path neighbors and one external
edge, and each even position has degree two. In terms of the numbers v of vertices and e of edges of
the given graph, the number of gadget vertices is∑

u

(2 deg(u)− 1) = 4e− v.

A degree scan, the assignment of incidences to odd positions, and the path construction give the
time bound and the explicit conversions.

The reduced instance and its size bound. For a threshold k > 0, the algorithm applies Lemma 9.2
to obtain Hk and then Lemma 9.3 to Hk. Unless absence of a perfect matching is already certified
by an isolate, this gives a loopless subcubic instance; let N denote its number of vertices. Then

N = O(m + n log(n + 2)), N ≥ n, (9.1)

where the first bound holds because Hk has size O(m + n log(n + 2)) and Lemma 9.3 increases the
size by at most a constant factor. The latter inequality holds because every original vertex has
at least one gadget vertex. On a simple input the construction can itself use simple graphs, since
network arcs, attachments and path edges join their specified distinct positions. Parallel edges
would in any case be admissible, since Theorem 4.8 applies to subcubic graphs with identified edge
copies.

For the perfect-matching procedure, S is set to the first power of two at least 16 + n + m + N .
Thus

n ≤ S = O(p log(p + 2)). (9.2)

The upper bound follows from (9.1). This choice also gives N ≤ S, as Theorem 4.8 requires, and
S ≥ n + 1, which is used for (9.4) below. None of these consequences needs the summand 16. Every
proposed perfect matching is checked by edge identifier and by covering each gadget vertex exactly
once. Decoding then reverses the two reductions: Lemma 9.3 converts the perfect matching back to
one of Hk, and Lemma 9.2 extracts the original size-k matching, in time linear in the size of these
auxiliary instances.

9.2 Threshold search and its error probability

A branch is one complete run of the threshold search below. For t ≥ 1, branch t answers its tests
with Theorem 4.8 at the parameters (9.3); branch zero, described at the end of this subsection, uses
Lemma 2.4. The quantities in play are the input size p; the reduced size N and the size bound S of
Section 9.1; and the branch index t, which determines a and σ.
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Each branch runs its own integer binary search. Initially the feasible lower endpoint is zero, with
the stored empty matching, and the exclusive upper endpoint is ⌊n/2⌋+ 1. An accepted test stores
its decoded witness and raises the lower endpoint; a negative test lowers the upper endpoint. There
are O(log(n + 2)), and certainly at most n + 1, tests. Exact-size feasibility is monotone because
edges may be dropped from a matching. Consequently, if no feasible test receives a false negative,
the final stored witness is maximum.

For each branch index t ≥ 1, use

a = 1000 + t, σ = t + 20 (9.3)

in Theorem 4.8. These values satisfy its hypotheses a ≥ 1000 and 0 ≤ σ ≤ a+1, since t+20 ≤ 1001+t.
The offset 1000 meets the lower bound a ≥ 1000; a grows with t so that the O(1/a) term of the
exponent can be made small in the proof of Theorem 1.1; and the offset 20 makes the error bounds
of the branches sum to 2−20 < 1/3 in (9.5). Recall from Section 2 that a failed guard suspends the
entire branch with no output, whereas a detected failure (exhaustion of a capped randomized routine)
ends only the current perfect-matching test, with an ordinary negative answer. All invocations use
fresh independent bits.

By (4.25), on a feasible perfect-matching instance the probability of a false negative is at most
2−σS−5, conditional on its input and the earlier history, and not conditional on whether the branch
is interrupted later. Each reached randomized invocation with valid prerequisites has its declared
conditional bound. The union bound over these invocations is part of (4.25): it is the stage Error
probability of the proof of Theorem 4.8, which counts the reached invocations with the caps stated
after (3.8). Each instance of the cycle data structure already includes its capped internal invocations
in its error estimate. There are no false positive perfect-matching answers. Hence a branch completes
with an incorrect matching only if some feasible test returns a false negative. There are at most
n + 1 adaptively chosen tests, and S ≥ n + 1 at all nontrivial tests, so the union bound gives at
most (n + 1) · 2−σ(n + 1)−5 ≤ 2−σ; with σ = t + 20,

Pr[branch t completes with an incorrect matching] ≤ 2−(t+20). (9.4)

Inequality (9.4) holds on every input, including inputs on which branch t suspends.
Branch zero performs the same reduction and search, using the deterministic procedure of

Lemma 2.4, which applies to the explicit loopless graphs of maximum degree three produced by
Lemma 9.3. Every threshold answer is exact, so this branch always completes with a maximum
matching. It uses a fixed polynomial number of instructions after finite-word simulation. Indeed
every simple input satisfies m ≤ n(n− 1)/2, and (9.1) makes every fallback instance polynomial in
n + 2.

9.3 Running time of a single branch

Lemma 9.4 (Absence of suspension and running time of branch t). Let p = n + m, and for t ≥ 1
let branch t be the binary search of Section 9.2 whose threshold tests apply Theorem 4.8, with S as
in (9.2) and with the parameters a, σ of (9.3), to the instances produced by Lemmas 9.2 and 9.3.
For every sufficiently large fixed t, branch t avoids deterministic suspension on all sufficiently large
inputs, on every computation path. Its total instruction count, including unsuccessful tests, threshold
search, and explicit witness handling, is

p1+O(1/a)+oa(1).

The coefficient in O(1/a) is absolute.
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Proof. Absence of suspension comes from the estimates on guarded prefixes (Section 2) proved in
Section 4; the time bound multiplies the time bound (4.26) of Theorem 4.8 by the number of tests
and adds the reductions.

Absence of suspension. Each test applies Theorem 4.8 to a loopless subcubic graph with N ≤ S
vertices, with S satisfying (9.2) (Section 9.1) and with parameters (9.3) that satisfy its hypotheses
(Section 9.2). A branch suspends only when a guard fails. The guards of a test are those of the
perfect-matching construction of Sections 3 and 4, including the initial checks (3.8), the S20 iteration
caps, the S100 external-operation cap, and the nominal-size conditions such as (5.2), together with
the guards of the cycle data structure: its S200 and S500 caps and the deterministic prerequisite
checks of Section 8 (Lemma 8.10). At fixed sufficiently large a, σ, Lemma 4.7 shows that the
guards of the construction are adequate for all sufficiently large S, on every computation path,
independently of matchability and of which verified constructions or sampling failures occurred; this
is the no-suspension clause of Theorem 4.8. Part (v) of Lemma 5.2 gives the same for the guards of
the cycle data structure, on every computation path: every accepted sampled structure satisfies its
checked deterministic invariants, and rejected attempts obey their own unconditional caps (stage
Bounds on every random path of the proof of Lemma 8.10). It remains to see that S is large enough:
since S ≥ 16 + n + m + N > p by the choice of S, this holds on all sufficiently large inputs, on every
computation path.

Running time. By (4.26), each test takes S1+O(1/a)+oa(1) instructions; there are O(log(n + 2))
tests, and the reductions take O(m + n log(n + 2)) time by Lemmas 9.2 and 9.3. Together these
give the displayed exponent: logarithmic and fixed-parameter subpolynomial factors absorb the
substitution S = O(p log(p + 2)) from (9.2).

Computation of the parameters. All parameters and adequacy checks are computed by finite
integer loops: bit lengths, rounded powers of two, products, quotients, and comparisons of scaled
dyadics or ratios. Parameters that are too large for the input may fail their checks. The program
evaluates each check directly and stores no table of thresholds; the input sizes beyond which
fixed-parameter logarithmic factors fit within the size, multiplicity or quality margins appear only
in the analysis. Fixed-parameter bit lengths and the instruction counts of arithmetic and dictionary
simulation are bounded by powers of logarithms, or are already counted in the static integral-flow
algorithm of Lemmas 2.1 and 2.3. Each random bit is counted as one instruction.

9.4 An instruction-level schedule

Weighted dovetailing, familiar from universal search [23], lets one program run every branch t
with a slowdown that depends only on t. This subsection defines the schedule and its finite-word
implementation; the error bound of the combined program is (9.5) at the end of the subsection.

A scheduled step is one bounded word-RAM instruction of the machine of Section 1, with
constant control overhead. A whole graph routine, an arbitrary-precision operation, or an allocation
request therefore consists of many scheduled steps. Here and below, machine-level refers to this
machine, with its w-bit words, addresses and instructions, as opposed to the logical values and
addresses of the simulated branch computations.

Run rounds j = 0, 1, 2, . . .. In round j, give branches t = 0, . . . , j, in that order, at most 2j−t

scheduled steps each, resuming a branch at its interruption point. A suspended branch stays inactive.
Stop when the first branch completes with its answer. The first branch to complete constructs its
decoded output privately, within the steps counted for it; copying the list of at most n/2 original
labeled edges adds work linear in the input size.

The branches are built from one fixed program of graph, list, tree and integer subroutines, the
fallback of Lemma 2.4, and one integral-flow implementation of Lemmas 2.1 and 2.3, the same for
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all branches. Store each branch as a coroutine with a program counter and stack. Use digit arrays,
whose operations are counted instruction by instruction, for longer logical values; the digits may
even be single bits. Long virtual indices and addresses are keys in dictionaries of touched cells with
a default initial value. Comparisons, initialization, recursion, and dictionary access are themselves
interruptible implementations.

Allocate and initialize records one word at a time. A paused computation retains its state
without copying it; its machine-level storage is proportional to the allocations it has executed
plus the shared input. Allocation areas may retain cells that are no longer used. In particular,
computing a power of a parameter that depends on the branch index, however large the result,
is counted instruction by instruction and can pause inside its arithmetic or allocation loop, so no
memory interval of that size is reserved in a single step. For each branch t of Lemma 9.4, these
implementations add only overheads bounded by powers of logarithms, which the bound of that
lemma already absorbs. The simulation of the fallback still has a polynomial bound.

Lemma 9.5 (Halting, space, and word length of the schedule). The schedule of Section 9.4, which in
each round j = 0, 1, 2, . . . gives each branch t ∈ {0, . . . , j} at most 2j−t scheduled steps, is realizable
by one finite program with a word-length constant c0, the constant in w = ⌈c0 log2(n + 2)⌉. On every
computation path, whatever its outcome, it halts after polynomially many instructions and uses
polynomially many addressed words, with constants independent of the input.

Proof. Branch zero finishes within O(log(n + 2)) rounds, which bounds the total work and storage
by a fixed polynomial; c0 is then chosen so that this polynomial fits in w-bit words.

Work bound. We first bound the work while ignoring machine-level address overflow. Fix the
fallback’s finite digit-array and touched-cell simulation. The instruction count of the simulated
fallback, its bit lengths, and its dictionary operations give a fixed polynomial bound F (n) on its
work and records. This estimate concerns branch zero alone, and it may use unit-bit data and
machine-level pointer operations.

Unless the schedule has already stopped, the fallback receives 2j steps in round j, hence 2J+1− 1
steps through round J . It therefore finishes by round J , the least integer with 2J+1 − 1 ≥ F (n),
and J = O(log(n + 2)) with an implied constant independent of the input. The total number of
steps given to all branches through round J is

J∑
j=0

j∑
t=0

2j−t < 2J+2.

Starting and switching branches, status checks, and loop control add only polylogarithmic overhead;
input handling, setup and output are polynomial as well. Since every allocation is counted among the
scheduled steps, the machine-level records touched before halting are bounded by a fixed polynomial
in n + 2, even if every allocation area retains its unused cells.

Choice of the word constant. Each branch uses its own logical indexing, and machine-level
addresses serve only as pointers; they may be assigned by sequential allocation. Hence the interleaving
leaves the logical computation of each simulated branch the same as in a separate run. Choose c0
once, large enough that this polynomial bound covers machine-level addresses, the step counters
of the schedule, program control, and input indices in the prescribed w-bit words. No overflow
then occurs on any path. Long logical integers remain digit arrays. Smaller logical words can be
masked or simulated; long shifts, divisions and other operations use the corresponding loops, whose
instructions are counted. Thus the choice of c0 is determined by this polynomial bound.

For the probability calculation we couple the schedule to independent infinite fair-bit streams
for its branches, revealing bits only when requested. This is equivalent to generating fresh random
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bits during execution, each counted as one instruction. Consider each branch’s own complete
computation on its stream, including a possible suspension. The scheduled output is the output of
one such complete computation, namely that of the first branch to finish, so interleaving and the
identity of that branch impose no conditioning on the error estimates (9.4). Branch zero is exact, so
the scheduled output is incorrect only if some branch t ≥ 1 completes with an incorrect matching,
and (9.4) gives

Pr[the scheduled output is incorrect] ≤
∑
t≥1

2−(t+20) <
1
3 . (9.5)

Here 1/3 is the failure probability allowed by Theorem 1.1.

9.5 Proof of Theorem 1.1

Proof of Theorem 1.1. The algorithm is the schedule of Section 9.4. The proof first obtains halting
and correctness from Lemma 9.5 and (9.5). It then compares the schedule with a fixed branch t:
the schedule runs branch t with a slowdown depending only on t, branch t runs in p1+O(1/a)+oa(1)

instructions by Lemma 9.4, and a = 1000 + t can be taken as large as needed; so for every ξ > 0 the
single program runs within p1+ξ instructions on all large inputs. The function η is then defined
from the exponents that the schedule attains, and the sparse and dense bounds follow from its
monotonicity.

Halting and correctness. Halting and the computation model follow from Lemma 9.5; explicit
output and success follow from the reductions of Section 9.1 (Lemmas 9.2 and 9.3), the threshold
search of Section 9.2, and (9.5).

Comparison with a fixed branch. The program, including the parameters (9.3), the schedule and
c0, is fixed before the analysis and does not depend on ξ. The analysis chooses, in this order, a
number ξ > 0, then a branch index t depending on ξ, and then an input-size threshold p0 depending
on ξ and t; it shows that for every ξ > 0 there is p0 such that every computation path on every
input with p ≥ p0 halts within p1+ξ instructions.

Fix a sufficiently large branch index t. If it needs Tt steps, round j = t + ⌈log2 max(1, Tt)⌉ alone
gives it 2j−t ≥ max(1, Tt) ≥ Tt steps, unless another answer has already terminated the schedule.
By the double-sum bound in the stage Work bound of the proof of Lemma 9.5, with j in place of J ,
the total number of scheduled steps through that round is less than 2j+2 = 2t+2 · 2⌈log2 max(1,Tt)⌉ <
2t+3(Tt + 1), a constant times 2t(Tt + 1), in addition to input and logarithmic control overhead.
Thus the single schedule runs within a factor depending only on t of every branch t.

Now let ξ > 0. Choose t large enough that the O(1/a) term in the exponent of Lemma 9.4, whose
coefficient is absolute, is smaller than a suitable fraction of ξ; this is possible because a = 1000 + t
by (9.3). For all sufficiently large p, its oa(1) term, the constant factor and the logarithmic overhead
are absorbed by the remaining part of the exponent ξ. Consequently the same program halts within
p1+ξ instructions on every computation path for all sufficiently large inputs; the index t is chosen
only in the analysis.

The exponent function η. Let T (G, ω) be the total instruction count of the schedule on input G
and random path ω. For x ≥ 2 define

e(x) = sup
G,ω: n(G)+m(G)≥x

max
{

0, logn(G)+m(G)
(
max{1, T (G, ω)}

)
− 1

}
.

The polynomial bound of Lemma 9.5, which comes from the fallback, bounds this supremum, and
the comparison with a fixed branch above, valid on every computation path, implies e(x)→ 0. Put
η(q) = e(max{2, q}) for integers q ≥ 1. This function is nonnegative and nonincreasing, and it tends
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to zero. If p ≥ 2, the term for (G, ω) in the supremum defining e(p) gives

T (G, ω) ≤ p1+η(p).

The only input with p = 1 is the one-vertex empty graph, which is handled directly. Choose C ≥ 1
large enough to cover its instruction count. The all-input bound in Theorem 1.1 follows.

Sparse and dense inputs. For the sparse specialization, let η∗ = supq≥1 η(q) < ∞. If m ≤ κn,
then n ≤ p ≤ (1 + κ)n, and monotonicity gives η(p) ≤ η(n) ≤ η∗, so

T (G, ω) ≤ Cp1+η(p) ≤ C(1 + κ)1+η∗
n1+η(n).

Thus the same algorithm and the same function η apply for every κ, with Cκ = C(1 + κ)1+η∗ . When
m = Θ(n2), one instead has p = Θ(n2), giving the stated n2+o(1) dense specialization.

Completeness of the count. Every operation, random bit, intermediate construction and output
copy is counted in T , so the bound covers the whole computation. The input conversion of Section 9.1
applies to every simple graph in any list order. This proves all assertions of Theorem 1.1.

10 Prescribed-degree factors
Recall that an f-factor of G = ([n], E) is a set F ⊆ E with degF (v) = f(v) for every vertex
v. We reduce its existence and construction to one maximum-matching computation, adapting
Tutte’s factor-to-perfect-matching reduction [35] with the construction in the stage Construction
of the proof of Lemma 9.2, in which every network position is split into an input and an output
vertex. The underlying rearrangeable network is the Beneš construction proved in Lemma 9.1 [1].
In Tutte’s reduction, each vertex has one port vertex for each incident edge, and degG(v)− f(v)
of its ports must be matched locally. Complete connections to that many auxiliary vertices would
use degG(v)(degG(v)− f(v)) edges. A separate rearrangeable network at each vertex v permits any
such subset of ports with O(degG(v) log(degG(v) + 2)) vertices and edges. The input consists of the
graph and n degree records, so its length is within a constant factor of p = n + m.

Corollary 10.1 (Almost-linear f -factor search). There exist a single uniform randomized word-
RAM algorithm, constants cf ≥ 2 and Cf ≥ 1, and a nonincreasing function ηf : N≥1 → R≥0 with
ηf (q)→ 0 as q →∞ such that the following holds. The input is a simple graph G = ([n], E) with
n ≥ 1, m = |E|, and p = n + m, in the adjacency-list representation of Section 1, together with
one-word integers f(v) satisfying 0 ≤ f(v) ≤ degG(v) for all v. With the instruction set and costs
of Section 1 and word length wf = ⌈cf log2(n + 2)⌉, the algorithm halts on every computation path
in at most

Cf p1+ηf (p)

instructions. Every output is either an explicit edge list of a valid f-factor or NO. If an f-factor
exists, it returns one with probability at least 2/3; otherwise it always returns NO.

Lemma 10.2 (Linearithmic factor reduction). For the input of Corollary 10.1, one can construct
a possibly empty simple graph Hf with |V (Hf )|+ |E(Hf )| = O(m log(n + 2)) such that Hf has a
perfect matching if and only if G has an f -factor. The construction takes O(n + m log(n + 2)) word
instructions and records. A perfect matching of Hf yields an explicit f -factor within the same bound.

Proof. The graph Hf has one cross edge for each host edge, joining two port vertices, and at each
vertex v a split copy of the network of Lemma 9.1 that connects the ports at v to degG(v)− f(v)
sink vertices; correctness follows from the two correctness stages of the proof of Lemma 9.2, applied
at every vertex.
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Construction. For every host edge e = {u, v}, create distinct port vertices xu,e and xv,e and join
them by a cross edge labeled by e. For a vertex v write dv = degG(v) and bv = dv − f(v). If dv = 0,
then f(v) = 0 and no local construction is needed. Otherwise, let sv be the least power of two at
least dv and take a separate copy of the recursive network in Lemma 9.1. Assign distinct input
positions to the dv incidences at v, and select bv distinct output positions.

Split every network position z into vertices zin and zout joined by an idle edge. For every directed
arc z → z′ of the network, add the transition edge zoutz

′
in. Join xv,e to the input endpoint of its

assigned input position. At each selected output position, add a new sink vertex adjacent only
to that position’s output endpoint. All these local constructions use disjoint new vertices. The
recursive network has distinct arcs, and the edge types have distinct endpoint pairs, so Hf is simple.
This also covers sv = 1, when the single position is both an input and an output and there is no
transition edge.

A perfect matching of Hf gives an f -factor. The network at v, with the ports at v attached to
its inputs and bv sinks attached to its selected outputs, is the construction of the stage Construction
of the proof of Lemma 9.2 with the ports in place of the original vertices and bv in place of b. The
counting argument of the next stage of that proof, which derives a matching from a perfect matching
(input and output endpoints matched by non-idle edges are equally many, and all sinks have degree
one), shows that exactly bv port attachments at v are used. Every port has only its attachment and
its cross edge. Hence exactly dv − bv = f(v) ports at v use cross edges, and the labels of all selected
cross edges form a set F ⊆ E with degF (v) = f(v) for every v.

An f-factor gives a perfect matching of Hf . Conversely, suppose that F is an f -factor. At
v, exactly bv ports belong to edges outside F . The stage of the proof of Lemma 9.2 that derives
a perfect matching from a matching, applied to the network at v with these bv ports in place of
the uncovered original vertices and bv in place of b, selects edges that cover these ports, all split
endpoints, and all sinks at v exactly once, including when bv = 0 or sv = 1. The cross edges of the
edges e ∈ F cover each remaining port exactly once, since every port has exactly one cross edge.
The local constructions are disjoint, so these edges form a perfect matching of Hf .

Size and decoding. For dv > 0 we have sv ≤ 2dv, so the local network has O(dv log(dv + 2))
positions and arcs. Ports, cross edges, attachments, and sinks add O(m) more records. Since
dv ≤ n− 1 and ∑v dv = 2m, their total is O(m log(n + 2)). The uniform network construction and a
scan of the adjacency lists take O(n + m log(n + 2)) instructions. Scanning the occurrence with the
smaller endpoint label assigns an identifier to each host edge. Two passes over the constructed edge
list count degrees and fill the adjacency-list representation of Hf within the same bound. Every
identifier uses O(log(n + 2)) bits because the constructed size is polynomial in n. Store each cross
edge’s host identifier; scanning a returned perfect matching and selecting these labels gives the
stated decoder bound.

Proof of Corollary 10.1. If m = 0, validity forces every f(v) = 0, so return the empty edge list.
Otherwise Hf is nonempty; construct it and apply the single algorithm of Theorem 1.1. Check the
returned edge identifiers and one-time coverage of every vertex, returning NO unless the list is a
perfect matching. Section 9’s output implementation copies at most |V (Hf )|/2 edges on every path,
so the check takes O(|V (Hf )|+ |E(Hf )|) instructions, including initialization. If it passes, decode
the cross-edge labels by Lemma 10.2, checking their host identifiers and prescribed degrees.

When the matching call returns a maximum matching, the test accepts exactly when Hf has a
perfect matching and then supplies the factor by the reduction. This maximum-matching event has
probability at least 2/3. The checks ensure that every accepted edge list is a valid factor, regardless
of the matching call’s outcome. Thus a failed call can cause a false negative, whereas an input with
no factor always yields NO.
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Put P = |V (Hf )|+ |E(Hf )| = O(p log(p + 2)). Since |V (Hf )| is polynomial in n, the matching
algorithm’s virtual word length ⌈c0 log2(|V (Hf )|+ 2)⌉ is at most ⌈cf log2(n + 2)⌉ for a constant cf .
Choose cf large enough also for the construction’s indices. Simulate each virtual word instruction by
a constant number of machine-level instructions, masking to the virtual width for modular arithmetic
and Boolean operations. Quotients, remainders, comparisons, shifts, and memory addresses then
have the same semantics as in the matching call; each fair random bit is one instruction, as in
Section 1. The masks and input conversion take at most the reduction’s work bound. Thus one
finite program, with the word constant cf , handles all input sizes and degree prescriptions.

For fixed ξ > 0, Theorem 1.1 gives Oξ(P 1+ξ/2) instructions on every computation path, absorbing
small P into the constant. Since P = O(p log(p + 2)), the logarithmic factor is absorbed as well:
P 1+ξ/2 = Oξ(p1+ξ). Together with all reduction, simulation, checking, and output work, this gives
Oξ(p1+ξ) for large p, for this same program for every ξ > 0. Boundedness of η also gives a polynomial
bound on every computation path. The construction of η by a supremum in the proof of Theorem 1.1
(Section 9.5), applied to this program, now gives a nonnegative nonincreasing ηf (q)→ 0; a constant
Cf covers the small input sizes, including p = 1.
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